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PREFACE 

Advahtios lwi’<%lsn teka^ of the preperatioa of the fonctti «£tiM 
^ voik to add a few ddditkaaid nflwHma Mtd to laako a amriiOT 
sometkaa of mmer anon. 

Our thaaln are dna to a nambn of ov raadeie fer poiDliiqt oat eaten 
ind miapriata, and in partienlar we are jjtatafel to Ifr R 1*. Oo|nte, iMtuar 
o JfaAematioa ia tin Uiiivanityof Sdinlrargh,lbr tin ixonbie edueh In hn 
aken in aaj^jring na with a aoanwhat lengti^ liet. 

RT.W. 

Q.N.W. 
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CHAPTER I 

OOKPLBX mniBSBS 


11. BuHaml mmibtn. 

The idM of a aet of namben u derirad m the finrt inihmaa fiom Aa 
WM uidanfioD of tbe wt of pe$itm* utttpnU numitrt. or pemtiM wiftytrt ; 
that is to la;, the namben 1. 2, 3, 4, .... Pomldve ialegen have maiif 
peofiertiee, ertdeh will be fband m treatioM on the Xbe^ of Integnl 
Nnmben, bat at « ray eany stage m the devah^nmnt of mathematiaa 
it was fiwnd tiiat the openttiona ot Sobtiaetion and Divkiim eonid oofy be 
perfimned aaumg them aabject to isocavaueat nstnetuau ; and eonaeqaeotly, 
in etementaiy Arithmetic, claeaea of namben an ooasbrneted anch that toe 
opentioae of eobtractiaa and divuioQ can alwa;^ be petfenned amaag tlimn. 

To obtain a ciaaa of namben among which toe opentien of suhtnetion 
can be per form ed witoout lestnint we eonatruot toe elaae of iatapm, which 
eimaiats of the olaaa of pooitivef integen (+ 1, +2, -f 8> ...) and of the dan 
of negative utegen (— 1, 2, — 3, ...) and toe number 0. 

To obtain a dan of namben among whidi the opemtums both of boIk 
tnetom and of diviaian can be performed freel^t, we ocnatniet toe dan of 
ratwaof waaiion. S^mbola which dmiote memben of th» dan am 3, 
0.-V. 

We have tone introdooed three daaan of munbeoa^ (i) the mgmlm ntigir^ 
{ii) toe ntegwriv (fii} the rabonof mmhara 

It ia not part of the aoheme of thia watfc to diaoan the oonatraetun of 
too elan fd iutegwa or the logioal foandatoma of the theory of tatomal 
aamhes^. 

the estndoa «r the ifoa of aaate, whkk toe jnt ban daaaft(|LmMi Mt atodid 

‘““fn 1 — r ^^nlrTT^-l inilbmMWiiaiw TpMto 

d toa eito dtoto entoiy, If aw r i a (mi-UaA> and And (ltoT-U«l> pStohal 
e^ A%al^ Irignonatiy, ata, ia itoMi the an of ntWva auafom waa dwHaeafL 
alWn iijjlli ft am t ai tod aaad than o a rdb i mirfl y man Mama baadnd^aawhaOaa, 

.ion. - I ■ M i.l — MS fc- — « 

lIHtottoliildiveefdtdihhtottonMvailaam 

t fnh 0 m n nt ai. Ma laa anUtoai aaadmaa aa r d aia i a aa ft w l a li o»minnte''a 

vdadto naan* to fon te vMto aan«i« aaaA* h dated to I i-tn aa oolaai toadaentr 

jf|nAaatotoi(t.a«3to4nMto«stonhftoMtowd^ 

JMi 


4 THB PaOCXSSEB Or ANALTBIS [COOAP. ' 

A ntioukl nnmber « may be represented to the eye in the fidlosnn 
manner: 

If, on a straight line, we take an otipn 0 and a fixed segment OPi 
(Pi being on the right of 0), we can measure from 0 a length OP* such that 
the ratio OP^OPi is equal to «; the point P, is taken on the right or left of 
0 acoordmg as the number a is positive or negative. We may regard either 
the point P^ or the ditpkustmmi OP^ (which will be written 0P() as repre- 
senting the nnmber a. 

All the rational numbers can thus be represented by points on the line, 
but the converse is not true. For if we measure off on the line a length OQ 
equal to the diagmal of a square of which OP, is one side, it can be proved 
that Q does not correspond to any rational number. 

PoiBts oil the line which do not represent rational numbers may be said to represent 
irrational numben , thus the point Q is sud to represent tto irrational number 
^=1414213 ... But while such ao expUnation of the existence of irratiimal numbers 
satisfied the matbematioians of the eighteenth century and may etill be sufficient for 
those whose intereet lies in the applications of mathematics rather than in the logical 
upbuilding of the theory, yet the logical standpoint it is improper to introduce 
geometriLsJ intuitions to supply deficimoies in anthmetioal arguments; and it was 
shewn by Dedekind in ISfiS that the theory of irratiunal numbers can he established on 
a purely anthmetioal basis without any appeal to geometry. 

I'fi. Dedektnd's* theory of xrratxoml numbere. 

The geometrical property of points on a line which suggested tbe starting 
point of the arithmetical theory of irrationals was that, if all points of a line 
are separated into two classes such that every point of tbe first class is on 
the nght of every point of tbe second class, there exists one and only one 
point at which the line is thus severed. 

Following op this idea, Dedekind considered rules by which a separationf 
or section of all rational numben into two claases can be made, these classes 
(which will be called the Z-class and the Jf-dass, or the left class and the 
right class) being each that they possess the following properties : 

(i) At least one member of each class exists. 

(li) Every member of the L-class is less than every member of the 
B-class. 

It is obvious that such a section is made by any rational number « ; and 
ee 18 either the greatest nnmber of the Z-claaa or the least number of the 

* The tfaeoiy, though oUboroted in 18S8, was not publubed befon the oppaataDM of Mb- 
kmd’t tiacl, Sutteknt und irratnmaU ZtMen, Bmuwiek, 1878. Other tocoruc an 4na to 
WeiLtitiaaa [Me too Dantaclwr, Dw H'ein'tlran'ieAe Tkeent der uraticaairB ZahUd (liaipaig, 
1808)] and Oantot, Umth dm. t. (18781, FP- 188-130. 

t Him pnxadiin fonnect tha haaia ot the tmataant of irrattonal unmbtM by tha Onak 
raathematioiaDe m the sixth aud fifth eentann b.o. Tha advaaca mada by Dedakiad oon a iitad ia 
obMxviDg that a ptiraly anthawtical ttiaoty could be llbilt up oa it. 
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But aeetioDB can be made in which no ntionai number « plays this 
part Thus, since there is no rational number* whose square is 2, it is easy 
to see that we may form a secdon in which the B-class oonsists of the positive 
rational numbeia whose squares exceed 2, and the Z-class consists of all 
other tadonal numbers. 


Then this secuon is such that the B-claas has no least member and the 
Z-class has no gpreatest member ; for, if e be any positive rational fraction, 

and 2 are in order of magnitude ; and therefore given any member x of the 
Z-«laas, we can always find a greater member of the Z-ctass, or given any 
member x' of the iZ-olass, we can always find a smaller member of the 
B-class, such numbeis being, for instance, y and y', where y' is the same 
fancti<m of w' as y of x. 

If a section is made in which the B-etass has a least member .di, or if the 
Z- class has a greatest member At, the section determines a raUoypl-real 
number, which it is convenient to denote by the »ame\ symbol .d, or d,. 

If a section is made, such that the B-claas has no least member md the 
Z-class has no greatest member, the eection determinet an irrational-real 
iMmher\. 


If X, y are real numbers (defined by sections) we say that x is greater 
than y if the Z-class defining x contains at least two§ members of the B-class 
defining y. 


Let s, ... be real numbers and let A„ B„ ... be any members of the 
corresponding Z-olaases while d^ B,, ... are any members of the correqtonding 
B-elasses. The classes of which d„ d,, are respectively members will be 
denoted by the ^mbols (A,), (d,) 


Then the sum (written a + /3) of two real numbers a and j8 is defined as 
the real number (rational or irrational) which is determined by the Z-class 
(di + £|) and the B-class (Af + B,). 


It 1 % of txmna, neo Bw s r y to prove that tbess olssaes dsUnnine a section of the rational 
numben, Itiaevidontthat J,+i%<..fi+d^and that at least one member of each of tbe 
elaeees (.^t (ili+d^ oxiata. It remains to prove that*tbeie is, at mos^ e*te rational 

* For if jr/s bs eeeh a nomber, this baetiaD bains in its lovort tsrms, it msr bs assn tbst 
(t<~F)/iF~fl >■ saoUwt tsoh nnmbsr, end 0.«p-f <f, so that p/( is not in its bmast tenet. 
Tbs aontiadielion inplies that snob a ntimial aunbsr doea not sxist. 
f This esnaas no eonfoalon in praetios. 

{ B. A. W. Bu ss el l Jalhise tbs elsss of rasl numbers ss eetyaUf teint tbs class of all £- nl s *«ee ; 
tbs elan of real aambera vhaea 2>4laeasi have a gnateet number eotmponde to tbs elsss of 
raU n nsI nnabaie, and fhoBib tbe ntional-ieBl namber a vbieb eenrsspoa d s to a latiaiisl number 
a ft ■oaesptnallr disUnst from it, no eonfiuian sriess bom dsnoting both hr tbe rams symbol, 

I If tbs diaams bad only ena ntombsr In eommen, that SMtober might bt Bis gieateto 
member of Bu t-elsis 'of a and tbs least m e mb er at Bie B-deis at y. 



6 THE PB0CB8SBS OF AKAI.YBI8 [<SAP. I 

number whkdi m greater tbw every Ai + and lees than every At* suppose, if possible, 
tint there are two, x and y (y >x). Let a, be a member of (jii) and 1st oj be a member 
of (4t), and let if be tbs integer next greater than (at-'ai)/{^(y-x)). Take the last of 

the numbers ai-b^la,-ai), (where 1, ... Jf), which belongs to (d,) and the first of 
them whioh belongs to (di) ; let theee two numbere be «■, C). Then 

a«-«i-^(<»»-Oi)<4fr-*) 

Choose d,, if, in a snnilar manner from the classes defining fi , then 
ei+^-e,-ifi<y-x 

But ct-l-<f,>y, <!,+d,^x, and fhorefore i)|+if;,-e,-d,>y-x, wo have therefore 
amved at a contradiction by supposing that two rational numbers a, y exist belonging 
neither to (d,+B,) nor to (d,+B,l 

If evety ntional number belongs either to the class (d|-t-B|l or to the class (d,-t-B,), 
then the classee (d,+B|), (d,-t-B|) define an irrational number If one rational number r 
exists hdongiug to neither class, then the Z-class formed by x and (J,+B,) and the 
R class (d,-f B,) define the rational real number x In either case, the number defined 
IB called the sum a+$ 

The diflerenoe o-B of two real numbers .. defined by the i-tlaiisiCd,-B,) and the 
R class (d,-B|). 

The product of two positive real numbers a, B is defined by the R cliiss (d,B,l 
and the Z class of all other rational numben 

The reader will see withont difficulty bow to defaue the product of negative real num- 
bers and the quotient of two real numbers, and further, it may be shewu that leal 
numbers may be combined in aocordance with the aasocmtive, dietnbntive nnd commuta- 
tive lawa. 

The aggregate of rational-real and iirational-real numbers is callea the 
aggregate of real numuers , for brevity, rational-real numbere and irrational- 
real numbers are called rational and irrational numbers respectively. 

I'S Complex mimbeit. 

We have seen that a real number may be visualised as a displacement 
along a definite straight line If, however, P and Q are any two points in a 
plane, the displacement PQ needs two real numbers for its specification , for 
instance, the differences of the coordinates of P and Q refinred to fixed 
rectangular axes If the cooidinatea of P be (f, 17) and those of if-h y), 

the displacement ™ay be described by the symbol [*, y\ We are thus 
led to consider the association of real numbers m ordered* poire. The natural 
definition of the sum of two displacements [«, y], [«', y^ is the displacement 
which IS tile reeult of the snccesstve applications of the two displacements ; 
it is therefore convenient to define the sum of two number-pairs the 
equation 

[x, y] + [s', /] - [if -b (S', y -i- jf], 

• Tbs orltr of tbs two terms distingaisiMi the ordered nmnlMr-patr [«, y] from the ordered 
aofuber-pur [y. c]. 
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'ni 9 product of a number-pair and a real number d is tiien naturally 
defined by the equation 

d X [* y] = [dx, dy] 

We are at liberty to define the product of two number-paus m any 
convenient manner, but the only definition, which does not give nse to 
lesttlts that are merely trivial, is that symbolised by the equation 

[«• y] X [a!', y^ =“ [a®' -yy . ay +*'y3 

It IS then evident that 

[x, 0]x[a,y]»[«B', ay] = ax[*,y] 
and [0.y]x[*,y] = [-yy' a'y] = y x [-y', «'] 

The geometrical interpretation of thetse results is that the effect of 
multiplying by the displacement [x, 0] is the same as that of multiplying by 
the real number x, but the effect of multiplying a displacement by [0, y] 
IS to multiply It by a real number y and turn it through a right angle 

It IS conienient to denote the number pair [«, y] by the compound 
symbol a + ly , and a number pair is now convemently called (after Qanss) 
a compUx number , in the iundamontal operations of Arithmetic, the complex 
number « + tO may be replaced by the real number x and, defining i to mean 
0 + tl, we have = [0, 1] x [0, 1] [— 1, 0] , and so »* may be replaced by — 1 

The reader will easily convince himself that the definitions of addition 
and multiplication of number-pairs have been so framed that we may perform 
the ordinary operations of algebra with complex numbers in exactly the same 
way as with roal numbers treating the ^mbol t as a number and replacing 
the product u by — 1 wherever it occurs 

Thus he will verify that if a, (, c are complex numbers, we have 
a + b*‘b + a, 
ab^ba, 

(a + 6) + c*o + (6 +c), 
ab c »0 be, 
o (6 + c) =« a6 + oc. 

and if oi IS zero, then either a or 6 is zero 

It IS found that algebraical operations, direct or inverse, when applied to 
complex numbers, do not suggest numbers of any fteeh type , the complex 
number will therefore for our purposes be taken as the most general type 
of number 

The introdiwboa of the eomplex number has led to many important developments m 
mathematiM Functions which, when rtal vansblw only am eonstdersd, appear as 
esssntially distinu, are teen to be oonneoted when complex vanablm are intr^uoed 
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tkus the eucular Amotione an Iband to be ex p r e e m ble in tenae of esponential ftiaotions 
of a oomplex argnment, the eqnatiODS 

Again, many of tiie moat important theorema of modem aDalyaia are not true if the 
numbers conoeraed ate restnotad to be real, thus, the theorem that every algeluaio 
equation of degree n baa n roots la bue in general only when regarded ae a theorem 
concerning eomidax numbere. 

Hamilton’s qnatermons fiimish an eumple of a atiU further extension of the idea 
of number A quaternion 

«+*»+»+** 

IS formed from four real numbers «, x, y, x, and four number units 1, t, y, k, in the same 
way that the ordinary complex number x+ty ought be regarded as being formed from 
two real numbers «, y, and two number-units 1, i Quaternions however do not obey 
the commutative law of multiplication 


14 The modidue of a comjdex number 

Let r + ty be a complex number, x and y being real numbers Then 
the positive square root of -I- is called the modulus of (a -f ty), and is 
wntten 

i*+tyl 

Let us consider the complex number which is the sum of two given 
complex numbers, a-d-ty and m + w We have 

(x + ty) -b (m -I- tti) * (« + u) -I - 1 (y -1- ») 

The modulus of the sum of the two numbers is therefore 

((x-btt)'-b(y + »)•)* 

or {(x* -b y*) -b (ti* -I- «*) -b 2 (xu -b yt)}* 

But 

{ 1 a + ^ 1 b 1 tt + w 1 )’ - [(x* -b y*)* + («’ + «*)^}* 

= (x* + y*) + (tt* -b »•) + 2 (*• + y*)^ (tt* + fi>)^ 

» (x* -b y*) -b («' + •*) + 2 [(xu -b yey -b (aw - yu)^)*, 
and this latter expression is greater than (or at least equal to) 

(a^ b y*) + (u* + «*) + 2 (xu + y»). 

We have therrfore 

1 « + »y 1 + 1 « + »» I > I (* + ty ) + (tt + *») I , 

ie. fie modulue of the ettm of two oomplex numbers ooamot he greater them the 
earn oftkew modsdi, and it follows by induction thattiie modnlus the sum 
of any number of complex numbers cannot be gnater than the sum of their 
modnli. 
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Lat OB ocmaider nest the oomples number whioh ia the product of two 
given complex numbers, ai-^iy and u + tv ; we have 

(<r + ty)(u + — y«) + i (*» + ytt), 

and so |(a! + ty)(M+t«)| — j(*M-yv)*+(a!» + y«y}^ 

= {{4**+y)(i** + «*)l* 

=>(« + ^| j« + t»|. 

The modulus of the product of two complex numbers (and hence, by in- 
duction, of any number of complex numbers) is therefore equal to the prodwd 
of their moduK. 


^ l‘S. The Argand dioffram. 

We have seen that complex numbers may be represented in a geometrical 
diagram by taking rectangular axes Ox, Oy in & plane. Then a point P 
whose coordinates referred to these axes are «, y may be regarded as 
representing the complex number w-t-ty. In this way, to every point of 
the plane there corresponds some one complex number ; and, conversely, to 
every possible complex number there corresponds one, and only one, poinf of 
the plane. The complex number x + iy may be denoted by a single letter* s. 
The point P is then called the representative point of the number s; we 
shall alsQ speak of the number t as being the affix of the point P. 

If we denote (*’-Hy’)^ by r and choose B so that rcoa^ = «, rsin^=y, 
then r and B are cleai'ly the radius vector and vectorial angle of the point P, 
referred to the origin 0 and axis Ox. 

The representation of complex numbers thus afforded is often called the 
.dryond diayram'\. 

By the definition already given, it is evident that r is the modulus of e. 
The angle 6 is called the argument, or amplitude, or phase, of s. 

We write B = arg t. 

From geometrical oonaideKtioiis, it appears that (although the modulus of a complex 
number is unique) the argument is not unique} ; if d he a value of the argunmt, the 
other valoea of the ugument are oomprised in the expresaion Snv+d where « is any 
integer, not sero. The prtneipal value of args is that which satisdes the inequality 
-«<ai!gxSar. 

* It ia cenvettiaDt to salt a and y tha not and {laaytaary parts of e raspaetivdy. Wa fta- 
qnently wtnasa5(i), y~I(e). 

t It was pnWished by 1. B. Atgand, £ms< cw was awaiere de mpidtcnler tn yaaetMi ieiayte. 
afrea done be eoacniietioM ydeMAriyuas <1806); it had howaw peeriooely barn need by Qaaee, 
In Us H a lmet a dt dies wt e tl e n , ITM {iVerfte, in. yp. M-tt), who bad diaaoetetd It in OaL 1797 
(Valk. daa. avn. p. 1^; and Oaa p ar Wa^ bad dieiaie^ it ia a seamoir pnaaatad to the 
Pinfah d a a d a nq in 1797 and pabUehad by that Soeiaiy in 1798-9. Ifaa pbnee eeawlcs uaeiter 
AtsI aeant in 1891, Oaaea, ITarie, B. p. 109. 

t flaatbe ^HMndte, lA-iU. 
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[OBAP. I 

If P, and P, are the lepreaentative points corresponding to valnes ti 
and *, respectivelj of s, then the point which represents the value is 

clearly the terminus of a line drawn from Pi, equal said parallel to that 
which joins the ongm to P, 

To find the point which represents the complex number Si/i, where Xi and 
St are two given complex numbers we notice that if 
*1 •• r, (cos fii + 1 Bin d,>, 

4 — r, (cos + 1 sin ff,) 

then, 1^ multiplication, 

SiS, = r,r, (cos (d, + tf,) + » sm (fi, + fi,)} 

The point which represents the number s^St has therefore a radius vector 
measured by the product of the radii vectores of P, and Pt, and a vectorial 
angle equal to the sum of the vectonat angles of P, and P, 
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Misceixansous Examples 

1 Shew that the lepneentatiTe points of the complex namben 1 -f 4>, S+7t, S+lOt, 
are ooUinear 

S Shew that a panbola can bs drawn to pass through the representative pomts of 
the complex numbers 

S-fi, 4-P4t, 6-i-9s 8-1-16Z, lO+Silt 

3 Setermiiie the nth roots of unity by aid of the Argand diagram , and shew that the 
number of pnmitivs roots (roots the powers of each of which give ell the roots) u the 
number of integers (induding unity) Ism then w snd pnme to it. 

Prove that it tu At, At, bs the eigumeuts of the primitive roote, X oaayid>eO when 
p le s poaitive integer lem than where a,b,e, i see the difihrant constituent 

prunes at a, end tbat, whan ~ u when p is the number of 

the constituent prunes (Math TVip 188S } 



CHAPTER II 

THE THEORT OF CONVEROENCE 


S'L The definition* of the limit of a eeguenee. 

Let 2i> <3i be an unending sequence of numbets, reel or complex. 

Then, if a number 2 exists such that, Conespoading to every positivet 
number e, no matter how small, a number n, can be found, such that 

» |*„-2|<e 

for all values of n greater than n,, the eeguenee (tn) i» eaid to tend to the limit I 
ae tends to infinity. 

Symbolic forma of the statement^ ‘ the limit of the sequence {*«), as n 
tends to infinity, is I' are: 

lim *«=2, limsn^l, Sn-el os n—eoo. 


If the sequence be such that, given an arbitrary number N (no matter 
how large), we can find n, such that | s, | > # for all values of n greater than 
n,, we say that ‘ | s,| tends to infinity as » tends to infinity,’ and we write 

|s«(-» 00 . 

In the corresponding case when —x„>N when n > n, we say that 


If a sequence of real numbers does not tend to a limit or to «o or to — ac 
the sequence is said to oscillate. 

^ 2‘11. Definition of the jArase ' of the order of' 

If (?fi) snd (Sh) are two sequences such that a number exists such that 
I (.in/in) I < A whenever a > n,, where K is independent of n, we say that fn is 
‘ of the order of’ and wo write§ 


thus 


15r + 19 
1+n* 



If lim({’n/s,) = 0, we write {’n-o(s,). 


* a dafimtioB equivslsnt io tku wu tat f^eu br lobin Wata ia UtS. [OjMra, s. (USS), 

p.88a.] 

t Th* niuDbar wro la exetndad fcom the elase <<1 peeittve aomben. 
t The snow aotetion le due to Leathern, Oemb. Verb. ZVaeta, Ma i. 

I Thie notation ie dae to BaobTsasa, ZeUeetheori* (IBS*), p. 401, end TiSiMtoii, fnmeablee, 
i.(lKI9),p.Sl 
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2^ Th» Kmit of an iwnating ooguenoo. 

Let be a eeqnenoe of real nninbeiB snch that ^ all valoea 

»; tbeo the eegnenee tende to a Unit or die tendi to infinity (and so it does 
not oscillate). 

Let « be any rational-roal number ; then either ; 

(i) 0 !. > a ibr all values of n greater than some number ti, depending on 
the value of e. 

Or (ii) e. < « for every value of n 

If (ii) is not the case for any value of « (no matter how large), then 
x^-^ao. 

But if values of x exist for which (ii) holds, we can divide the rational 
numbete into two classes, the L-class consisting of those rational numbers x 
for which (i) holds and the B-class of those rational numbers x for which (ii) 
holds. This section defines a real number a, rational or irrational. 

And if c be an arbitrary positive number, a - belongs to the L-class 
which defines a, and so we con find r, such that x^^a — ie whenever n > Ri , 
and a + ^e is a member of the B-class and so ea<c + }e. Therefore, 
whenever n>n,, 

Therefore Xjt—ia. 

CmUary. A decraanng aeqoence teods to s limit or to - a> . 

SmtpU 1. If limf.— I, limj^ — 1'> ttien lim(x„+Cn'}'*f-<-l'- 

For, givsD f , we osn find a and n' such that 

(i) wbonmxs (“) when *»>»’, 

I«t Ki be the greater of a and a' ; then, when m > aj, 

I («»+0 - (<+n I < I (e> -f) I + 1 (*»'-<') I, 

• 

and this is the condition that hm 

SaanytU S. Prove sumlarlj that hm(ra,-<n')**i~f'> hm(i^<a')**ii't sud, if I'+O, 

Asm^rfrA If 0<*< 1, 

For if jt=(l+o)“‘, o > 0 and 

°'^*‘“(l+^'^i+ao’ 

ty the binamisl theorem Ibr s posttm integral index. And it is obnoos that), given a 
poritive auinbart, wsaaachoaaeaoSiich.tbat(l-faa)~'<twhena>Se; andsosVwOi, 

2'8L Lhnititainte and the BoUano-Weientraei* theorem. 

Let (sw) be a sequence of real numbers. If any number Q exists sudi 

* This thaomm, btqumjlit aaatiUd to W de r t tra ea, wae pwved iy Bolaaaa, Atk. Am i. 
i H I h W i f toa Om. Am Wim. v. (ISIT). [Ihiatotad to XlamOm Am NsaUni iFiw., Ko. US.} It 
■amw to hare been kaowa to Oandij. 
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tiiMt, for every paalave valne of «, no matter how smell, an unlimited nnmher 
of terms of the sequence con be found such that 

then 0 is called a limit-point, or duslor-point, of the aeqnenoe. 

Bolsaao's theorem is tiiat, if where X, p are tmfopendsnt 0 / *, 

then the tequenoe (sw) haa at least one limit-point. 

To prove the theorem, choose a section in which (i) the ^-class consists 
of all the rational numbeis which ore such that, if be any one of them, 
there ore only a limited number of terms satisfying x^>A; and (ii) the 
h-class is such that there are an unlimited number of terms a, such that > a 
fy all members a of the Z-class 

This section dednes a real number 0; and, if c be an arbitrary positive 
number, 0 — \t and G + ore members of the L and R classes respectively, 
and so there are on unlimited number of terms of the sequence satisfying 
G-e<G-J*<a^«(y + 4e<G + e, 
and so 0 satisfies the condition that it should be a limit-point. 

2'211. Definition of 'the greatest of the limits.' 

The number 0 obtained in § 2'21 is called * the greatest of the limits of 
the sequence («»).’ The sequence (ic„) cannot have a limit-point greater 
than O) for if 0' were such a limit-point, and e = — G), G' — t is a 

member of the Jt-class ddining G, so that there are only a limited number of 
terms of the sequence which satisfy > G’ — c. This condition is incon- 
sistent with G' being a limit-point. We write 

G» iim<E„. 

The ' least of the limits,’ L, of the sequence (written lim «,) is defined to be 

- ilm (- ®,>. 

8^ CaUCBT’S* TBEOBEH on the NSCESSABT and mjFFICIXNT CON- 
nmON FOB TBK BXISTENCB OF A UHIT. 

We shall now shew that the necessary and sufficient condition for the 
existence of a limiting value ol a sequence of numbers s„ s„ t,, ... is that, 
eorrsiponding to any ginen positive number e, however small, it shaU be 
possible to find a nundier n such that 

for all positive integral values ofp. This result is one of the most impwtsnt 
and fondamental theorems of analysis. It ia soAnetimea called the DrisfifUe 
of Gonssrpencs. ' 


Anelet* dleStritm (ISSl), p. 136. 
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Fu»t> we have to shew that thie owdition is tueeuarj/, i.e. that it is 
satisfied whenever a limit exists. Suppose then that a limit { exists; then 
Q 2*1) oorresponding to any positive, namber t, however small, ar integer n 
can be chosen such that 

tat all poutive values of p ; therefore 

I - s, I - - i) - (*w - 0 1 

«|s»a,-/l + |s,-i|<e. 
which shews the neossnty of the condition 

I **+» “■** I < 

and thus establishes the first half of the theorem. 

Secondly, we have to prove* that this condition is suffieietU, i.e. that if 
it is satisfied, then a limit exists. 

(I) Suppose that the sequence of rsoi numbers (e.) satisfies Cauchy’s 
condition; that is to say that, corresponding to any positive number e, an 
integer n can be chosen such that 

for all positive integral values of p 

Let the value of n, corresponding to the value 1 of e, be m. 

Let Ai, Pi be the least and greatest of ce,, ... then 

fi«r all values of n ; wnte X, — 1— X, p, + l««p. 

Then, for all values of 4, X < »« < p. Therefore by the theorem of $ 2'21, 
ike eeqaenoe («•) hoe at least one bmtt~point G. 

Further, there cannot be more than one limit-point; for if there were 
twOi 0 and ms < 0), take e<\{G- S). Then, by hypothesis, a number 
n exists such that | — n. | < < for every positive value of p. But since 0 

and JET are limit-points, positive numbers q and r sxist such that 

Then- 1 + 1<4«. 

But, by S 1‘4, the sum on the left is greater than or equal to | BT]. 

Therefore G-~H< 4e, which is oontiaiy to hypothesis; so there is only 
one limit-point. Hence there are only a finite number of terms of the sequence 
outside* tike interval O-t-i), where B is an arbitrary pomtive number; 

* Wsfnofissivsa tr Smls aae OaMiow, nmntbeks Aritkmtttktif. Ul. 



THE THSOBT Of COHVBBaSKOB 


15 


2-33 


for, if there were an unlimited numW of raoh terms, these would have a 
limit-point which would be a limit-point of the given sequence and whidi 
would not coincide with O ; and therefore 0 i» the limit of {a^). 

(11) Now let the sequence («_) of real or complex numbers satisfy 
Cauchy’s condition ; and let + iy«, where and y, are real ; then for 

all values of n and p 

Therefore the eequences of real numbere («.) and (y„) ealisfy Cauehfe 
condition ; and so, by (I), the limits of (x.) and (y*) exist Therefore, by 
§ 2*2 example 1, the limit of («,) exists. The result is therefore establi^ed. 

^ 3*3. Cmvergenee of an infinite seriet. 

Let u,, ... u,, ... be a sequence of numbers, real or complex. Let 
the sum 

...H-u, 

be denoted by 8,^. 

Then, if S^, tends to a limit S ae n tends to infinity, the infinite series 
«i + m»*H'«+«4+... 

is said to be convergent, or to converge to the sum 8. In other cases, the 
infinite series is said to be divergent. When the series converges, the 
expression S — 8m which is the sum of the series 

«»+i w*+» *♦■ “tm •••» 

is called the remainder after n terms, and is fKquently denoted by the 
symbol R^. 

The sum ... + 

will be denoted by 

It follows at once, by combining the above definition with the results 
of the last paragraph, thtt the necessary and sufficient condition for the 
convergence of on infinite series is that, g^ven an arbitrary positive number e, 
we can find n such that | S^, | < e for every positive value of p. 

Since tWi ^ it follows as a particular case that lim Um-i * 0 — ^in other 
words, the nth term of a convergent series must tend to sero as n tends to 
infinity. But this last condition, though necessary, is not suffiment in itself 
to ensure the convergence of the series, as appears from a study of the series 


ITjTjTJTgT.... 


Inthisseries, + ... +4. 

The expressfon on the rig^t is diminkhed by writing (3 e)~’ ^ plxifo of 
eaeh term, end so 8n,n>i- 
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Therefore Si»n“l + jS, , + S^,+54,4 + S«,« + Si*n+ .+Sif>j» 

> 5 (ti + 3) — » w , 

80 the senes is divergent , this result was noticed by Loibniz in 1673 

There are two general classes of problems which we are called upon to 
investigate m connexion with the convergence of series 

(i) We may arrive at a series by some formal process, eg that of 
solving a linear differential equatiim by a senes, and then to justify the 
process it will usually have to be {uoved that the senes thus formally ob- 
tained IS convergent Simple conditions for establishing convergence in 
such circumstances are obtained m ^231-2 61 

(ii) Qiven an expression 8, it may be possible to obtain a development 

n 

jSs S i/«m + Rn, valid for all \alueb of a, and, from the definition of a limits 

m~l 

it follows that, if we can prove that B,— > 0, then the senes S Um converges 

m 1 

and ite sum is 8 An example of this problem occurs in § 5 4 

Infinite senes were need* b; Lord Brouneber in Phil 7Van$ ii (1668), pp 645-649, 
and the term convergent was introduced by James Gregory, Piofossor of Mathematics at 
Edinbuigh, in the some year , the term diveigeut was introduced by N Bernoulli in ITIS 
Inhnite eenea were used systematically by Kewtun in 1669, Oe analgn per aeqmt aunt 
term tn/, and he investigated the convergence of bypergeometrio senes 14 1) in 1704 
But t'le great mathematicians of the eighteenth century need inBniie senes ftooly without, 
for the most part, examining their convergence Thus Euler gave the sum of the sense 




(«) 

ae sero, oo the ground that 


(b) 

and 

^ + ’*“1 

(e) 


The error of couree anses from the fact that the ecriee (6) convergoe only when { e | 1, 

and the senes (e) couieiges only nheii | e | > 1, so the senes (a) never converges 

For the history of researches on convergence, see Pnugeheini and Molk, Eatyrlopedu 
dee Set Math , 1 (1) and Reis', OeiehuMe der unendlvJten Smhtn (Tubingen, 1889) 

2 301 AbeV» tneqvalityf 

jt«</o>/s+i >0 ft» all xnUgO- values of n Then i, I ^ Af vihete 

I I 

A ts the greatest of the turns 

l«i|. I«i + a.|. |ai + a.4o.|. lo,H-o,f +o„| 

* See also the note to g 2 7 

i Journal /In Math i (1896), pp 311-349 A particular ease of the tbeoiem of | 331. 
ComUaiy (i), alio appears in that memoir. 
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For, imtuig a, + <m- ..+o, — we have 

s +(«»— 

*■ *1 C/i ”/«) + + ■(■ *»-i {Jm-i ~fm) + ^Jtn 

Since — ft,/t —ftt •• *re not negative, we have, when n » 2, 3, m, 

I *■— j I also 1 1„ 

and BO, Bamming and aBmg § 1*4, we get 

I •-! I 

ConUarg If a,, a,, »„ arc an; numbeiv, or tomplez, 

where >1 u the gnateet of the aumc I Z <r, I, (p— 1, S, n>) (Hard;) 


231 Ihnchiet's* teat for convergence 

Let I 1 a, i < A", where K ta independent of p Then, xf /, >/»+, > 0 

I e-l I 

m 

and lim /„ = 0*f, 2 o*/, eonvergea 

n 1 

For, since lim /«=0, given on arbitrary positive number *, we can find m 
such that /ait] < e/2£’ 


Then 


2 a, 

»ai«l*fl 


111+4' m I 

< 2 fl, I + 2 o» I < 2K, for all positive values of g, bo 

n-\ \ 1 


that, by AbeVs uiequahty, we have, for all positive values of p, 
where A < 2K, 


m+p I 

2 anfn,<^fm+i, 
• ■<»+l I 


Therefore 


m+r 

2 Onfn 
i»«m+*l 


< 2Kf < « » and so, by § 2 3, 2 thjn oonveiges. 

fl«l 


CanUarg (i) Abefa taat for eoiuergeiwt If Z a, conveigeB and the eequenoe (lO u 

moDotonie (le 11 ,^ 11 ,,., alwa;a or eke «,<«.«( alwa;B) and |iia|<(, where < u 
« 

independcDt of a, then Z 0 . 11 , oonvergea 

ik«i 

For, h; §8*3; *■ tends to a limit •, let |«-ii,|=/s Then f^~»~0 steadil;, and 

«0 

theiefora 2 oonvargM. But, if (v,J u an mcraauDg eequenoe, and so 

m «» 4» 

3 (u-vja, oonvergai, thenfore ainoe Z an. converges, Z «,(i, converges If (Olu 

a>*l s>l nmi 

a decreasing seqaenoe/.oiia-a, and a similar proof holds 

* Journal do Itatk. (S), m. (1861), pp U8-8S5 Betas the pnhboatioa of (ha Snd edition 
of Jordan’s Omm tAaatgoo (ISOi^, DnMilet'r test sad Abel's test wen {reqnentlpjointlydesanbed 
as the DinehM-Abd test, see eg Pnn^hesni, JCm*. Ann. m (1688), p 468. 
t In these emoiastaiMas, we rteediip, 

W N a 2 



18 THE PROCESSES OP AKALTSIS [OHAP. II 

ConUarn (ii) T»kiiig (!,»(- )•-> m DinohM’a testy it fdlows that, if 
and -/>+/,-/,+ convergea 

Examplt 1 Shew that if 0<8<Sft, x sinnd <oo8ec}d, and doduoe that, if 

I Ml I 

• • 

Steadily, 2 /„ sin ndcon^eraes for all real valuss/^^ andthat2/i|Onsfl0oonveige8 

if d is noi a& e^ven multiple of « 

^amplt S Shew that, if steadily, 2 (~)*f^coanB converges if is real and 

ftal 

not an odd multiple of and X (-)*^sin nd convetges foi all real values of 8 [Write 
w+8 for 8 in example 1 ] 

232 Abwlute and conditional convergence 

«» 

In order that a series S u« of real or complex terms may converge, it is 

Op 

eufficmt (but not necessaiy) that the senes of moduli S | Ua I should 

(0 

converge For if <r«,- | ««+, | + |ii„+,|+ + 1 «« 4 , | and if S | tt« | converges, 

ve can find n, corresponding to a given number e, such that <r, , < e for all 

ae 

valuesofp But { Sn, | <(rn,< e, and so 2 mconverges 

s-l 

The condition is not necessaiy , for, wnting 1/n in § 2 31, corollary (a), 
we see that J“J + J~ 4 + converges, though (§ 2 3) the senes of moduli 

J + J + j+ j+ 18 known to diverge 

In this case, therefore, the divergence of the senes of moduli does not 
entail the divergence of the senes itself 

Senes, which are such that the senes formed by the moduli of their terms 
are convergent, possess special properties of great importance, and are called 
dbiolulely convergent senes Senes which though convergent are not abso- 
lutely convergent (i.e the senes themselves converge, but the senes of moduli 
diverge) are said to be conditionally convergent 

233 The geometrte eertee, and the eenee % -i 

«•! nr 

The convergence of a parttcular senes is in most oases mvestigated, not 
by the direct consideration of the sum ft,,,, but (as will appear from the 
following articles'^ by a comparison of the given senes with some other senes 
which IS known to be convergent or divergent. We shall now investigate 
the convergence of two of the senes wh^ are most frequently used as 
standards for oompanson. 
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(I) Tk« geonutrie ttries. 

The geoiqetric series is defined to be the series 
l+s+s*+s‘+s*+.... 

Consider the series of moduli 

i + |s| + Ul*+|s|'+...: 

for this series S«,, = ] s (*+* + [ « |"+>+ ... + 1 e 1’*+*’ 

„ I g iii+j Lr LfJf 

' ' 1-1*1 

I X 

Hence, if | « | < 1, then S*,, < r values of p, and, by § 2'2, 

1 — l*i 

esample 3, given any positive number e, we can find n such that 

Thus, given t, we can find n such that, &r all values of p, 8n,p < e. Hence, 
by § 2'22, the series 

l + l*l + l*l*+- 

is convergent so long as j < | < 1, and therefore ikt geometric teries is absUvtely 
convergent t/" | « | < 1. 

When |s|>l, the terms of the geometric series do not tend to sero as n 
tends to infinity, and the aeries is therefore divergent. 

(II) series p+g,4^ + ;?+^+.... 

* 1 

Consider now the series £1^ » 2 , where s is erester than 1. 

We have 

lj.1 111_L 

and so on. Thus the sum of 2* — 1 terms of the series is less than 

1111 1 1 
l*-i 2*-i 41-1 gt-i + •■• + s-w ^ 1 _ 2‘“* ’ 

and so the sum of any number of terms is less than (1 — 2'~^)~^. Therefore 

the increasing sequence S tnr’ cannot tend to infinity ; therefore, by § 2*2, 

• 1 

the series % -f is convergent t/‘s>l; and rince its terms are all real and 

••I** 

positive, they are equal to their own moduli, and so the series of moduli of 
the terms is convergent ; that is, the convergence is absolute. 


»— a 
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If « s 1, the Beries becomes 


1 + I4.I4.I + 


which we ha^e already shewn to be divergent ; and when s < 1, it is a fortiori 
divergent, since the effect of diminishing s is to increase the terms of the 
• 1 

series. The eeriee S is tfiere/ore divergent i/e^l. 

n-l W 


2 ' 34 . The Comparison Theorem. 

We shall now shew that a series u, + u, -f u, 4- . . ■ t« absolutely con- 
vergent, provided that always less than C { I, where C is some number 
independent of n, and is the nth term of another series which is known to 
be absolutely convergent. 

For, under these conditions, we have 

I «*+. 1 + I ! + ...+! ««+, I < 0 (1 »,H-. I + 1 »«+*! + ••• + 1 »n+j. 11. 

where n and p are any integers. But since the series is absolutely 
convergent, the series S{t^| is convergent, and so, given e, we can find n 
such that 

i Vii+i I + 1 *»+« 1 + ••• + 1 ®«+p ! 

for all values of p. It follows therefore that we can find n such that - 
1 ‘*< 1+1 I + I “n+a I + ••• + 1 **«+p i ^ r, 

for all values of p, i.e. the series X | u« j is convergent. The series Xu. is 
therefore absolutely convergent. 


CoroUary. A series is absolutely convergent if the ratio of its nth term to the nth 
term of a series which is known to be absolutely convergent is less than some number 
independent of a. 

Sxamfie 1. Shew that the series '' 

V0» » + ^ cos a*+ i 008 3i + cos 4».+ . . . 


is absolutely convergent for all real values of a. 

When < is real, we have |oo8n»|^l, and therefore ’fhe modnli of 

the terms of the given aeries axe therefore less than, or at most equal to, the oorrosponding 
terms of the series 


^* 2 * '*’ 8 *'*’ 4 * 


which 1^ § 2'33 is absolutely convergent. The given seriee is therefore absolutely 
convergent. 

f EeampU 2. Shew that the aeries 

-_L_ +__1_ +__L_. + _JL_ + 

where (*>-1, 2, 8. ...) 

isoonvergent for all valuee of a, which are not on the circle Itl**!. 
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2-34, 2-35] 

The geometric repreaentation at complex nomben u hdphil m ducuaemg a qoestion of 
this kmd Let valaea of the complex number t be represented on a plane , then the 
numbers ti, S|, xj, will give a sequence of points which he on the citoumfeienoe of the 
circle whose centre is the origin and whose radius is unitjr , and it can be shewn that 
every point on the circle is a limit point (^2 21) of the pomts x. 

For these qieoial values x, of x, the given senes does not exist, smce the denomi- 
nator of the nth term vanishes whsn x=a„ Fur simplicity we do not discuss the senes 
for any point x situated on the circumference of the circle of radius unity 

Suppose now that |x|#l Then tor all values of n, |x-<,,| {1 - {xj)|>c~i, for 

some value of e , so the moduli of the terms of the given senes are less than the oorre 
spending terms of the senes 

jt+j} + 3i + 4i+ » 

which IS known to be absolutely convergent The given senes is therefore absolutely 
convergent for all values of t, except thoee which are on the cmle |x|»l 

It IS mteresting to notice that the ares in the x |>laoe over which the senes converges 
IS divided into two parts, between which there is no intercommunication, by the circle 
lx =1 

y Example 3 Shew that the senes 

2ain*-f 4ain -h -H2*smi + 

convei^ges absolutely for all values of x 

Since* lim d* sin (t/3') =x, we can find a number i, tndepnuhnt of n (but depending 
on x), such that 1 3* sin (x/3*) |<it , and therefore 

Since S i converges, the given senes oonverges absolutely 


236 Cauchy's test fur absolute coavergeacef. 


^ hm I it„ *'"< 1, 2 converges absolutely 

m-l 

For we can find «i such that, when n'^m, where p is 

independent of n Then, when ri > ot, | «, | < p" , and since 2 p® converges. 


it follows 
Boltttely 


from § 234 that 2 Ua (and therefore 2 Un'l converges ab- 


[Noib If hm does not tend to aero, and, by § 2 3, Z «. does not 

converge] 


* This IS evident from results pnved in the Afptadix 
t dsslytx AtjeSnem, pp 182-136. 
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2'36. jyAkwherSs* ratio iott for ahtduit eonveryenee. 
We shall now shew that a Mriss 


“l + «>+«» + «4+-” 

is absolutoly cmoergent, proviied that for aU values of n greater than some 
iueed voMte r, the ratio m less than p, where p is a positive numher 

independent of n and less than unity. 

For the terms of the series 


I ttr+l I + I “f+t I + I Wr+t I -1- . 

are respectively less than the corresponding terms of the series 

I Wr+l 1(1 +F + p*+p‘+ •••)> 

which is absolutely convergent when p < 1 ; therefore S u. (and hence 

»«r+l 

the given series) ii absolutely convergent. 

A particular case of this theorem is that if lim | (Us 4 .,/tt.) | « 2 < 1, the 
series is absolutely convergent. 

For, by the definition of a limit, we can find r such that 


and then ^ < i (1 + 2) < 1, 

when n > r. 


* 

[Note. If bm Un does not tend to zero, and, by § 3'3, Z v, does not 

converge.] 

ExampUl. If |c)<l, shew that the series 

Z 

ll«Bl 

converges absolutely for all values of a 

[For Bsn-».cD, if |cj<l.] 

Example S. Shew that the sence 

*+-ar'^‘*' ’ 31 — 4! 

converges ahaoluteJy if tz|<l6!->. 

1 ^ 4.1 Q^lth 

[For = ' w+i ' *'*' ~ “ a-*-® ; so the oondition for shsoluta oonvetgenoe is 

|4il<l,U|f|<|4|->.] 


- * Opuenim, t. V. (USS), pp. 171-482. 
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<0 

Examx^ 1 Shew that the ■eriee X con^migee aoaoltttely if |fi<l. 

[For, when :*|<1, + to ibe 

moduli of the terma of the eeriee ere Ian than the ooneepoodiDg terms of the eeriee 
Z n I Iwtt this letter eeriee is ebeidatel; onuTergeat, end ao the given aeries oon- 
verges absolutely.] 


2‘37. A genercA thtoretn on aeries for vihack lim 


= 1 . 


It is obvious that if, for all values of n greater than some fixed value r, 
I itiH-, I is greater than | tia | , then the terms of the series do not tend to zero as 

n -♦ oo , and the series is therefore divergent. On the other hand, if ^ ' 


u» 


is less than some number which is itself less than unity and independent 
of n (when t» > r), we have shewn in § 2'36 that the series is absolutely con- 
vergent The critical case is that in which, as a incr^gses, I tends to 

' I 


i“«+i 


the value unity. In this case a further investigation is necessary. 

We shall now shew that* a series ti, -b Uj + iij -1- . . ., in vhvih, lim 
mil he absolutely convergent if a positive number c ejcists such that 
Em n|'"^'i-l|=-l-c. 

For, compare the series £ | [ with the convergent series £««, where 
Vn = An-^-*‘ 

and .d is a constant ; we have 


Vn+i 




1\ -It+i*) 


1 - 


Ltif 




‘Asn-»«, n|^^ — l|-»— 1— ^c, 

and hence we can find m such that, when n > m, 

I I ✓ 

1 tt« I ^ 

By a suitable choice of the constant A, we can therefore secure that for 
all values of n we shall have 
* lu„l<Vn. 

As Ssn is convergent, £ | Un | is also convergent, and so £»» is absolutely 
convergent. 

* This is ths ssaoud (D'Alamberf ■ theorem gives is ) S'W being the first) ol a hiarinhy of 
theorems due to Do t^wgas. See OfaiTetai, tletbra, Cb, zxvi. lor an bietorieal aoeount of 
tbase thaoiema 
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ConMary. If !■“[ = 1 + ^ + 0 where Ai is mdependent of n, 
then the series is absolutely convergent if < — 1. 

XxampU. Investigste the aonTeigence of S n' exp ^-its when r>k sod when 
r<i 


' 2‘38. Convergence of the hgpergeometrie eeriee. 

The theorems which have been given may be illustrated by a discussion 
of the conveigence of the hypergeomelric eeriee 

1 . o(tt + l)t(6 + l) .. . 8(a + l)(o + 2)6(6 + l)(^-l-2) ^ . 

2.c(c+l) 1 .2.3.c(e + l)(c + 2) — 

which is generally denoted (see Chapter XIV) by F(a, b, c, *). 

If e IS a negative integer, all the terms after the (I — e)th have zero 
denominators, and if either a or 6 is a negative integer the series will 
terminate at the (1 - a)th or (1 — &)th term as the case may be. We shall 
suppose these cases set aside, so that a, 6, and e are assumed not to be 
negative integers 
In this senes 

|-,irri nj^+n~ If— 

as n— » 00 . 


We see therefore, by § 2'36, that the eeriee ie abeolutely convergent when 
I X I < 1, and divergent when , x | > 1. 

When I * j » 1, we have • 


Wn 


a- II I 

i + — j 


li I 


|1 + 


6-1 



Let a, 6, c be complex numbers, end let them be given in terms of their real 
and imaginary parts by the equations 

o = o' + K»", 6»6'+i6", c — e'+w". 

Then we have 

[un^.l k ^ o' + 6'-c'-l+i(a” + 6"-0 ^ q/1\[ 


By § 2 37, Corollary, a condition for absolute convergence is 
a' + b' — d <0. 


* The snatol 0 (1/s*) doM not denoto tb* nmo (tanetion of s throogboot. Sm | S'U. 



THS THieOBY OF CONVEBOENCE 


25 


2*88-2'41] 

Hence when | < | le 1, a eufficient condition* for the tdmhde cotaergence of 
the hypergeometrie aerie* ia that the real part of a + b—c Aall be negoHva. 

2*4. Effect of changing (Ae order of the terms in a eeriee. 

In an ordinary sum the order of the tenna is of no importance, for it 
can be varied without affecting the result of the addition. In an infinite 
series, however, this is no longer the casef, as will appear from the following 
example. 


Let 


‘l+a-2+B + 


_i+ 

1 aTg + 12 — * -r ..., 


and 


^J. 

1 - 2 + 8 “ 4 + S ~ 8 ' 


and let £« and Sn denote the sums of their first n terma These infinite 
series are formed of the same terms, but the order of the terms is different, 
and so £„ and S. are quite distinct functions of n. 

Let tr^ > 

Then = 


i+ ... +^.80 that ? 


as 


1 1 

' (*« — Om) + 2 {Wm — On) 

• + j Sn- 


Making n — » x , wo see that 

i^s+ls, 

and so the derangement of the terms of S has altered its sum. 

If in the senes 

.111 
^~2+S~4 + — 

the order of the terms be altered, so that the ratio of the number of positive terms to the 
number of negative terms in the first n terms is ultimately a*, shew that the sum of the 
series will become log(iia). (Hanning.) 

2*41. The fundamental property of absolutely convergent aeries. 

We shsdl shew that the sum of an absolutely convergent series is not 
affected by changing the order in which the terms occur. 

Let fiiactt, + u,4.tt,+ ... 


* The contUtion is also neoeaaaiy. Bee Bnmwidi, InJMU Stria, pp. 309-204. 
t we that the aeriae Z eoneieta of the tense of Z in • different older If a law 

nml HKl 

b given I 7 wUdi camsponding to eesh positiTe integer p we can find ons (and only ona) 
integer g and met vena, and v, b taken sgna! to s,. The issnll of this seotion was nolissd by 
Diibhbt, BerKner Abh. (1837), p. 48, Journal 4e Math. it. (1838), p. 897. Bee abo Oaoohy, 
Bttumet analptijua (Turin, 1838), p. 37. 
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be an absolutely eonyergent series, and let iS' be a series formed by the same 
terms in a different order. 

Let « be an arbitiaiy positive number, and let a be chosen so that 

I “*+1 ! + I I + — + 1 I < i « 

for all values oip. 

Suppose that in order to obtain the first n terms of S we have to take 
tn terms of S' . then if k > m, 

Si! terms of S with suffix greater than a, 
so that ^ ? 

Si! ~S=S, i—S + terms of S with snflSces greater than n. 

Now the modalos of the sum of any number of terms of S with suffices 
greater than n does not exceed the sum of their moduli, and therefore is less 

than j e. 

Therefore |/S'»'-iS'l<,j8i,-S| + Je. 

But |S,-/Sl<lim + + 

1 

Therefore given « we cnn find m such that 

when A > m ; therefore S„'~* S, which is the required result 

If a series of real terms converges, but not absolutely, and if Sp be the 
sum of the first p positive terms, and if be the sum of the first n negative 
terms, then 3,~* ao , — oo , and hm (£!, + ?•) does not exist unless we 

are given some relation between p and n. It has, in fact, been shewn by 
Riemann that it is possible, by choosing a suitable relation, to make 
lim (Sp + <r») equal to any given real number*. 

2*6. Double seriesj". 

Let u„,a be a number determinate for all positive integral values of m 
and n , consider the array 

«i.j, »«,•, «),«. — 

Ul,»» !*>,»>••■ 


* Oa. WerU, p SSI 

t A oomphSe thM »7 ol doable wiwt, on -wbuih Uiu acsount u band, u givm by Pimgahoun, 
IfSacJlmar SitmapibencMc, xmi. (IStT), pp. 101-US. 8 m (nrthn nmaoin byvUiat wntM. 
jrolS. Am. ua. (1900), pp. 989-S91 sad by Londoa, ibui. ys. 819-870, and also Bmmwioh, 
Xitfimtt Sena, vUeh, in addiltni to an aooonat of Pnnpibnin's thsoiy, e o ntsi ni maiv dsnlop- 
mants of tho snbjMt. Otbsr importiat thsoromi iM glvn by Bmmviob, Prw. haelm Hoik. 
Sue. (9), I. aSOd), ppu 176-901. 
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Let the sum of the terms inside the rectangle, formed bj the first 
m rows of the first n columns of this array of terms, be denoted by 

If a number 8 exists such that, given any arbitrary positive number e, it 
is possible to find integers m and n such that 

whenever both fi>m and p>n,we say* that the double eeriee of which the 
general element is u^, converges to the sum 8, and we write 

lim 8i^,<^8. 

If the double series, of which the general element is | is convergent, 
we say that the given double series is absolutely convergent. 

Since u^, = (8^, — 8^_^i)—(S^^,^,~S^,^^,), it is easily seen that, if 
the double senes is convergent, then 

lira «,,, = 0. 

Stole' necessary and sufieientf condition for convergence. A condition for 
convergence which is obviously necessary (see § 2'22) is that, given e, we can 
find m and n such that whenever ^>m and v>n and 

p, <r may take any of the values 0, 1, 2, .. . The condition is also sufficient; 
for, suppose it satisfied ; then, when /* > m + n, | S,,+,,„+, - S,.,„ | < e. 

Therefore, by § 2'22, has a hmit 8 ; and then making p and o tend to 
infinity in such a way that p + p= v + <r, vro see that | S — S,,,, | ^ e when- 
ever p> m and v > n ; that is to say, the double series converges. 

Corollary. An absolutely oonvurgeat double senes is oonvergont. For if the double 
senes couverget absolutely and if be the sum of m rows of n Lolumns of the sores of 
inodub, then, given •, we can find such that, when y>xn>^ and }>»>)>, (,,,(—(«,■<>■ 

I I so wken ;>»>,»; and this 

IS the coudition that the double senes should converge 


2'51. MeihodsX of summing double series. 

eo n9 

Xiet us suppose that 1 v,,,. converges to the sum 8^. Then 18^ is 
called the sum by rows of the double series ; that is to say, the sum by rows 
is 1 ( 1 u^,). Similarly,' the sum by columns is defined as S S 

• r»l V”'! / 

That these two sums are not necessarily the same is shewn by the example 


S. 


p-v 
/l + V 


, in which the sum by rows is — 1, the sum by columns is + 1 ; 


and 8 does not exist 

* This dsflsution is piaetiaally das to Gauofay, Asaifu AlgiMtue, p. 640. 
t This condition, stated by Stoli, dloth. Am. xxiv. (1BB4), pp. 167-171, spfesecs to bars 
been lint proved by Fringsbsim. 

t These method an doe to Cauehy, 
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PBiKoaHEW’s THSOBEM* : If 8 exist! and the sums bj/ rom and columns 
exist, then each of these sums if equal to S. 

For since 8 exists, then we can find m ^uch that 
— <S|<«, if ii>m, v>m. 

And therefore, since limiSf,,,, exists, |( Urn iSy,,) — S{ that is to say, 

r'MD 

|l I 

2 iSy — iSf ^6 when it >m, and so (§ 2 22) the sum by rows converges to 8, 
p=i I 

In like manner the sum bj' columns converges to 8 . 

2'fi2. Absolutely convergent double series. 

We can prove the analogue of § 2'41 for double series, namely that the 
terms of an absolutely convergent dotMe series are taken in any order as a 
simple series, tketr sum tends to the same limit, provided that every term occurs 
in the summation. 

Let be the sum of the rectangle of fi rows and y columns of the 
double series whose general element is { | ; and let the sum of this double 
series be <r. Then given e we can find m and n such that ir — ir,,,<e 
whenever both fs>m and v>n. 

Now suppose that it is necessary to take N terms of the deranged senes 
(in the order in which the terms are taken) in order to include all the terms 
of )Uid let the sum of these terms be ty. 

Then tjv — Swf i,af+i consists of a sum of terms of the type Up^,, in which 
p>m,q>n whenever M>m and if > n ; and therefore 

1 

I tjv — ojr+i. jr+i < <r — Jf-t i < 2 <■ 

Also, 8 — Sm+\.m-¥\ consists of terms in which p>m, q>n', therefore 
1 8 - jf4i t < O' — o-ir+i.i+i < 5 c ; therefore [ S— ty j < e ; and, corresponding 

to any given number c, we can find N-, and therefore tn—vS. 

« 

EsmspU I. Prove that in an absolutely convergent double series, 2 Um,. exists, and 

nBi 

thence that the sums by rows and columns respectirely ronveigs to S, 

(Ijet the sum of p rows of v columns of the senes of moduli be „ and let ( be the sum 
of the senes of moduli 

ee m 

Then 2 I K„, , |<t, and so 2 , converges ; let its sum be A ; then 

»■! wl 

and so conveisos absolutely. Tberafors the sum by rows of the double senes 

Mists, and similsi^ tbe sum by columns existe ; and the requited result then fellows ftwm 
F ringshei m’s theorem. J 


■Coe. eil. p. 117. 
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Sxampb S Shew from first pnnoiples that if the terms ci an ahsolately ooovetgent 
douUe senes be amoged in the (^er 

®i.i+(“h+“u)+(“m+“j »+“i s) + (®i.i+ +“ii)+ ) 

this series oonreiges to 5 

263 CawJiy's iJieorem* on the midUpltcalton of absolutely convergent 
senes 

We shall now shew that tf two senes 

S = ttj + «, + «,+ 

ond r = »i + Ua + 1), + 

are absolutely convergent, then the senes 

P = a,t. + M,e, + a, + , 

Jormed by the products of their terms, written in any order, is absolutely con- 
vergent and has fat sum ST 


Let 

=«! + «,+ 

+ »a. 


7«= »i + *«+ 

+ «n 

Then 

ST -= lim jS'„ lim T« 

= hm 


by example 2 of § 2 2. Now 

SfTn = «i»i + Ui»i + + Un^i 

+ 14,«j + U»» + + UnS, 

+ 

+ U, »,+«,»,+ +«««'n 

But this double senes is absolutily convergent, for tf these terms are 
replaced by their moduli the result is ornT*, where 
<r« = I «, ' + > a, I + + 1 !*» I , 

•r» = 1 », t + I I + •.. + I »» I , 

and o-nTn IS known to have a limit Therefore, by § 2 52, if the elements of 
the double senes, of which the general term is UmVn> be taken in any order, 
their sum converges to ST 

Example Shew that the senes obtained by multiplying the two senes 

1 + 1 +^+^+^+ , ^+[+^+p+ • 

and teairangiog aooording to powers of r, converges so long os the r^resentative point of s 
lies ID the nng shaped region bounded by the oircles I z | = 1 and 1 1 1 s S 

26 Power-Seiies'f 

A senes of the type 

<»,+ a,* + <i,** + o,s’+ 

in which the coefficients a,, a„ Ot, o,, are independent of t, is called a tenet 
proceeding according to aacendmg powers of z, or bnefly a poteer^tenet. 

* daslyM Altetufut, Note m. 

t The rssnlts of this seslion ate <hn to Oaoshy, Anafj/se Algtbrlfu, Oh. n. 
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We shall now shew that if a power-neriu oonvergei for any wUue z, of z, 
it v)iU be absobUdy convergent for all value* of z whose reprezmdaUve points 
are within a circle which passes throu^ z, and has its centre at the origin. 

For, if s be such a point, we have | s | < | s, | . Now, since 2 On*,* oonyergee, 

OnSt* must tend to zero as n-^vo , and so we can find M (independent of n) 
such that 

Thus 1 a«s" I < If j - 1 

«e 

Therefore every term in the series S j OnS* { is less than the corresponding 
term in the convergent geometric aeries 



the series is therefore convergent; and so the power-series is absolutely 
convergent, as the senes of moduli of its terms is a convergent series; 
the result stated is therefore established. 

.Let lim then, from §2'35, 2 On«* converges absolutely when 

11=0 

tft 

I * I < r ; if I z I > r, o»«* does not tend to zero and so 2 o«*" diverges (§ 2'3). 

fliBsO 

The cRcle 1 1 r, which include all the values of z for which the 
power-series 

0 , + a,* + 0 ,** 0 ,** + ... 

converges, is called the circle of convergence of the seriea The radius of 
the circle is called the radius of convergence. 

In pnctUe there le usoally a aimpler wsy of finding r, derived from d’Alombert’a 
test (§ S-S6) I r is lim if this limit exists. 

A power-series may converge for all values of the variable, as happens, for 
instance, in the case of the series* 

s* ^ 

'"si+F"-* 

which represents the function sin z ; in this case the series converges over the 
whole /-plana 

On the other hand, the radius of convergence of a power-series may be 
zero ; thus in the case of the series 

l-HU + 2I**-h31** + 4Is‘ + ... 

we have j!^j-nj»l, 

* The seiMS Ibi e*, fins, eosx sad ths tnndsasntsl piopattiss of Uims {ansthms sad of 
logs vriU he issuaMd tbxoaihoat. A biM sosoant of the Ifatoi; ol ths fanetlons is given 
in fb» AtfnHe. 
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which, for all values of n after some fixed value, is greater than unity when 
t has any value difierent fi«m zero The senes converges therefore only at 
the point « 0 , and the radius of its circle of convergence vanishes. 

A power-senes may or may not converge for pomts which are actually on 
the penpheiy of the circle , thus the senes 


5 s* z* z* 


whose radius of convergence is umty, converges or diverges at the point z a: 1 
occordmg as « is greater or not greater than umty, as was seen m ^ 2 33 

CorolUuy It (a.) be a sequence of positive terms such that bm(a,4.|/a,) exists, this 
limit IS equal to lim 


2 61 Convei gence of eertes dented fiom a pouier-senes 
Let a, + a,z + a,z“-)-<J,z* + a 4 Z* + 

be a power senes, and consider the senes 

n, + 2a,z + 3a, z* -I- 4a4Z* + , 

which 18 obtamed by differentiatmg the power senes term by term We 
shall now shew that the dented eertee has the same circle of convergence as the 
anginal series 

Fur let z be a point within the circle of convergence of the power-senes , 
and choose a positne number r,, mtermediate in value between |z| and r the 

a» 

radius of convergence Then, since the senes S OnV,* converges absolutely, its 

S“0 

terms must tend to zero as n— s <n , and it must therefore be possible to find a 
positive number Jf, independent of n, such that | a, | < Jfri~” fi>r all values 
of Jl 

m 

Then the terms oi the senes 2n|aa||z|"~‘ are less than the corre- 
spending terms of the senes 

M s wlzl"- 

r, ,«!. r,*”* 

But this senes converges, I 7 § 2 86, since is | < r, Therefore, § 2 34, the 
senes 

£ n|a.| |z|»-> 

••1 


converges , that is, the senes Z converges absolutely for all points r 

H"! 

« 

situated withm the cude of convergence of the onginal senes SoaS”. When 

|z|>r, (h,j* does not tend to zero, and a fdrtwri noas* does not tend to 
zero , and so the two senea have the same circle of oonveigenoe. 
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CordUarg. The seriv Z o^’iuned hp mtegnting the original power-eeriee 

term by term, haa the aame eirole of oonveigenoe aa Z ii.c>, 

aaO 

2'7. Infinite Producte. 

We next consider a class of limits, known as infinite produele. 

Let 1 4-01, 1 + 0,, 1 +0,, ... be a sequence such that none of its members 
vanish. If, as n -» oo , the product 

(1 + Oi)(l + Oglfl + <»§)... (1 + o«) 

(which we denote by n,) tends to a definite limit other than zero, this limit 
is called the value of the infinite product 

n = (1 + a,)(l + a,) (1 + 0,) ..., 

and the product is said to be convergent *. It is almost obvious that a necessary 
condition for convergence is that lim a, 0, since lim nn-i == lim [In ^ 0. 

s» 

The limit of the product is written 11 (1 + a^). 

Now n (1 + On) « exp I 2 log (1 + a»)l , 

andf exp | lim «„) = lim jexp »«,} 

if the former limit exists; hence a sufficient condition that the jiroduct 
should convei^e is that 2 log (1 + a^) should converge when the logarithms 

n^l 

have their principal values. If this series of logarithms converges absolutely, 
the convergence of the product is said to be aheolute. 

The condition for absolute convergence is given by the following theorem : 
in order that the infinite prodvat 

(l+a,)(l+a,)(l+a,)... 

may he absolutely convergent, it is necessary and sufficient that the series 

Ol + Of + ®» + • ■ • 

should he ahsdvtdy convergent. 

For, by definition, IT is absolutely convergent or not according as the 

log (1 + ai) + log (1 + 0,1 + log (1 + o,) + . . . 
is absolutely convergent or not. 

* Tb* eoavsigsiiM o{ the prodaet in whidi a,,-i= - l/a* ms inveetigsted bj Wellit as ear(y 
ul6W. 

t Bee the AfpenUt, | A'S. 
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Now, since Urn a* 0, we can find m such that, when n > tn, | { < | ; and 

then 

flu* 


|«,-log(l+a,)-l|= --1' + ^^-^ + 


11 1 
3i + jj + ••< * 2‘ 

And thence, when n > m, ^ < j ^ ® , therefore, by the comparison 

theorem, the absolute convergence of £ log(l + On) entails that of Sa„ and 
conversely, provided that On 4 ~ 1 i<>r any value of n. 

This establishes the result*. 

If, ID a prodaot, a 6nite number of farton vanub, and if, when these are suppressed, 
the resulting product converges, the original product w said to eoavtrgt to zero But such 

a product as n (1 - « '*) is said to dwergt to zero 

tl«l 

CoroUan/. Since, if S„-a-l, exp (A^)-»-ezp2, it follows from § S'41 that the factors 
of an absolntelf convergent product can tie deranged without affecting the value of the 
(iroduct. 

SO * 

,/ ISsccMfU 1. Shew that if II (1+ a.) converges, so does S log(l+(i,),if the logarithma 

% 1 MS'! 

have their principal values 

Sxampl* S Shew that the infinite product 

sinz sin^r s>hj[t 

» ■ i* ■ 

IS absolutely couTergent fur all values of t, 

[For ^sin j can be wntten in the form J where ) X, \<k and k is inde- 

pendent of a; and the senes X ^ is absolutely convergent, as is seen on oompanng 
• 1 

It with X -{. The infinite product is therefore absolutely oonvergent] 

2*71. Some examples of infinite products. 

ConBider the infinite product 

(-£)('-^){-^)- 

which, 08 will be proved later (§ 7 '5), represents the function /r’ sin s. 

In order to find whether it is absolutely convergent, we must considor the 

“a* i* * 1 

series S or this series in absolutely convergent, and so the 

prodnet is absolutely convergent for all values of s. 

Now let the product be written in the finm 

* A diasaaalan of the nmvagenee of infinite piodoote, in which the nsntte an obtaiaad 
without miking nee of the logarithmie iUnctioD, is ^ven hj Fnngiheim, Hath. Am. xxzni. 
(188t), pp, 119-lM, and also bj Bramwish, Jafimu Smet, Ob. vi, 

W.X.A. 


3 
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The absolute convergence of this product depends on that of the senes 


IT V 2ir 27r 


But this senes is only conditionally convergent, since its senes of moduli 


w w 2jr 2w 


IS divergent In this form therefore the infinite product is not absolutely 
convergent, and so, if the order of the factors ± ^ is deranged, there is 

a iisk of altenng the value of the product 

Lastly, let the same product be wntten in the fonn 


in which each of the expressions 


( 


1 ±— )< 

mv/ 


t*m, = 1 + 




IS counted as a single factor of the infinite product The absoluu convergence 
ol this product depends on that of the senes of which the (2m — J )th and 
(2m)th terms are 

(l 

\ TOW/ 

But it IS easy to venfy that 

(l ? — ) 

\ tow/ 

and so the absolute convergence of the senes in question follows by companson 
with the senes 

l + l+ g} + 2i + p + y + 4i + Ji + 

The infinite product in this last form is therefore agam absolutely 

convergent, the adjunction of the factors e*" bavmg changed the con' 
vergence from conditional to absolute This result is a particular case of 
the first part of the factor theorem of Weierstrsss (§7 6) 

Example 1 Prove that n '* ahaolately convergent for all values of 

2 , if c u a constant other than a negative integer 

For the infinite product converges absolutely with the senes 
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271 ] 

Kow tbe gennal term of this series is 

and so, by § « 34, |^i _ l| oonvergos absolutely, 

and therefore the product oaiivetgQa abeolutely, 

KxoMpU 2. Shev that pointa » aituated 

outside a cirole whose centre is the origin and radius unity 

For the mficute product i« absolutely oonrergent provided that the series 


3 


(-;r- 


If absolutely oonveijgent. But lus 




■e, so the limit of the ratio of the (n+l)tb 


term of the senes to the ath term is ^ ; there is therefore absolute conTergence when 


Sipompie 3. Shew that 


I ^ j<I, !.«. when 1*1 >1 

1.2.3 _^-l) - 

(*+!)(*+«) . (*+«-!) 


tends to a finite limit as m->»>ao , unless i ia a n^ative integer. 

For the ex^HOBsion can be wntteo as a product of which ihs mth fiwtor is 


This product is therefore abeolutely oonvergent^ provided the senes 

IS absolutely convargsut ; and a onmpanson with the uiovergent series Z j shews tliat 

•■1 w * 

this IS the case When s is a negative integer tbe expression does not exist beoause one of 
the taotors m the denomimtor ranishes. 

Btample 4. Prove that 

'(■-a (■-© (■*:) (-©(-© 

For the given prodoot 

Bm .(l -i) ... (l-g;) (i+r) 


lim 


«vV ^ x+* s s+s a=i~fi+f; 


8-1 
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siDLS the produrt whose factors are 

i'-i)-" 

u absolute^ convergent, and so the order of its factors can be altered 
Since log2=)-i+J-|+J-.. , 

this shews that the given product is equal to 


28 . Infinite Determinants 

Infinite senes and infinite products arc not by any means the only 
known cases of limiting processes which can lead to intelligible results. The 
researches of G. W Hill m the Lunar Theory* brought into notice the 
possibilities of w finite determinants 

The actual iniostigatiuu of the coovergciice is due nut to Ilill but to Pomtanf, Bull de 
Ai Sor Math dr f'ranes, XIV (lHfl6), p h? We shall follow the rx]iosition given by 
H von Koch, .detu ifalA x\l (18!12), p 217 

Let he defined fur all integer values (positive and negative) of t, k, 
and denote by 

“ t"^**!* -I •» 

the determinant formed of the numbers .d,a (t, ik = — tn, +»i), then if, 
as m — ao, the expression tends to a determinate limit D, we shall say 
that the mfimte determinant 

a, +0O 

IS cornier ffent and has the value D If the limit D does not exist, the deter- 
minant in question will be said to be divergent. 

The elements A„ (where t takes all values), are said to form the principal 
diagonal of the determinant D, the clementb A^, (where » is fixed and k 
takes all values), are said to form the row i, and the elements A^, (where k 
IS fixed and i takes all values), are said to form the column k. Any element 
A^ IS called a diagonal or a non-diagonal clement, according aai = k or i^ k. 
The element A,^q is called the origin of the determinant 

2 81. Convergrnre of an injiiatt determinant 

We shall now shew that an infinite determinant amverges, provided theprodwt of the 
diagonal element* comergee abtolutelg, and the turn of the non-diagonal rlrment* converge* 
ahtolutelg 

For let the diagonal olemente of an infinite determinant D be denoted by 1+a,,, 
and let the non diagonal clenisnta be denoted by a,a, (>Wif), so that the detormmant is 

* Bepnnted m Aeta Mathemaltea, vin (18S6), pp 1-S6, Infinite determinants had previously 

oceuned in the reaearihes of Fumtsnsu on the algebraic equation of the nth degree, Dantellunf 
del reellen Wureetn elgebraiteher Oteiehuigen dureh Betermnanten der Corjlnenten (Marburg, 
1860) Special types of mfimte detenmnanta (known ae eontinuanti) ooeor m the theory of 
mfimte oontmued Iractiona , see Sylvester, Moth Paper*, t, p. ISOt and in, p. 249 
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.... O-IO O-U. .. 

I ... l + ooo <*01 

1 

I ... <*i-i <*10 1+tfn •• 


Then, KiDce tho sorioB • Z 
i.* 


IH ooiivcrgeut 


I I IS convergent, the product 

n fi+ i 

\ t — * J 


Now form the producU 

m t m \ w/m \ 

/V* u (i+ i a^u A.- n ( 1 + 

then jf, in the e.x])ansioii of ccrLuii terms arc repl.iced h> zero and certain other 
teruiH hii\e their Mgas < banged, wc Hbai) ohiaiii D„ , thu^, to each term in t!ie expansion 
of />,n tbeiv coiresiKindH, in the ex()ansion of /*„, a teim of equal oi giiiter uiodulu'*. 
Now ♦p- re]in*sents the sum of those tcinis in the deteinuiiant A« + ii whith vimsh 
when the nuiidiers k— ±(</i4*l) . ± arn repla^‘e»i h« zen>, and to each of 

tlevie terms there oorresponda a term of equal or greater modulus in 1\, 

Heiu e i),., « 

Therefore, since tends to a limit as ho alHo Dy, tends to a hunt This 

enUblishos the pioiiusitiori. 

282 Thf* r<y/rr(/n^eirunt Thcortm for oimver^eni mfnttr detrnninants. 

We hball now shew that <x iirturmiuxni^ oj t/tt nonurgent form afreaefy coiutcfcrrcf, 
lamaow vahtn ihf e/es<e«t« of a«^w rouf art' rtplaied i>}f uny $H uf demeiUt w/tou 

modwli art all feM than nomefxedpovUn numbir 
H<'{)Uoe, lor example, the cleiiieiits 

. . —my ••• . Aq^ n, , . 

oi the Km through the origin bj the elements 


‘••P-my** PO'** /*«••• 

which satisfy the iiietiuaJif^ 

where ft is ii )M>sitive nutuber ; and let the new valuce of D„ aud /> l>c denoted by 
/>„' and /y Aloreoxer, denote by Pm P tlie products obtained by suppressing m 
Pm and P tlu’ factor oorres{»onduig to the index /ito , we sec that no ternus of can 
have a gis^uter niodulvM than the corresponding term in the expansion of fiP^ ; and 
conaoqucotly, reasoning um in the last article, we have 

1 ^m*v- I 

which 11 lufhcient to establiNb the nwalt lUted 


Example. Shew that the ueceasitr; and sufficient condition for the .ibsolute conver- 
gence of the infinite doterinmaut 

hm I «] 0 0 ... 0 


IS that the senes 

shall be absolutely convergent. 


ft I oy 0 

0 ft 1 o. 


... 0 

... 0 


0 ... 0 A. 1 I 

®lft+0!ft + nift+." 


(von Koch.} 
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Miscellaneous Exahple)s 


1 Evaluate lim (e ’^n'), hm (n ■ logn) when a>0, 6>U 

•-*«e 

5 lDV«Btigate the cotivei^nce of 

|l -» log J| (Tnnity, 1904 ) 

3 Inveatigat'' the conveigenoe of 

Af/i (Pohwhou.e,190e) 

4 Find the range of raluea of < for which the aenea 

2ain*»-48in*i+88in**— +(—)•*' 2*ain^a+ 

u oonvergenL 

6 Shew that the aenea 

i__L + _L__L+ 

* a+l^a+2 r+8 

n condilioDall}r convcigent, except fur certain exceptional valuea of a , but that the aenea 


»+ L+ + 1 _ 1 1 . 

a *+l a+p— 1 a+p a+p+1 


: + . z-o. 


a+8p+9-l a+%>+j ’ 

in which I p4-f) negative terma alwaya follow p poaitive termed la divergent. (Simon ) 


' 6 Shew that 

-iloB* (Tnnity, 1908) 


7 Shew that the aenea 

1«‘''8»'''3*''’44'’' 

(l<«0) 

la convergent, although 

«i.+i/«av— « 

(Oeahro:! 

8 Shew that the aenea 

a+#l*+a?+/»‘+ 

(0<e<9<l) 

conveigant although 


(Oaahro) 
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9. Shew that the series 

converge ahsdotely for All values of t, except the values 


.(l + 5) 


(anO| 1 ; k»Ot 1, ... 1 ; 2, 3, , ). 

10. Shew that, when a > 1, 

and show that the senes on the nght converges when 0<«< 1. 

(de la Vallde Poussin, JMn dr VAead dr Belgigie, U1I <\B96), no. 6) 

11 In the senes whose general term is 

u.=j* (0<9<rl<srl 

ffbere v denotes the number of digits lu the expression of » m the ordinary decimal scale 
of notation, shew that 

Iim 

A-^OB 

and that the senes is convergent, although lim so. 

12. Shew that the senes 

9i +?i*+?«‘+?i*+?i‘+ys*+?i'+ •••> 


{0<j'<l) 


where 

IS convsrgsot, although the ratio of the (n-f l)th term to the nth is greater than unity 
when n is not a tnangular number. (Ceehro ) 

13. Shew that the senea 

m 

,*o(w+^’ 

where tv is real, and where (iv+n)* is understood to mean eowlvts), the logantbm bemg 
taken in ite antbmetic sense, u convergent for all values of v, when 2 (x) is positive and 
IB convergent for values of v whose res! part is positive, when x is reel and not an integer. 

■ 14 If H.> 0, shew that if Zu. converges, then Iim (ati.)=0, and that, if in addition 
then hm (nu.)<Ba 

ni 

IB. .If 
shew that 


m-n(m+it-l)'. 

m! a' ’ 

“ao-0, 


(»A, A>0) 


E (s E (s «».«)=> 

4A*>4 VabiO / A«0 NWsall / 

16. By converting the senes 

‘+l-8^1+j»^l-9«^ •••’ 

(in which 1 9 1 < 1), into a double aeries, shew that it is equal to 


(Trinity, 1804 ) 




JsL 




+. .. 


(Jacobi.) 
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> 17 Asauming that 




^ew that if n-^-w and n-^-viD such a «a; that lim (m/n)=i, ubere t u finita, then 

hm 5 

\ rwj z ’ 

the pnme indicating that the factor for which r—0 le omitted (Math Tnp , 1904 ) 
y" 18 If VgouisUjsiO, and if, when 1, 

I I . 1 1 


then n (! + «,) convergee, though i «, and i «/,* are divergent 
n-o no no 


10 Prove that 


(Math Tnp , 1906 ) 




where i is any positive mteger, converges al>M>luteI> foi ail values of 2 

^ * * 

20 If 2 a„ be a conditionally convei^ut senes of real terms tlun n (l+ct*) oon 

t 1 

A 

verges (but not absoluteli or diverge! n zero lut urding ae S «,* < onvtrgcs in diverges 

% i 

(Caul hr ) 


21 Let be an atisulutcly eonitrgint senes Show tii it the inhmte determinant 
A(c)-1 . I 


s, 


-d. 

-d, 

e. 

4*-«« 

4'-6„ 

4 -fl, 

4' -dp 

4* -dp 


(c-2)'-d„ 

-d, 

-d, 

-d, 

2*-d„ 

2'-«„ 

2> dp 

2' d, 

2— dp 

~«2 

-0. 

r*-d„ 

-d, 

-d 


(P 

0>-d„ 

(P-dp 

0»‘fl„ 

03 

— dj 

-d, 

(r+2V- 

dp -di 

2«-«, 

2^-d„ 

2' -dp 

2^ -dp 

2»-d, 


-dl 

-di 

-d, 

(t+4)»-d„ 

4«-dp 

4»-fl, 

4»-d„ 

4-‘-d, 

4«-dp 


converges , and nhew that the equation 
IS equiiolent to the equation 


A(r)«0 


ein* lirCac A (0) Bin* iwdp^ 


(iliU, see §19 42.) 



CHAPTER III 


CONTINUOUS FUNCTIONS AND UNIFORM CONVEEaENCE 

3'1. The dependence of one complex number on another. 

Thp problpms with which Analysis is mainly occupied relate to the 
dependence ol one complex number on another. If z and f are two complex 
numbers so connected that, if e is given any one of a certain set of values, 
eorresjjonding values of f can be dptermint*d, 'eg if f is the square of z, or if 
^ — 1 when z ih teal and 0 for all other values of z, then ^ is said to be a 
function of z. 

Tills dejwndence must not be confused with the m^ist imjiortant case of 
it, which will be explained later under the title of analytic fanctionalitp. 

If ( IS II real function uf a real varsilile 2, then the relation between f and which 
may la written 

i<m Ik‘ MHUihacd by a curve <11 i plaiH', namely the locus uf a point whose coonUnates 
lelcired to rectiuiguUi axes in the plane are {f, f) So such simple and convenient 
geometrical method can tie found loi visualisiug an ecjuatioii 

considered as dehiung the dependence of one complex number f =•£+«) on another 
cumiilex iiumhur 2 =x+iy A repiiMOntation stiirtly analogoiu to the one already given 
for teal v,uubleB would leqnire fuur-ciimeusional s)>acc, since the number uf variables 
I, 7, i, y IS now lour 

Olio suggestion cuade hv Lie and Weic>istra8at is to use a doubly-manifold system of 
hues in the c]uadruply.mauifold totality ol hoes in three-dimensional space 

Another suggestion is to represeut f and 7 sejiarately by means uf surfaces 

A third suggestion, due to llefiter*, u> to write 

f-re" 

then draw the surface i ~r[r, y ) — whic h may be called the modular.zurfaot of the 
function— and on it to express tbo values of 9 by sniface-marLmgs. It might be 
possible to modify this suggestion in venous ways by representing 9 by curves drawn 
on the surface rm,rtje, y). 

3*2. Continuity of functions of real variables. 

The reader will have a general idea (derived from the graphical repteseo- 
tation of functionB of a real variable) as to what is meant by continuity. 

* ZeiUchrift fur Hath, usd Phyt. XLix. (1689), p 986. 
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We now have to give a precise definition which shall embody this vague 
idea. 

Let /(e) be a function of e defined when a $e ^ b 

Let e, be such that a ej < b If there exists a number I such that, 
corresponding to an arbitraiy positive number e, we can find a positive 
number 17 such that 

1 / («)-*!<«. 

whenever | e — «t I <>/. + e, and a < e ^ b, then I is called the limit ol /(*) 
as ar-^a, 

It may happen that we can find a number 2 ^ (t ven when I does not exist) 
such that i/(a) — 2+ I < e when a, a < a, + 1 ; We call 2+ the limit of /(a) 
when a approaches a, from the nght and denote it by /(a, -I- 0) , in a similar 
manner we define /(a, — 0 ) if it exists 

If /(a, + 0), /(a,) /(a, — 0) all exist and are equal, we say that /(al is 
continuous at a, , so that if /(a) is continuous at a,, then, given ewe can find 
1 / such that 

'/(*) -/(*i) I < 

whenever I a — a, I < 9 and a < a $ b 

If 1+ and 2_ exist but are unequal, /(a) is said to have an ordinary 
discontinuity* at a, , and if 2 + = 2 _ + /(®i)i /(*) w said to have a removable 
discontinuity at a, 

If /(a) IS a complex function of a real variable, and if /(a) = y (a) + 1 b (a) 
where y (a) and b(a) are real, the contmuity of f{x) at a, implies the con- 
tinuity of y (a) and of A (a) For when |/(a)— /(a,)l < e.then ly (®) — y (tj) | < e 
and I A (a) — A (a,) | < e , and the result stated is obvious 

ExamfU From J) SS examiiles I and S deduce that if /(a) and ^(a) are oon- 
tmuons at ai, so are f{v)±^ (»), /(*) x ^ (a) and, if ^ (ai)+0, (») 

The popnlor idea of continuity, so far as it relates to a real variable /(a) depending 
on another real variable a, is somewhat diffeient from that just considered, and may 
perhaps best be expressed by the statement “The function /(a) is said to depend con- 
tinuously on a if, as a passes through the sot of all values intermediate between any 
two adjacent values aj and T|, /(a) passes through the not of all values intermediate 
between the oonesponding values f{xi) and /(at) ” 

The question thus arises, how far this popular definition is equivalent to the {necise 
definition given above 

Osiuehy shewed that if a real function /(a), of a real vanable a, satisfies the precise 
definition, then it also satisfies what we have called the populoi defimtion, this result 

* 11 a tunoticn is said to have oruinary discontinuities at certain points of an mtervsl it 
IS finplied that it is continuons at all other pouts of the interval 
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mil be pn>ved id $ 8*63. But tbe conferee is not trne, aa was abe»u Darboux. This 
fact may be lUuatrated by the following example*. 

Between wai -1 and x— +1 lexcept aL x»0), let /(.>') = am ^ , and let /(0)=0 

It can then be proved that fix) depeuda continuously on x near x=0, in tbe sense of 
the popular definition, but is nut continuous at x—0 in the sense of the precise definition. 

Exanplt. If /(x) be defined and be an increasing function in the range (a, b\ the 
lunits /(x±0) exist at all points in the interior of tbe range 

[If /(x) be an increasing function, a section of rational numbers can be found auoh 
that, if < 1 , A be any members of its /.-rIsHa and its £-elsas, a<f(x+A) for every positive 
lalue of A and A > f(x+h) for some positive value of h. Tbe number defined by this 
section IS /{x+O) | 

3 21 Simple cvrvet. ConUnva. 

Let V and y be two real iunctions of a real variable f wbicb are continuous 
for every value of t such that a^t%b. We denote the dependence of x and y 
on t by writing 

X = * (f), y = y (f) (a < f < 6) 

The functions a (t), y (t) are supposed to be such that they do nut assume the 
same pair of values for any two different values of t in the range a<t<h 

Then the set of pomts with coordinates (x, y) corresponding to these values 
of ( IS called a simple curve If 

x(a) = x(6), y(o) = y(6), 
the simple curve is said to be closed. 

Sxampk. The circle x*+y*—l is a simple closed curve , for we may wntot 

v— coet, y^Bint (0<t<2«r) 

A iwo-dimensioaal continuum is a set of points m a plane possessing the 
following two properties : 

(i) If (x, y) be the Cartesian coordinates of any point of it, a posittve 
number 8 (depending ou x and y) can be found such that every point whose 
distance from (x, y) is less than 8 belongs to tbe set. 

(ii) Any two points of the set can be joined by a simple curve consisting 
entirely of points of the set. 

Sxampts. The points for which x‘+y‘< 1 form a continuum. For if P he any 
point inside the unit circle such that OP— r<l, we may take 8— 1-r; and any two 
pointa inside the circle may be joined by a straight 1ms lying wboUy inside tbe mrcla 

The following two theorems^ will be assumed in this work ; simple cases 
of Miem appear obnous from geometrical intuitions and, generally, theorems 
of a similar nature will be t^en for granted, as formal proofs are usually 
extremely long and diflScult. 

* Sue to Mansion, JfatAtnt, (3) mix. (ISilS), pp. 189-181. ^ 

t For a proof tbat tbe sine and sosine an oontinnoas funotiaas, see the Jppsadtx, | A'41. 

t tonnal prooA will be found in Watsoa's C<mp/ex Tntegratiim and CaueAg’g Tknrtm 
(Oambridge Math. Ttaeta, No. 16 ) 
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(I) A simple closed curve divides the plane into two continua (the 
‘ interior ’ and the ‘ extenor ') 

(II) If P be a point on the curve and Q be a point not on the curve, 
the angle between QP and Ox increabos by + 2ir oi by aero, as P desonbes 
the curve, according as Q is an interior point oi an cxtenor point If tho 
incru.i8e is -f 2ir, P is said to desciibe the cunt counterclockwise ’ 

A continuum formed by the intenor of i simple curve is sometimes calk'd 
on open two d%mm<notial legion oi bnefly an open legiort and the curve is 
called Its htmndaiy, such a continuum with its boundary is then called a 
closed two-diinenstonal region, or briefly a rlustd region or domain 

A simple cur\( is sometimes calkd a closed one dimensional lei/xon a 
simple curv« tilth its end pointi onuUed is tin n called an open one-dimennonal 
region 

3 22 Oonttnitoui fiiiutioni of complei vai tables 

Let /{e) be a function of s defined at ill jioints of a dosi d icgion (one or 
two dimensional) in the Argind diagnm and It t £, be a point of the legion 

Then /(x) is said to lx continuous at », if given any fiositive iiumbei e 
we can 6nd a cunt spmding (xisitive numbi i g such that 

whenevci I x — x, <g and x is a point of flu it gion 

S3 Senei of vatiahle tetmi Vniformitg of conveigence. 

Consider the serif s 

+ +(l+aT-^ 

This senes converges absolutely 233) foi all real valms of x 

If S„ (x) be th< sum of n terms, then 

=■ 1 +P — Q 1 

and so lim Sn{i) = l f-a*, 

butiS„(0) = 0 and therefore lini jS„(0) = 0 

Consequently, although the senes is an absolutely convergent series of 
continuous functions of x, the sum is a discontinuous function of x We 
naturally enquire the reason of this rather remarkable phenomenon, which 
was investigated in 1841-1848 by Stokes*, Seidelt and WeierstrassJ, who 
shewed that it cannot occur except in connexion with another phenomenon, 
that of non-umform convergence, which will now be explained 

* Carat PkU, Trmu Tin (1847), pp S3S-S83 [CaUeeUd Papers, i pp 23C-SI8 ] 

+ Mbnrhener Abhandltmgen, v (1848), p 381 
t Oft Hath Werke, i pp 67, 75 
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Le't the functions ic, («), 1/1(2), ... be defined at all points of a closed region 
of the Argand diagram. Let 

(2) =«,(*)+//, (2) +...+ (2). 

The condition that the senes S «a(2) should converge for any particular 

Hi 

value of 2 IS that, given e, a numbei n should exist such that 

|iSf„ 4 -p( 2 )-^?„( 2 )|< e 

foi all positive values of p, the value of » of course depending on e 

Let n have the Bin.illest intigc'r value for which the condition is satisfied. 
This integer will in general depend on the {larticular value of z which has 
been selected for consideration We denote this dependence by wnting 
11(2) in place of n. Now it may happen that we can find a number N, 
independent of 2, SU( h th.it 

» (2) < N 

for all values of 2 in the region under consideration 

If this nunxber N exists the senes is said to CONVERGE uniformly 
( hioughoiit the region 

If no such number N exists, the convergence is said to be non-uniform* 

Unifonnity of convergence is thus a property depending on a whole eel of 
values of 2, whereas previously we have considered the convergence of a senes 
for vanoiis particular values of 2, the convergence for each value being con- 
sidered without reference to the other values 

We define the phrase ‘ uniformity of convergence near a point 2’ to mean 
that then* is a definite positive number S such that the series converges 
uniformly in the domain common to the circle 1 2 — 2 , 1 $ S and the region in 
w'hich the series conveiges 

3'31. On the condition for uniformity of converyenief 
If Itn,p(z)=‘U„+:{z) + u„+,(z)+ ... + Vn+p(z), we have seen that the 

GB 

necessary and sufficient condition that S Vp(z) should converge uniformly 

M-l 

111 a region is that, given any positive number e, it should be possible to 
choose iV INDEPENDENT OF 2 (but depending on e) such that 

I ^J/r. »(*)!<* 

for ALL positive integral values of p 

* The reeder who » unMqoainted with the ooocept of umformity of ooDTorgenee will find it 
made maoh clearer by ooneulting Bromwich, InPutte fterten, Cb. vii, where an illominatmg 
account of Osgood’s graphical xnveetigation te giveu. 

t This section ahawe that it is mdiHerent whether uniformity of convergence le defined by 
meuiB of the partial remainder or by Writers differ in the definition taken, 

ae fnudamental. 
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If the condition is satisfied, by § 2 22, /S> («} tends to a limit, S (a), say for 
each value of a under oonsideTation , and then, since « is %ndep«ndent o/p, 

|{lim Uy,(A)}U*, 

p-^m 

and therefore, when n> N, 

8 (a) - Sn {*) - f lim V , (a)) - Rs ,_w (a), 

and so |/S(a)-S,(a)|< 2f 

Thus (writing Jr for *) a nnettary condition tor uniformity of convergence 
is that Ii9(a) — Sn(A)|< f, whenever n>N and N ih independent of a, the 
condition is also sufficient , for il it is satisfied it follows as in § 2 22 (I) 
that I JSj, , (a) I < 2e, which, by definition, is the condition for uniformity 

Example 1 Shew that, if « be real, the sum of the senes 

1(a+1)^(a+1)(2a+ 1)^ ^{(*-l)i+l}{ai + l}^ 

le discontinuous at and the senes is non uniformly oonvergeot near a=0 

The sum of the ftrst n terms u easiW sera to be r , so when a=0 the 

Slim IS 0 , when A>hO, the sum is 1 

The value of fl,(A)=S(x)— S.i*' is if »+0, »o when » i» aniall, say 

Aoone hundred-milhouth, the remainder after a million terms is j ^ or I - , so 

100'^^ 

the first million terms uf the sena do not contribute one per oent of the sum And in 
general, to make < », it is necessary to take 



Corresponding to s given «, no number N exists, independent of x, suoh that n<E tar 
all values ot x in any interval including x=0 , for by taking x sufficiently small we can 
make n greater than any number E which is independent of x There is therrfore non- 
uniform convergence near a— 0 


^ Example 2 Discuss the senes 
in which X IS real 


f, (l+»**^{i+(»+l)»P}’ 


The ath term can be wntten m> and 




_o»+y* 


fNcra In this example the sum of the sesies is not diacontmuons at x^O ] 
But(tsking<<|,aDdx4>0),|iIa(«)]<eifa-t(n-|-l)|x|<l-|-(a+l)t|^, ls if 
»+l>il«"t+V«-*-4)|x|“i or |*|*t. 
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Now it 18 not the oose that the second inequabt; is satisfied for all values of n greater 
than a certain valne and for all values of x , and the first inequality gives a value of 
n (x) whiob tends to infinity as «-*-0 , so that, corresponding to any interval oontaining the 
point x^O, there is no uuiubei Jf mdtpendmt ofx Tho senes, therefore, is non uniformly 
conveigent near 

1 The reader will observe that- n{x) le disoontmuous at ^=0, for n(«)-r-<x> as s-^0, 
Ibut «(0)=0 

3 32 Connexion of discontinuity mtii non-um/omi convergence 

We shall now shew that if tt senes of continuous functions of sis uniformly 
convergent for all values of e in a given closed domain the sum is a continuous 
function of z at all points of the domain 

For let the series be_/(a)=-“i (*) + ■««(*)+ +ii„(a)+ = S„(z) + Rf,{z) 

where i2n(r') is the nmainder after n terms 

Siinue tho senes is uniformly convergent given sny positive number e, we 
can find a comsponding integer it independent of z such that 1 Ji* (*) [ < J e 
for all values of z within the domain 

Now n and e being thus hied, we can on account of the continuity of 
Sn<z), hnd a positive number r) such that 

IS, (/)-S. (/),<*€ 

whenever | a — / 1 < ^ 

We have then 

1/ W -/(* ) I - I - Sn (a'» i+lRn(z)-J{nlz') 

< S,(*)-S,(a')l + |i«»(^)| + |i2»(t') 

< e. 

which 18 the condition for continuity at z 
JSxampUX Shew that near T=0 the senes 

1 _i 

where «,{*)— x, «,(*)—x*‘"'-x**"’, 

and real values of x are conosrnsd, is discontinuous and non umfbnnly convergent 

In this example it is convenient to tske a sbghtly different form of the test , we shall 
stww that, given an arbitranly small number v, it is poesible to cbooee valuss of x, aa 
small as we please, depending on a m such s way that | A;, (x) | is not less than t far any 
value of n, no matter how laige The reader will easily see that the existence of such 
valttes of X is inooiuastent with the condition for uniformity of convergenoe 
1 

The valne ot S^{x) a x*>~i , as a tends to infinity, (x) tends to 1, 0^ or - 1, aoooid- 
ingas X IS positive, aero, or negative The senes is therefore afaeolutely convergent for all 
valuee of x, and has a diacontinnity a\ x»0 
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1 

In this senes = l -»**'*, (*>0) j however great « may be, by taking**— «*(>•■ ‘I 

we can cause this remainder to take the value 1 — which is not arbitranly small The 
senes is therefore non-uniformly <^vergent near *— 0. 


J SxamjUei. Shew that near <—0 the series 

‘ _ -sz(i+tY^> _ 

ntl {1 +{1 +■*)—•} {!+(!+ 1 )"} 

IS non-uniformly convergent and its sum is disoontinuous 
The nth term can be wntten 


l-<l+i)s 1 -{!+*)•-' 
l+(l+»)— " 


so the sum of the 6rat n terms is j Thus, considering real values of t greater 

than - 1, it IS seen that the sum to infinity is I, 0, or — 1, according as r is negative, zero, 
or positive There is thus a discontinuity at j— 0 This discontinuity is explained by the 
&ot that the senes is non-uniformly convergent near r— U , for the remainder after n terms 
in the senes when < is positive is 

-2 


and, however great n may be, by taking this can lie made numenoall} greater 

2 

than which is not arbitranly small The senes is therefore non-uniformly con- 
vergent near r— 0. 


3'33. The distinction between absolute and uniform convergence 
The uniform convergence of a series u> a domain does not necessitate 
its abeolute convergence at any points of the domain, nor conversely. Thus 


the senes S . converges absohitdg, but (near « — 0) not uniformly, 

(1 - 1 - e ) 

while in the case of the senes 


the aeries of moduli is 


2 <=^1! 

.tis* + n’ 


=i|n + *’|’ 


which is divergent, so the senes is only conditionally convergent ; but for all 
real values of e, the terms of the series are alternately positive and negative 
and numerically decreasing, so the sum of the series lies between the sum of 
its first n terms and of its first (n -H 1) terms, and so the remainder after 
n terms is numencally less than the nth ,term. Thus we only need take a 
fimte number (independent of of terms in order to ensure that for all real 
values of t the remainder is less than any assigned number e, and so the 
series is uniformly convergent. 

Absolutely convergent series behave like series with a finite number of 
terms in that we can multiply them together and transpose their terma 
* Thu value of * aatiaSae the oondition |c|<i whenever log 
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Un^omdy oonvergent series hehavc like series with a finite number of 
terms in that they are continuous if each term in the series is continuous 
and (as we shall see) the scries can then be integrated term by term. 


3'34. A condition, due to W eierstrasa* , for uniform convergence. 

A sufficient, though not necetaarg, condition for the uniform convergence 
of a series may be enunciated as follows . — 

If, for all values of t within a domain, the moduli of the terms of a series 

S = u,(t) + Ut(e) + tti(e) + ... 

arc respectively less than the corresponding terms in a convergent series 
of positive terms 

T = M, -i- Afj+ 

when* is independent of 2 , then the senes .3 is imiforroly convergent in 
this region. This follows from the (act that, the senes T being convergent, 
it is always possible to choose n so that the remainder after the first n terms 
of T, and therefore the modulus of the remainder after the first n terms 
of S, is less than an assigned positive number t ; and since the value of n 
thus found IS independeiit of 2 , it follows (§ 3'.31) that the senes H is uni- 
formly convergent , by § iJ 34, the aeries 8 also converges absolutely. 

Emmpla The sericj. 

««i»+^^<-os‘r + y coh’«+. . 

iH uniformly aonvcrficat for all rral valuro of c, bccaime the moduli of its tenns are not 
greator than the correspoudiiig terms of tlic ronvorgent senes 

l + i + -’ + 

whoso terms aro positive constants. 


d*3il. Vfti/nrmity of conreryt^nef of infinite productei. 

A convergent product n {I -h v* Mid to converge uniformi^ in n domain of values 

of 2 if, given t, we can bnd nt lad^peniienf 0/ 1 such that 

I M'fP r I 

n {1 +«.(*))- n {!+«.(»)) <, 

S--1 ■=! I 

for all positive integrsl values of p. 

The only condition for uniformity uf conrergenoo which will ho used in this work 
IS that the product converges uniformly if | u, (s) | < If, where Jf, is independent of t and 

K 

Z ^ if, oon verges. 


' jlbhondtuagm stw d<r FunktieaeiUekrr, p. 70. The test given by tbie condition ie ueually 
dssenbed (e.g. by Osgood, dnaaU gf Uathrmatwi, m. (1HH9), p 180) ae the U*test. 

t The definition ie, efhetivety, (hat given by Osgood, F\iafc(ioiieatA«orte, p. 463, The 
condition here given tor niufonnity of eonvetgenoe le aleo establisliad m that work. 


W.ILA. 


4 
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To prove the vabdity of the oonditioa we obeerve that n (l+Jf.) oonveigee (§ 97), 

%ml 

and so we can choose m such that 


n fi+ if,}- n {1+Jf,}<.: 


and then we have 

"n” {!+«.(*)}- 5 {i+«,(s))|-i n {i+«.(*)}r "o’ {i+u,(*)}-il{ 

11*1 •*! ' * •*! U •^m+l J I 

r n 

«n(i+Jfo n {i+Jf.}-i 

»=i L«*m+i J 

and the cboioe of m i« independent of z 
* 3*35. Hardtfz UzU for unkform convergence'* 

p I 

The reader will see, from § 9 31, that in a given domain, | £ a, (i) j < i where a, (:) is 
real and L is finite and independent of p and s, and if and /•(r)->-0 

UHiformljf as n-a-oo, then £ 0 ,( 2 / f«(s) converges unifurml}. 

««i 

Also that if 

where i is indtpmdent of t and 2 iz,(s) converges uniformly, then £ a,(tl o, cun- 
«— I • J 

verges uniformly [To prove the latter, observe that m can be found such that 

<»«*i(»)i o»+i(»)+<«<»-m»). .. “m+i{*)+o»,»(*)+ +o».<»(*) 

aie numerically leas than e/i ; and therefore S 301) 

I m+fi j 

2 o.<*)ii,(*) <««„+, («)/i-<,, 

I 

and the choice of t and m » tndepondent oft^ 

Example 1 Shew that, if J >0, the senes 

• cos n6 * sin nd 

2 , 2 

,.i n « 

converge uniformly in the range 

Obtain the correepondmg result for the senes 


by wnting d-fir for 8. 


• £-]poosnd • (— )*8innd 
»n:l a * ,,»] n 


2 If, when a^x^h, |«,(ji)|<i’, and 2 | ■.+!(*) -iWiM I < it, where 

VBl 

m 

ki, kf are independent of it and x, and if 2 a, la a convergent senes indmiendent of x, 

then 2 a,,n,(iv) converge mufomily when a (Hardy.) 

.-1 

* Proe. London Math 8oe. (3) tf, {1907), pp 347-366. These molte, wbi^ are generahea* 
tiona of Ahd'a theorem (| 8*71, bdow), though well known, do sot appear to hate been poblitiied 
before 1907. From tbur reeemblanee to the teete of Dindblet and Abd Ihr ooDTmgesoeg 
Bromwiob propoaea to call them Diiiohlet'i and Abel’a teete reipeetifelf. 
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[For wa can obooaa ai, indepandeiit of t, auch that 

corollaty, wa hmaa I (*) |< (*, +4|) ».] 

i •asA+l I 


z 


< tf «nd then, § 2 301 


3 4. Diteumon of a parltctUar double fmet 


Let o>i and aii be any constants whoEte ratio is not purely real , and let 
a be positive 

The senes S p — „ , in which the summation extends over 

^..(s + amioi + anai,)* 

all positive and negative integral and zero values of m and n, is of great 
importance in the theory of Elliptic Functions At each of the points 
z = — 2ma>, — 2nai, the senes does not exist It can be shewn that the senes 
converges absolutely for all other values of z if a > 2, and the convergence is 
uniform for those values of e such that I z + 2nia), + 2na>i | > £ for ell integral 
values of m and n, where £ is an aibitrary positive number 

Let £' denote a summation for all integral values of m and n, the term tor 
which m = n = 0 being omitted 

Now, if m and n are not both zero, and if ‘ z + 2in&>, + 2ns)t | > £ > 0 for 
all integral values of m and n then we can find a positive number C de- 
pending on £ but not on z, such that 

I 1 _ (<f,l 1 

I (z + 2niw, + 2»iai,)* I (2ma>i + 2n<i>t)* J 
Consequently, by §334, the given senes is absolutely and uniformly* 
conveigent in the domain considered if 


converges 


S' 


2 

OT®, -(- n®, I* 


To discuss the convergence of the latter senes, let 




where a„ c^, /S,, /9^ are real Since ®,/w, is not real, a,/8g — a,/3, 0 

the senes is 

S' ^ . 

|(a,«i -I- o,fi)* + + /8,n)»}*“ 

This converges (§ 2'5 corollary) if the senes 


(w*+ »’)*■ 


converges ; for the quotient of corresponding terms is 
( (oi -t- a,fiY + (ffi -f- ** 

1 1+/** ) ’ 


Then 


* The ntdsr will cssiljr dsfins onifeimitr of ooDvasaBco of doablo oonsi (wo | S-S). 

4— S 
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where /i — n/m This expression, qua function of a continuous real variable 
can be proved to have a positive mmimum* (not zero) since ~ ^ 0 > 

and so the quotient is always greater thiln a poHtive number K (independent 

ofp) 

We have therefore only to study the convergence of the series 8 Let 

p t, 1 

(S = i. £ 

^ ^ m- p n -q + n*)^“ 


CO • 1 

ni-o n=e(n}‘ + «•)*“ 

Separating 8p , into the terms for which m = n, m > n, and m<n re- 
spectively wo h ivf 

1 f 1 J »«.' 1 


\Spq= 2 


« 1 

T — — + ir S 

«• i(2m’)^“ *1-1 B 0 (m' -f- 11*)^“ » 1 «• o(m'‘ -f 


+ i 1 


But 

Therefore 


1 

bTo (m? + »•■)'“ 


m 


m‘-' 


OB 1 00 1 1 

i84l + 2. -f s ‘ 

« i2>“m* m !»«•** Bin* 


But these last senes are known to be convergent if b — 1 > 1 So theeeiies 8 
18 convergent if a>2 The original stiM«> i therofori' obsolutily and uni- 
formly convergent when a > 2, for the specified laiige of values of z 

Examptf Prove that the eenee 

i * 

^ni, --1-1111^+ -t nir'r 

in which the summation eitendH ovei all positive and negative integril values and zero 
values of nii, i»j, nir, except the set of simoltaneoue zero v dues, is aheolutoly oonveigent 
if /»>4r (£iso>>stein, ■/oamaf /«r Jfa(A ixxv) 


3 S, The concept of umformity 

There are processes other than that of summing a sc nes iii which the idea 
of uniformity is of impirtance 

Let e bo an arbitrary positive number, and let /{z, f) be a function of 
two vanables z and which for each point z of a closed region, satisfies the 
inequality \/(z, £■)!<« when f is given any one of a certain set of values 
which will be denoted by (S’!) , the particular set of values of course depends 
on the particular value of z under consideration If a set can be found 
such that every member of the set (S), is a member of all the sets (Ci), the 
function /{z, ^ is said to satisfy the mequahty unxformly for all points z of 

* The reader will find no difficulty in venfymg this etatement, the miiumum value in 
queetion le given by 

A*^*=4 [«i’+«s*+A*+^i?- {(ai-AP+lsj+Pi)*)* {(ei+AJ’ + fsi'ft)’}*! 
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the region And if a function <p(e) possesses some property, for every positive 
value of e, m virtue of the inequality !/(*, f) j < e, ^ (*1 is then said to possess 
the property uniformly 

In addition to the uniformity of comergence of series and products, we shall hare 
to consider uniformity of conveigeooe of integrals and also uniformity of continmty , thus 
a senes is uniformly convergent when |f2„(r)| <«, f(=-») assuming integer values in 
dependent of t only 

Further, a function /(s) is continuous ii, a dosed region i^ given t, we can find a 
{Msitn e number i), such that |/(i + f,) — f(s) | < < whenever 

0<lf.l<V. 

and s f IS a point of the region 

The fimotioo will be vniformly continuous if we can find a positive number i) mdf 
pendnU of *, such that !;<■), and |/(s+f)~/(*)l<* whenever 

0<lfl<v 

and t+{ IS a point of the region, (in this case the set (Oi is the set of points whoso 
moduh are less than •)) 

We shall find later (fi 361) that continuity involves uniformity of continuity this is 
in maiked contradistinction to the fact that convergence does not involve uniformity 
of convergence 

S 6 The modified Hevne-Borel theorem 

The following them cm la of groat importance in connexion with properties 
of uniformity , we give a proof for a one dimensional closed region* 

Given (i) a liraight line CD and (ii) a law by which, corresponding to 
each joointf P of CD, we can determine a closed interval /(P) of CD, P being 
an interior^ point of I (P) 

Then the line CD can be divided into a finite number of clowd intervals 
Ji, dt, such Uiat each interval Jr contains at least one point {not an end 
point) Pr such that no point of Jr Itei outside the interval I {Pf) associated 
{by means of the given law) with that point P,§ 

A closed interval of the nature just described viill be called a smtahle 
interval, and will be said to satisfy condition (A) 

If CD satisfies condition {A), what is required is proved If not, bisect CD , 
if either or both of the intervals into which CD is divided is not suitable, 
bisect It or them|| 

* A formal proof of the theorem tor a two dimeneional region will be fonod in Wataon’s 
Uonpiec ItUegmlum and Caueltji • Theorim (Canib Uath Treola, No 16) 

t Examples of snob laws associating intervals with pomts will be foond m ^ d 61, 6 IS 
t Except when P is at C or X) when it is an end point 

^ This statement of the Heine Borel theorem (whiob is sometimes called the Borel Lebesgue 
theorem) w due to Baker, Proe London Math Son (9) 1 (1S04), p 24 Hobson The Theory cf 
Fmetione o/ a Beal VanaMe (1907), p 87, points oat that the theorem is praetioally given in 
Gouisat e proof of Cauchy’s theorem (Trans Auvrican Math hoc i (1900), p 14) , the ordmaty 
form of the Heme Borel theorem wiU bo toniid m the tiaatis^ eited 

II A snltaUe interval u not to be bisected, for one of the parts into wbiob it is divided 
might not be suitable 
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This process of bisecting intervals which are not suitable either will 
terminate or it will not If it does terminate, the theorem is proved, for CD 
will have been divided into suitable mtervals 

Suppose that the process does not terminate , and let an interval, which 
con be divided into suitable intervals by the process of bisection just described, 
be said to satisfy condition (R) 

Tlien, by hypothesis, CD does not satisfy condition (B) , therefore at least 
one of the bisected portions of CD does not satisfy condition (B) Take that 
one which does not (if neither satisfies condition (B) take the left-hand one) , 
bisect It and select that bisected part which does not satisfy condition (B). 
This process of bisection and selection gives an unending sequence of intervals 
Si, s, such that 

(i) The length of s. is i~*CD 
(u) Xo pomt of Sa+, IS outside s« 

(ill) The interval «« does not satisfy condition (il) 

Let the distances of the end points of firom C be y., then 
< s’a-M < yiM-i < y% Therefore, by § 2 2, and have limits , and, by the 
condition (i) above, these limits are the same say f , let Q be the point whose 
distance from C ib ( But, by hypothesis, there is a number Sg such that 
every point of CD, whose distance from Q is leas than Sg, is a point of the 
associated interval /(Q) Choose n so large that 2~’*CZ)< 8g , then Q is an 
internal pomt or end point of and the distance of every point of from 
Q IS less than £g And therefore the interval s„ satisfies condition f A ) which 
IS contrary to condition (ill) above The hypothesis that the process of 
bisectmg intervals does not terminate therefore mvolves a contradiction , 
therefore the process does termmate and the theorem is proved 

In the two dimeneional fwm of the theorem*, the interval C/? la replaced by a oloaed 
two-dimensional region, the interval /(P) by a oirolet with centre P, and the interval 
Jr by a square with sides parallel to the axes 

361. Um/brmtty o/ coniinuUy 

From the theorem just proved, it follows without difificulty that if a 
function /(m) of a real vanable x is continuous when then /(x) 

18 um/orndy contmuous^ throughout the range a^w^b 

For let c be an arbitrary positive number, then, m virtue of the con- 
tmuity of /(x), corresponding to any value of x, we can find a positive 
number Sg, depending on x, such that 

|/(s^)-/(x)|<J. 

for all values of x' such that | x' — x | < ^ 

* The leader will see that a proof may be eonstraeted on sunilar hoes by drawing a sqnan 
ttreooMionbizig the ngkon tad oanymg o«t » imwtH of diTidlag iqwM mio Hoar oqool iqum 
t Or Uie portion of the eirde whioh liee ineide the region 

X This reenlt ii due to Heme » eee Journal fOr Math uxl (1870), p 861, end ucm. (1679), 

p 168 
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Then by § 3*6 we can divide the range (a, b) into & finite number of closed 
intervals with the property that in each interval there is a number Xi such 

that 1/ («/) — /(fi) i < j *1 whenever ai lies in the interval in which a:, lies. 

Let St be the length of the smaliest of these intervals , and let f ^ be 
tiny two numbers in the closed range (a, b) such that | f ' I < S, Then 
he in the same or in adjacent intervals ; if they he in adjacent intervals 
let ft be the common end point. Then we can find numbers x^, one in 
each interval, such that 

{/(()- /(*.) I < j e. ]/((,) -/(*.) , < -i e. 

I nr) -/(*.) i< i *. -fix,) 1 < i i,' 

so that 

/(^) -fit) I - 1 t/(f) -/(*.)! - (/((>) -/(*.)) 

<e. 

If C he in the same mterval, we can prove similarly that 

In either case we have shewn that, for any number ( in the range, 
we have 

l/(f)-/(f+(r) <* 

whenever f + f la m the range and — 5o< f < § 9 , where 5, is independent of f. 
The ?i7ii/br7in^y of the continuity is therefore established 

CorolUxry (i) yrom the two dimenBionat form of the theorem of § 3 6 we can prove 
that a function of a complex variable, ooutinuoue at all points of a closed region of the 
Argaud diagram, la uniformly continuous throi^hout that region 

Corollary (u) A function / (x) which is ooutmuouM throughout the range a is 

hounded in the nonge , that is to asy we can hnd a uuoiber k independent of a such that 
j/(xl I < j( fur aJl points r m the range 

[Let w be the miuiber of parts into which the range is divided 

a, ^1, . . 6 be their end points , then if x be any point of the rih interval 

we can hnd numbers X|, Xj, ... such that 

l/(‘»)-/(*i)|<*., |/(v,)-/(f,)|<l.. |/(fi)-/(*t)l<i., !/(*.)-/(«,) Ki.... 

. )-/WI<i' 

Theiefore \f{a)-f{x) |<l«, And so 

i/WK'/WI+i"'. 

whi<b 18 the lecimTed result, einoe the nght-hand side le independent of r ] 

The corresponding theorem fiar fiuiotioiu of complex vsnahles is left to the leeder 

3^2. A real fimetion, of a real variable, continuous in a closed interval, 
attains its upper bound 

Let f(x) be a real continuous function of x when a^x^b. Fonn a 
section in which the il-class consists of those numbers r such that r > f(x) 
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for all values of x in the range (ff, h), and the Zr-class of all other numbers 
This section defines a niimbei a such that but, if S be any positive 

number, values of x in the range exist such that f(x)>a--S Then a is 
called the ujiper bound of and the theorem states that a number sd 

in the range can be found such that = 

For no matter how small S may be, we can find values of a for which 
/(a) -a (“'>8-', therefore il/(r)-all-' is not bounded m the range, 
therefore (§ 3 61 cor (ii)) it is not continuous at some point or (Mints of the 
range, but since \J{x)-a \ is continuous at all points of the range, its le- 
ciprocal IS continuous at all (loints of the range (§3 2 example) except 
those (Mints at which f(a) = a, therefore /l«) = a at some point of the 
range , the theorem is therefore proved 

Corollary (i) The lower bound of a continuous function may be defined 
in a similar manner , and a continuous function attains its lower bound 

CmoUary (ii) If /(x) be a function of a eomplex variable continuous in 
a closed region, | /(«) I attains its upper bound 

363 A real function, of n real vaiiabh continuous in a closed interval 
attains all values between its upper and lower bounds 

Let if, m be the upper and lower bounds of /(*), then we can find niimbeis 
X, », by § 3h2, such that f(x) = M,/(e)^m, let /a be any number such that 
in<fs< If Given JUiy positive number e, we can (by §361) divide the range 
(j=, x) into a finite number, r of closed intervals such that 

where a.,''', a,"' are any (Mints of the rth interval , take a,*", x,^ to be 
the end (Mints of the interval , then there is at least one of the intervsds 
for which / (a,''^) - piffxfrt) _ ^ have opposiU signs , and since 

I l/(*i''') - ^1 - {/(«•>") - mI I < V. 

It follows that 1 / (a'l"’) — ^ | < t 

Since we can find a number a,*" to satisfy this inequality foi all values 
of £, no matter how small, the lower bound of the function l/fii) — /vj is 
zeio, since this is a continuous function of x, it follows from § 362 cor (i) 
that fix) — p. vanishes for some value of x 

364. The fluctuation of a function of a reed variable* 

Let f{x}he a real bounded function, defined when a^x^b Let 

Then \f(a) ~f (®,) | + | /(®i) —f(x,) | + + 1 /(si,) — /(4) | is called the 

fluetuatum of f(x) in the range (a, 6) for the set of subdivisions ®„ x,, . . 

* Tbs temunologjr of this Mctioo n pstil; that of Hobson, The Theory qf Fmetume of a Beal 
I anaMe (1907) sndjwrtlj that of Young, The Theory of Sole of Pomte (1900) 
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If the fluctuation have an upper bound independent of n, for all choices of 
«!. jr,, a«, then J{x) is said to have hmtted total fluetuaium in the range 
(a, h) FJ" lb called the Mai fiaetualum in the range 

Example 1 If f{r) bo monotonic* in the raiyjc (a, t), its total fluctuation in the range 

«l/(o)-/(6)l 

/ Example i A function aith liinitod total fluctuation can be cxtiresBod aa the differ 
cnee of tao positive increasing iiionotoiiic fiinctiiuia 

[These functions may be taken to be ^ i ] 

Example 3 If fix) h ive limited total fluctuation in the rangi^ ( i, h), then the hmits 
/t-r±0) exist at all points in the interior of the lange [See i) 3 2 example ] 

Example 4 If /(a), glx) have liimted total fluctuation in the range la, b) bo has 

[For \f{r)glx)~/lx)glx)\^\/(x‘) \glxf)-g lx),+]glx), 
anil so the total fluctuation of flx)glx) cannot exceed g E^+f O^, where /, g are the 
u]>per bounds of l/(x:)|, l?(a)| ] 

37 Uniformxty of convergence of power tenet 

Let the power senes 

ao+a,s+ +«!,** + 

converge absoiuUly when x — Xt 

Then, if |rl-s i,\, | u,x* | « | | 

9} a> 

But since £ comerges, it follows, by § 3 34, that S On*" converges 

» » 11=11 

unifunnly with regard to the variable x when U I ^ | r, I 

Hence, by § 3 32, a power senes is a contmuoub (unction of the vanable 
throughout the closed region formed by the intenor and boundaiy of any 
circle concentric with the circle of convergence and of smaller radius (§26) 

3 71 AbeVt theorem^ on continuity up to the circle of convergence 

OP 

Let S OnX” b<‘ a power senes, whose radius of convergence is unity, and 

« 

let It be such that S a„ converges, and let 0$T£l, then Abel’s theorem 

asserts that lim ( % a„a!"^ = % a„ 
ir-»l'»=6 / s-» 

For, with the notation of § 3 35, the function z* satisfies the conditions 

tp 

laid on «„(*), when consequentlj f{r)=: S converges unt- 

* The fhnebon u monotonio if { f(x)-/iz))f{x~x ) is ooe ngn^d or zero for all pain of 
different valuee of x and x 

t Journal fur Math i. (18116)* pp 811-389, Theorem iv Abel's proof emplojs direotlj the 
aigamenta by vhioh the theorems of { 3 83 sad 9 8 86 are proved Zn the case when ^ I 
eonverges* the theorem is obnoas from | 8 7 



58 


THE FBOCE8SES OF ANALYSIS 


[chap, ni 

formly throughout the range 0 a; < 1 ; it ib therefore, by § 3'32, a continuous 
function of x throughout the range, and so hm /(»)“/(!), which is the 

theorem stated. 


3'72. Abel's theorem* on mtUtipltoation of senes. 

This IB a modification of the theorem of § 2 53 for absolutely oonvergent 
series. 

Let 011*0*5^+016,^1+ ... + fln 5 *. 

m » IB 

Ihen the convergence 0/ 'S, ot%, ^ b„ and S c. m o suffieient condition that 


( £ On) ( S 5.) = 2 c,. 
\«-0 / Vn^-O ' 


For, let 

.d(*)= 2 On*", B(x)= 2 5na!“, < 7 ( 0 )* S C«iE* 

«»0 tt-0 

Then the senes for A{x), B(x), C(x) are absolutely convergent when 
I * I < 1, (§ 2 6) , and consequently, by § 2 .53, 

A (x)B(x) — C{t) 

when 0 < <B < 1 ; therefore, by § 2 2 example 2, 

{ hm .d(ir)l{ hm B(»)) = { hm 
z-»l-0 z-»l-0 *»i 0 

provided that these three limits exist, but, by § 3 71, these three limits are 
• • • . 

2 o^, 2 6n, 2 Cn, and the theorem is proved 

•»0 wsfO **0 

'^■ 73 . Power senes which vanish identically. 

If a convergent power senes vanishes for all values of z such that I x K r, 
where r, > 0, then all the coefficients in the power senes vannh 

For, if not, let o*, be the first coefficient which does not vanish. 

Then o,n + <W,x + On,+,x’+ .. vanishes for all values of z (zero excepted) 
and converges absolutely when | x [ •$: r < r, , hence, if « = a„ j., + On,+*x + . . ., we 
have 

«e 

I « I < 2 I a„+n r"->, 

and so we can findf o positive number S^r such that, whenever | x | < S, 

I «m+l* + 0»+zX> + ... I « j I 0*1 , 

and then !«^n + «|>|om|-|«l>jl®»|, snd so | a„ + x | + 0 when | x | < 8. 


* Jeunal fur Math. i. (1826), pp. 811-389, Thaonin vi Thu u Abal'a anginal proof. In 
some text-book* s more elaborst* proof, by the ose of Caekro'a some (g 8 48), u given, 

V It i* entBoiant to take 3 to be the amsUer of the nambets r and 1 1 a. |— 2 | a„|„ { r*~>. 

rnml 
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We have therefore amved at a contradiction by Buppoemg that some 
coefficient does not vanish Therefore al) the coefficients vanish. 

ConUary 1 Wo may ‘equate comspouding cneffioieutB’ in two power senes whose 
sums are equal throughout the region | s |< t, where t >0 

ConUary 2 We may also equate ooefficients in two power senes which are proved 
equal only when z is real 
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Misceltaneous Examples 


1 Shew that the senes 

I »• ' 

.'■(l-r*)!!-*"*') 

IS equal to when |»|'<' 1 and is equal to when l*|> 1 

Is this fact connei.ted with the theory of uniform oonvergenoe 1 


2 Shew tliat the senes 

-+ 2 """ 3 * 5 + 

converges absolutely for alTvalues of t excepted), but does not conveige uniformly 
nearsxO 

3 If »i,(jr)--2(n-I)»«!-"‘-*’‘*’+2»»*«“"*“', 

shew that Z u, («) does not converge uniformly near r^O (Math Tnp , 1907 ) 


Shew that the senes ^ i + jg- 
by Abel’s rule) 


IS divergent. 


IS convergent, but that its square (formed 


S If the eonvergent senes {r>0) be multiplied by itsel 

the terms of the produot being anangsd ss in Abel’s result, shew that the leenlting senes 
diverges if but converges to the sum (* if r>| (Cauohy and (hyon ) 
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6 


If the two conditionally oonvergant lenes 


Z 

■Id 


r" 


and Z 


(-)* 


where r and < he between 0 and 1, be multiplied together, and the product arranged aa in 
Abel’s result, shew that the ueoossary and sufficient condition for the convergence of the 
resulting senes 18 r+i>l (Cajon) 


7 Shew that if the senes — + 

be multiplied by itself any number of times, the terms of the product being arranged as 
in Abel’s result, the resulting senes converges (Ciyon ) 


8 Shew that the gth powei of the senes 

a, Sind + a, am 2d + H-aaBmnd+ 

IS conreigent whenever g (1 - r)< 1, r being the greatest number satisfying the relation 
for all values of n 


9 Shew that if d is not equal to 0 or a multiple of Sir, and if Uo, «i, ut, be a 
sequence such that it,-^0 steadily, then the senes Zv,co8 (nd+a) is uinvergont 

Shew also that, if the limit of is not zero, but u, is still monotomc, the sum of the 


A A 

senes is oscillatory if is rational, but that, if is inational, the sum may have any value 

IF It 

between certain boundH whose difference ts a ousec where bm 


(Math Inps, 1896 ) 



CHAPTER IV 


THE THEORY OK RIEMANN INTEGRATION 

4 1. The concept of integration. 

The reaxler ia doubticea fiimibar with the idea ui lutegration aa the 
operation inverse to that of differentiation , and he is equally well aware that 
the integral (in this sense) of a given elementary function is not always 
expressible in terras of elemeiitaiy fiinctions. In order therefore to give 
a definition of the mtegral of a function which shall be always available, 
even though it is not practicable to obtain a function of which the given 
fiinetioii IS the differential coeftieient, we have recourse to the result that the 
integral* of /"(a) between the limits a and b is the area bounded by the 
curve y the axin ol r and the ordinates a: = o, ir = f> We proceed to 

frame a formal definition of integration with this idea as the starting-point 

411. Upper and lower wiegralif. 

IjCt /(jf) be a bounded function of x in the range {a, b). Divide the 
interval at the punts r,, a;,. .. a»_,(a «;«•«_> •gh). Let tf, i be 

thi bounds of /(n) in the lango («. b), and let V„ L, be the bounds of /(«) 
111 the range (fr-i, J'r). where r, = o, Xa — b. 

Consider the sums} 

>%= 7)+ 17,(<E,-ir,)+ ..+ 17,(6 -J*.,), 

- i, («, - o) + i, (x, - ir.) -f . . . -f i, (6 - x„.,) 

Then U(b~a)'^Sn^s„>L(b-a) 

For a given n, S, and «„ are bounded functions of x%, .. a,_i. Let 
their lower and upper boundsl respectively be R,, s,, so that S,, a, depend 
only on n and on the form of / («), and not on the particular way of dividing 
the interval into n parts. 

* tielined as the (elementaiy) fanction whose diBereulisl ooefflrient is ' (i). 

t The followiSK proosdure (or eettUiNhing existence theorems t^iiiceriiing integrxk is based 
on that given by Gooisat, Cmun d’iiuilyM, t Ch iv. The cooceiits of tipper and lower mtegrab 
ate dne to Daxhonx, Ann. de I'^eole norm lap (d) iv (l^'tol p. t>4 

t The reader will find a hgnre of great assistance in following the argnment of this section 
A, and s, represent the sums of the area# of a number of reetangles nhieh are respectively 
greater and less than the aiea bounded by x=a, z=b and y=0, if this area be 

aseumed to exist 

t The bounde ol a funetion of a vai tables are dehned in just tbi same manner as the bounds' 
of a funetion of a aingle variable U 3 b2) 
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Let the lower and upper bounds of these functions of n be iS, « fhen 
Sn>8, 

• We proceed to shew that « is at mott equal to S, le 

Let the mtervals (a, a,), (a,, Xt), be divided into smaller intervals by 
new pomts of subdivision, and let 

o, y„ y„ .. y*_i, y* (= *1), ys+i. y«->. yi (= «■,), yj+„ yi»-i, i 
be the end pomts of the smaller intervals , let Ur, L,‘ be the bounds of f{x) 
in the interval (yr-i> yr^ 


Let T„= % (y,-y_,)tV, S (y, - Vr-i) L/. 

r-l r-I 

Smce Ui', Ut, Ot do not exceed IT,, it follows without difficulty that 

Sfi ^ ^ tfn ^ An 

Now consider the subdivision of (a b) into intervals by the pomts 
a, X, Tn-, and also th( subdivision by a different set of points 

Xi, Xt', X , , Let iS n , s n be the sums for the second kind of sub- 

division which correspond to the sums /if. s. for the first kind of subdivision 
Take aU the pomts Xn-t a,', Xn 1 as the points y,, y^, y^ v 

Then Sn ^ 7m ^ fm ^ Sn, 

and 8 n ^ Tm > tm ^ s w 


Hence eveiy expression of the type exceeds (or at least equals) every 
expression of the type s „ , and theiefore S cannot be less than s 

[For if iS<« and s — S = 2fi we could find an 8^ and an s, such that 
Sk — Sk?!, and so a'„ >S„, which is impossible] 

The bound S is called the upper integral of / (x), and is written j f(x) dx , 
s IS called the lower mtegral, aqd written I* f{x) dx 


If S = », their common value is called the %rUegral of f{x) taken between 
the limits* of mtegration a and b 

The integral is written J f{x)dx 

We define ( /(«) dx, when o < 6, to mean — f flxSdx 

J * Jm 


Sxamfitt J {/(x}+0(«))<fc» J /(x)dx+j*^(x)dx 

Example i By meana of example 1, define the integral of a oontmaoua oomplez 
function of a real variable 


* 'Bstrema valuee’ would be a more appropnate term but 'limita* bai the aanetion oi 
eoetoiB ■ lemum 'Jbae been enggeitad by Lo^. Xi^hutmimal Calei^ (1887), p 307. 
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4'12. Riemunn’s condition of inteffrability*. 

A function is said to be ‘ integrable in the sense of Biemann ’ if (with .the 
notation of § All ) and a. have a common limit (called the Riemcmti 

integral of the function) when the number of intervals (fTr-n <Ct) tends to 
infinity in such a way that the length of the longest of them tends to zero. 

The necessary and sufficient eondUion that a bounded function should be 
integrable is that S„ — Sa should tend to zero when the number of intervals 
Xr) tends to infinity in such a way that the length of the longest tends 
to zero 

The condition is obviously necessary, for if S„ and have a common limit 
Sa — Sn-*0 aen -* CO . And it is sufficient ; for, since iS« ^ S > s ^ Sn, it follows 
that if lim — «„) = 0, then 

lim S„ =« lim «„ = &' = s. 

Nutx. a oontiiiudus funutioii f \x') u ‘ integralAe ’ For, given t, we can iind t such 
that \f{:i)~f{at‘)s<fi\h-a) whenever |<4 Take all the intcnals t,) 

less than 4, and then f,- /,,<■»/((> — o) and so ; therefore A,— under the 

circumstances specified iii the condition of integrability. 

Corollary. If and s. have the same limit 5 for one mode of subdivision of (a, 4} 
into intervals of the specified kind, the limits of and of s, for any other such mode of 
subdivision are both 

, Examplr 1. Tlie product of two integrable functions u an integrable function. ^ 

Example S A function which la coiitinuous except at a finite number of oidinaiy 
discuntiuuitiea is iutegrable. 

[If /(.r; hare iin ordiuaiy discontinuity at c, enclose c in an interval of length 4] ; 
given I, we can find 4 so that l/(af)-/(jr)'<i when j af -a-| <4 and ®, »* are not in this 
interval. 

Then a-4|)-f-44i, where k is the greatest value of !/(*')-/(*) |, when 

X, a/ he in the interval. 

When 4i-*-0, *-»|/(c+0)-/(c-0) I, and hence lim 0] 

V-^ae 

Example a. A function with limited total fiuctuation and a finite number of ordinary 
discontinuities is integrable. (See § 3 64 example Z.) 

/ 4*13. A general theorem on integration. 

Let f(x) be integrable, and lot e be any positive number. Then it is 
possible to choose S so that 

2 (a;,-e^.)/(ir',_,)-f /(a:)(ir|<e, 
provided that Xp — a^, 4 S, ar^, 4 x'p-i 4 Xp. 

* Biemann (Gfee. Math. Werke, p. Z39) bases hu definition of an integral on the limit of the 
sum oocnning in | 4-13 j bnt it ie then diUeult to prove the nmgnenees of the limit. A more 
gmaial definition of integration [whioh is of very gnat hnportanos in the modem theory of 
Fnnetiont o( Beal Variabtee) has been given ij Lebeegoe, Arnioli di JTat. (B) vn. (1903), 
pp. 391-849. Bee also his Lefone tier VtnUgration (Pans, 1904). 
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To prove the theorem we observe that, given i, we ran choose the length 
of the longest interval, S, so small that e. 


Also 


Therefore 


Sti ^ % {xp — Xp—^f (xp—i) > Sft, 

r* .. . 


fix) dx : 


{ s (Xp - Tp^i)f (x'p-,) -J fix) d® j < /S„ - 


<e. 


As an oxacnple* of the evaluAtton ot a definite mtogral directly from the theorem 


of this section consider 


fx dx 

Jo 


whore X<1. 


Take fi"- aco sm X and let r^aKsin (0< sft < ho that 

}ficoH(a4 i) , 


also let 
Then 


(t-h J)fi. 

e ^ £ Bin »/> — HID (<- ))fi 

^an- sni X {sin ^ tl/() A)|. 
By taking p sufficiently large we can make 


f. 

Jo i 


dx 




arc sm X 


arbitrarily small. 

We ean also make 
armtrarilj small 

That IB, given an arbitrary number r, we can make 

I <ix ■ V i 

, -arc am X <» 




I Jo 

by taking p sufficiently large. But the expression now under consideration doe$ not 
depend on p ; and therefore it must he sero ; for if not we could take c to be less than it, 
and we should have a contradiction. 


i 


That IS to say 
£xamp(e 1. Shew that 


Jo 


arc sin X 


lim 


. X ix (n— l)x 

l+ooe-+coB +.,.+oob' — 

n n n sin® 


It 


Bxampte S. If f \x) has ordinary discontinuities at the points Oi, oj, ... a„ then 

where the Umit ie taken by making fii, fij, ... fi«, «i, rs, ... <« tend to -hO independently. 
* Ketto, ZeiUehfiS%J^ Jfotk. «md tl, {1B95). 
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// Eaamfiei If f{*) i* utegrabla when ai <uid if, when aj<a<fr<ii, we write 

j /(x)ds’‘<t>(a, b), 

and if f(J> -f-O) exists, then 

<-►+0 o 

Deduce that, if /(a) is continuous at a and b, 

^jy(s)di=~/(a), jj(xjdx^/(b) 

BrampU 4 Prove by differentiation that, if <fi (^r) is a continuous function of x and 
dlir 

a oontniuouB function of then 

at 

JBjramfjle 5 If / v wd tfb (s) are oontiiiuou«t when a shew from example 3 

that 

I + I (fi <s)f\T)ds^/{b)ip{b^^f(a)*t>(a) 

I b 

£t.a7ft^j/e6 If i 4 uitegrable in the range (a, c) and u shew that I f(x)dt 

IP 1 ooiiiiimous fuiKtion of 6 


414 ^aluf Tht^ttnn* 

1 hi (I following gi neral theorems are frequently useful 

1) Xict U ajid L U the upper and lower l^ounds of the integtablc function /\x} m tu* 
ituiev u h\ 

1 > en ^roiQ tht^ delioition of an integral it is obiious th it 

j\u-t{x)\dx, fj/(x -/. rfi 

(ir< not negative . uvi so 

l'i,b-a)^J f(xi dx^Lib-a 

I hiH IS known as the /V<< Jfsan Tatiie Theorem 

li f^j) 18 eontmvou^ ir tan had a number £surh that n%i^b and such that/(£) has 
any giieu value lying between U and X 363} Therefore we can had { such that 

y*/(»)(ir=( 6 -o)/(f). 

If F{x) has a continuous difiereutial coefficient F («^ in the range ^a, b), we have, on 
wr tmg F {x) foi f(x), 

/’(6)-/’(oi=(6-o)A”(f) 
for some value of £ such that a^{^b. 

Jlxampie If /(x) is contmaous and ^ shew that | can he found such that 

|*/( 4 l) 4 ,(*)<i»-/(f) jy{x)dx. 
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^ (II) Let /(x) and 0(x) be integrable in the range (a, i) and let be a jemtive 
decreanng function of a Then Bonnett* form of the Seeond Mean Vahte Theorem le 
that a number £ exieta such that a < £ < i, and 

For, with the notation of 4 1-4 13, consider the sum 

S= I (x,-x^,)f(x^i)4t(x^i) 

Writing ^ (J'^i)=*,-i, ao+a,+ +o,=5„ we have 

P 1 

A— S l>i-i(0>-i-^)+b^i^_i> 

«sl 

Each term in the summation is increased by wnting & for 6,_, and decreased by 
writing d for b,_i, if b, b be the greatest and least of bg, b,, bp_i , and so 

m 

Therefore lies between the greatest and least of the sums 0(st) Z ('t^>-aa_,>/(Xa_i) 

i>i 

where 111 =1, 2, 3, p But, given r, we can find 8 such that, when x,-x,_|<b. 


I I (-Ti - •».-i)/(*.-i) ♦ (*.-i) - f *^/(») ♦ (») d* I < », 

[♦(■**1) (»,-x,.,)/(*,-i)-<>(*b> I <«, 

and so, wnting a, b for xb, Xp, we find that j f(x) ^ («) dx lies between the upper and 
lower bounds oft ^(o) where may take all values between a and b 

Let U and L be the upper and lower bounds of ^ (a) ''/[x)dx 

Then Il'+2t> j /(x) ^(x)dx^A-Sf for oU positive values of < , tberefoie 

Since ^(a) J^'/(x)dx gsa function of jt takes all values between its upper and lower 

bounds, there is some value {, say, of £i for which it is equal to J /(x) 0 (x) dix This 
proves the Second Ifaan Value Theorem 


/ Example By writing I ^ (x) - ^ (b) | m place of (*) ui Bonnet’s form of the mean 
value theorem, shew that if ^(x) is a monotonic fiinotion, then a number £ exists 
such that a<(<b and 

Jy(*)^(»)*'-*(») JV(»)d»+*(b) y|/(x)(ir. 

(Du Bois Beymond ) 


* /«Nnia(d>]fa(Axiv.(lB49),p.S49, The proof given u a modified form of an mieatigation 
duo to HBldar, am. Saeh. (1889), ». 88-47. 

t By 1 4 18 sxampls 6, sinss /(x) te bounded, /(x) dx is a oonthmous tonstioa of (i. 
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4 2 Ihffermtiaium of vntegralo eotUaining a parameter 

d r* f* df 

The equation* /(<f, «) Ab = j is true t/ /(«, o) poseetses a 

Jhmann integral viUh respect to x and ^ ^ ts a continuous ^notion of 

iotAf the vartablee x and « 

For ^ f V(*. <‘)dx^ hm f‘ ^ 

aa It A-»o ' « A 

if this hnut exists But, by the first mean value theorem, since /. is a 
continuous function of a, the second integrand is ft (®, a + 9h), where 
« 1 

But, for any given e, a number 6 xndependewt of m exists (smce the con- 
tinuity of /. IS uniform} with respect to the vanable «) such that 

1/. (a. « ) -/. (®. o) I < «/(J - o\ 

whenever | a' — b | < 8 

Takmg | A | < 8 we see that { dA | < 8, and so whenever I A | < 8, 
j /(*. A + ^ ~Jl‘‘ L f) dac- j^/. (®, a) cle I € I/, (®, a + tfA) -/, («, a) 1 des 

< e 

Therefore by the definition of a limit of a function (§ 3 2), 

hm {'fJi>3±^)r£J&*)dx 

1,-^ J a A 


exists and is 


equal Ui j f,t 


Bxampla 1 If a, 6 be not oomtants but functions of a witb continuous diSenntisl 
coeffiotents, shew that 

I /V(s, aXle^ftt,, .)*-/(«, 

SaKunpU 3 If a) le a contiDuoue function of both vanablea, ^ /(x, a) cfr u a 
cxmtinuouB Auwtion of o 


* Thtf foRBola was given hj Lefbais, without ipeoifying the netneboni laid o&/(x, a) 

^ y) u defined to be a oontmooue fuaotioa of 6orA vanahlee if, given e, we oan find 
a enoh that |#(x', y) l<c whenever {(x'-x)>-f ^ It oan be riwwn 1 8 5 

that if ^ (x, g) la a oontmnoae fanotion of both vanabiee at all pointe of a eloied region in 
a Gartenan diagiam, it le vm^ormly oontinuoui throu^ioat the region (the proof is almost 
ideatioal with t^t of | 8 6X) It ^ocld be oobeed that, if ^(x, y) is a oontumons fhaebon 
of each vanable, it is not neoesBanlj a eontmoone fnnetton of both , as an esample take 

this 11 s ocatanooM Innotioii of s snd of y st (0, 0>, but not of both s BBd y 

$ It IS obnoas thst it would bsvs bsen soBsUBt to sasans thst /, hsd s Blsmsiin mtsynl 
ud wia s oontinaont function of a (the oontaDBit7 betny unifom with naytet to s), initisd 
if M i imuii g (hst ft wss s oontinuoui functian of both vsnubleu. This is sstusUy doss bj 
Dobson, AmetwM if a JUal VanMa, p. fiW 


6—2 
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4 ' 3 . Double integrals and repeated iniegrale. 

Let/(«;, y) be a function which is continnons with legatd to both of the 
variables a and y, when a < s- < i, a < y'< /9. 

By § 4'2 example 2 it is clear that 

I. \j/ II {/y ‘^1 

both exist. These are called repeated integrals. 

Also, as in § 3'62, /(x, y), being a continnons function of both variables, 
attains its upper and lower bounds. 

Consider the range of values of x and y to be the points inside and on a 
rectangle in a Cartesian diagram ; divide it into nv rectangles by lines parallel 
to the axes. 

Let ^m,M> Ltn,„ be the upper and lower bounds of /(x, y) in one of the 
smaller rectangles whose area is, say, Jm,it > and let 

m * » y 

ti~l * -1 |*“1 

Then iS*,, >«*.,, and, as in § 4'11, we can find numbers *«,■. which 
are the lower and upper bounds of .S’,,,, respectively, tho values of 
§%,piSn.p depending only on the number of the rectangles and nut on their 
shapes, and We then find the lower and upper bounds (S and s) 

respectively of Ai,r 9 wa functions of n and >>, and iin.r>S>s^ 9 , ,, as in 

§411. 

Also, from the uidformity of the contmuity oi /{j- y), given t, we can find 
i such that 

” Dm , < C, 

(for all values of m and /*) whenever the sides of all the small rectangles are 
less than the number £ which depends only on the form of the function f{x, y) 
and on c. 

And then — a)(/3-a), 

and so S — * < e (6 — o) {/8 — a). 

But 8 and « ore independent of c, and ao Sp= s. 

The common value of .S and s is called the double integral of /(a, y) and 
is written 

I* jV(«. 

It is easy to shew tiiet the repeated integrals and the doable integral are all equal 
when f(x, y) is a eontmuous function of both variablea. 
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For let Y«, A,, be the upper and lower bouuda of 

aa X vanea between and x„ 

Then 

But* S 0 '«,e(Sfe-yM)>y»iA«S * 4 «,.(yr-yM-i) 

M-l e-1 

Multiplying theae last inequahtiea by £«-«.-■> uaing the preceding inequulitiea and 
eumming, we get 

2 f(®i da*> Z Z > 

a-i a-i J » U • ) ■ I M 1 

and ><0, proceeding to the limit, 

Blit S=t=j^j*y(x,y)(dxJy), 

and 80 one of the repeated integrals la equal to the double integral Similarly the other 
repeated integral is equal to the double integral 

CotvUary If/ {x, y} be a oontinuoue hincbon of both ranablee, 

/! IT. ^ “/! {/r *1 • 


4 4 Infinite integral* 

If Inn ^ j f{r) dxj ezista, we denote it by J /(x)dx, and the limit 
qut ••fiou 18 called an infinite integral^ 


hxampia 


ft (*>+?)>“ J™ (“2(b«+a>)''’2«?)“2a« 

( 3 ) By integrating by parts, shew that «*e“'rf<«=a' (Euler) 

himilarly we define j* /(.x)dx to mean lun f{x)dx, if this limit exists, and 
J _ /(x)<ir is defined aa ^ /(x)<ix+j“ f{x)ix In this last definition the choice 


of 0 18 a matter of indifferenoe. 


* The upper bound of /(c, y) m the KOtaugle u not less than the upper bound 
of /(x, y) on that portion of the line x:=f which lies m the reotangle 

t Thia pbxaie, dns to Hardy, Lmdm dfatk See xxzir (UOt), p 18, inggeals the 
analogy between an lafisits integral and an infinite eenes 
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441 Infimte vntegrals of conHnitout funetunt OondUtotu for eoH- 
vergmce 

A necessary and sufficient condition for the convergence of J f(ic)dmiB 

that, corresponding to any positive nnmber c, a positive number X should 

I K I 

exist such that j f(ic)dai j < < whenever 

c" > s' > X 

The condition is obviously necessary , to prove that it is sufficient, suppose 
it IB satisfied, then, if n > X — a and n be a positive integer and » I f (n), 
we have j 8^ - S, | < « 

Hence, by § 2 22, Sn tends to a limit 8, and then, if ( > a + n, 

|S- f /(*)<i«| < js- f /(ir)dej + |/* /(*)<ir| 

I ’ « 'I ^ « 1 M »+>4 ' 

<2e, 

and BO hm [ f(x) dx “ 8, ao that the condition is sufficient 

442 Umformity of amoerg^nce of an infimte vntegral 

The integral | f (x, a) dx is said to converge uniformly with regard to a 

m a given domain of values of a if, corresponding to an arbitraiy positive 
number c, there exists a number X independent of a such that 


\r. 


< t 


f(x,a)dx^ 

for all values of a in the domain and all values of e > X 

The reader will see without difficulty on companug |$ 2 22 and 8 31 with 
§ 441 that a necessary and sufficient condition that j f(x, a)dx should 

converge umformly in a given domam is that, corresponding to any positive 
number e, there exists a number X mdependent of a such that 

re 


I/: 


/(«, a)dc 


< e 


for <dl values of a in the domam whenever ^ > X. 


443 Tettafor the eonuergenet of an mfimte 

There are conditions for the convergence of an infimte mtegral analogous 
to those given m Chapter U for the convergence of an mfinite senes. 

Ilie followmg tests are of special importance 
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(I) Absdutely convergent ivtegraU It may be shewn that | f(x)dK 

certainly oonvei^ges if J |/(«) | <2e does so, and the former integral is then 
said to be absolutely convergent The proof is similar to that of § 2 32. 

ExamjUn The aompanim Utt If i/(x) | ^ (z) and j q(t)d* converges, then 

/(*) *• ooDvwges ab0olutel7 

[Notv. It was obstfred by Oinchlrt* that it i& not n^etsaty for the oouvergence of 
I that /(x)-»>0 as the reader may see this by considermg the function 

/(z)=0 -(»+!)-»), 

/(»)=(«+!)* (n + 1 -a) (z-(«+])+(n+l)~^ (»+l-(»+l)-»<z$n + l), 

where n takes all integral values 

For i/(t)ds increases with { and / /(z)iiz=: J (*»+ 1)-* , whence it follows 

fo J. 

without difSculty that / /(z)<iz converges But when z=n+l - J (n+1)"’, /(z)=l , 
and so f{x) does not tend to sere ] 

^II) The Maelaunn-Oauchyf test If f(x) > 0 and f(x) 0 steadily, 
/(*) de and % /(n) converge or diverge together 

/'IK+I 

/(m)> /(x)<*r>/(m+l). 

« fn+t *+l 

* /(”•)> * /(»») 

mrnl J I UsS 

The first inequality shews that| if the senes converges, the incr e a si ng sequence 
/;"/(-) dt converges 2 2) when h-.-oo through integral values, and hence it follows 

without diffionlty Out f{x)ds oonvargse when c'-w« , aleo if the integral diverges, 
so does the eenes 

The second shews that if the senes diverges so does the integral, and if the mtegial 
converges so does the senes (§ 2 2} 

J. (Ill) Berircuid^ei ieet If /(«) = ©(a*"*), j f{x)ds oonveiges when 
\<0, and if/(«) = 0(ar-' (log*)^~*), I /(a) da converges when X<0 
These resnlts are particular oases of the oompanson test given m (I) 


1: 


For 
and so 


* Dindhlst’sasaaipla was/(c)»smz*; Joamal/ilr ifsCk. zvn. (1887), p. 60. 
t liaelaana ( Jlweiew, t, pp. M, 220) makes a verbal statsmant piaetuallj squvalsnt to this 
issnh. Osashy's nsalt » given in Us Ocasra (2), vn. p. 202. 
t /oanwtds JTaM. vn. (1842), pp. SO, SO. 
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(IV) CharHer’s teat* for integrala involving periodic fundiom. 

If /(x)-^0 steadily as « -*- co and if [ tp(x)dai is bounded as a: -»■ » , 

J A 

then /(a;) ^ (a;) ds is convergent. 

J a 

For if the upper bound ^ dc j be d, we can choose A' suuh that f{x)<t/iA 
when x^X, and then by the second mean value theorem, when x" ^ V > X, we have 

j = 0C->)dr j $2d/(»')<», 

which IS the condition for ronveiigence. 

Example 1. j“ converges 

Example i. j e"' sin (a'® -or) dr converges 

4'431. Teata for untformily of convergence of an injinite integral^ 

(I) De la ValUe Pouaain'i tesi^ The reader will uasily see by using 

the reasoning of § 3‘34 that f f(x, a)dx converges uniformly with i-ganl 
to a m a domain of values of a if 'fix, a) < p(x) where p(t) is indepeinl' m 
of a and j fj,(x)dx converges. [For, choosing X so that f p(i)<h •, e 

s' ' ! 

when x"'^x' '^X, we have I f(x, a)dx\<e, and the choice of X is iiidt 
pendent of o ] 

Example j r*-'e-'dr converges uniformly in any interval (d, B) su.L that 

1 <. .1 « a ‘ 

' (II) The method of change of variable. 

This may lie illustrated by an example. 


Consider J 
We have 


; where a is real. 


/ * sin or , 

dx 1 

n X 

jy r )«' y ' 

Since j ^ 5^ dy converges wo can find F such that I *'^^dy j<ewbeny">y'^s 1’ 

So ly^ sii^of dr j <f whenever I ax' I ^ T, if { a| >i>0, we therefore get 

1 f*' sinor , I 

* Jottmal de Uatk. arm (1658), pp. 201-812. It la remarkable that this test for eondHiomUy 
oonvergeat integrale should have been given aopie years before formal definitions of absolutely 
eonvergeat integrals. 

f tne resnlts of this seotion and of J 4-44 are due to de la Tallde PauHln, dnn. de la See. 
SeloUtfiglie de Bruxellei, xvi. (1892), pp. 160-180. 

* This name is doe to Osgood. 
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when Yjb ; and thu choice of X la indepeDdent of a. So the oonveigenoe is 

uniform when a ^8>0 and when a<-8<0 

Etamfie. j sm(/3'r;^}d)9| (b is uniformly convergent in any range of real 


values of a 


(de la Vallb Poussin ) 

B-inmdt I does not exceed a constant inde- 


[Wnte and olnerve that | j M-iamedt | does not exceed a constant inde- 

pendent of u and a since / z- i am z dt convergee } 

1 0 

(III) The method of integration by parts. 

If jf(.i,a)dx~4i(j-,a)+jx{'^>'‘)‘^ 

and if di a)-^0 unilunulj as x-*-« and xtr, a.)dx (onverges uniformly with regard 
to a, thiMi obMously j f{T, a)tii convolves uniformly with regard to s 

' A 

(J V I The method of decomposition, 

t.ampU y • »» I’ ’i'dr, 

loti <if the lattei intt^'rals converge uniformly in any closed domain of real values of 
a fiiim wliidi the points o- ±1 are excluded 


444 Theorems concerning ani/ormly corvergent infinite integrals. 

(1) Let i f ( i, a)rfi converge ■uniformly when a lies in a domain S. 

Then if f{r, a) is a continuous function oj both laruMes u,ken a O'nd 

•« 

o lut' 111 iS', I f( I a) dr IS a continuous /umfion* of a. 

Fill ji;i\on t wi 1 in hml X independent of a, such that j f{x, a)dx <t 

will neier f > A' 

Also UP «in hivj o independent of j. and a, such that 
a)-f{x,a') <rtl(X — a) 

wheiu 1 er « - a' <8 

That IS to su) {iiipn t we can find h independent of a, such that 

f f{x, a')dj — [ f(n, a)ds < I [ lf(r, tt)—f(x, a'l* dr 
a a I -IS I 

+ [ «')<*«• j + ' j 

<3e, 

whenever | a' - a i < 6 , and this is the condition for continuity 

* This result » due to Stakes His statement is that tbs integral la a eonlmnous funotian 
of a if it does not ‘ aonv«ri,« indnitely slowl} 
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( 11 ) If f(x, a) satufiiu ihe $ame oondutiont at m ( 1 ), and \f a htt m 8 
when A ^a^B, then 

For, by § 4 3, 

f{x,a)dx^da = j | «)(£a| <Je 

Therefore 

j |J /(*. «) ^ ^ -j* /(*. «) <i«| j 

<J «do<e(5 — ^), 

for all safficiently lar^e values of ( 

But, from §§21 and 441, this is the condition that 

lim J |J /(x, a)dt^dm 

should exist, and be equal to 

CeroUary The equation ^(s, a)tUi’^j^ ^dx a true if the integral on the 

right oonverges uniformly and the integrand is a continuous function of both vanaUee, 
when x^a and a hee in a domain h, and if the mtegral on the left is convergent 

Let A be a point of S, and let ^»/(«, a), so that, by § 4 13 example 3, 

J* /(*, «) <io-^{*, a) - ♦ (*, A) 

Then /(x, a) ifaj- dx oonvmgea, that a j {ifi (x, a)-0 (x. A)} dx converges, 

and thecefoie, sinoey ^ (x, a) cfx converges, so does J ^{x,A)dx 
Then ♦(x, «)«i*]-a[yr 

~fj{x,d)dx-f^^dx, 

whioh IS the tequued result, the change of the order of the integrations has been justified 
idiovei, and the differentiation of J* with regard to a is justified by $ 4 44 (I) and ^ 4 18 
example 1 
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46. Improper vntegruls Principal wduee. 

If \f{x)\—* to astc— »a + 0, then hm f f(x)dx may exist, and is 
wntten simply j* /(a) dx , this limit is called an improper integral. 

If |/(fl!)i'-*oo asff— »e, where a<c<b, then 

/ «-» rt 

/(x)dx+ lim I f(x)dx 

may exist, this is also written j /(x)dx, and is also called an impropei 

integral , it might however happen that neither of these limits exists when 
S, S'-*0 independently, but 

lim I f /(x)dx+( /{x)dA 

<->-(-0 U • J e+t ) 

exists, this IS called ‘Cauchy’s principal value of J f(x)dx’ and is wntten 
for brevity pj f(x)dx 

Results similar to those of §§ 44-444 may be obtained for improper 
integrala But all that is required is practice is (i) the idea of absolute 
convergence, (ii) the analogue of Bertrand’s test for convergence, (lu) the 
analogue of de la Vall4e Poussm’s test for uniformity of convergence The 
construction of these is left to the reader, as is also the consideration 
of integrals in which the integrand has an infinite limit at more than one 
point of the range of integration* 


£xampU$ (1) ib an impn^per mtcgral. 


( 1 ) 

(*) f ^ (1 tis u AD UDjnvpsr latcignl if 0<CX <1, 1. 

It does Dot oonvei^ for DegAtire vsloes of X sad 

(3) dir IB tbs pruuupal valiie of an improper integral when 

J 

0<o<I 


4’51. TknKmmonoftluonitrcfimUgraiumefnceilaiMreptiUtdtmttgral 
Oeneial nonditioiia for tbs legitimacy of inverting the order of integration when the 
integrand is act coutinaons era difficult to obtain 

The foUnwing is a good eiample of the difficulties to be ovaroorae in mverting the 
order of integration in a repeated improper integral. 


* For a detailed diaeaaaion of improper lategrsle, the reader le raterrad aitiiar to Hobaoa’e er 
to Plaipont’s JtMsnaae ef a Bxu VariaUe. The eoanenon between infbeite iatagrals and 
improper mtegmls is ashihitad ey Biomniah, Iivlaite 8trm, | IM 
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/ Let /(*, y) be a continMOua function of both vanahlee, and Ut 0<X<1, 

C < I* ^ 1 then 

dr -*-»)' 7(*.y)<iy} 

'/« {/• 

Thi8 mtitgral, vhiih vas first emploved Dinohlet) M of importanoe in the tbeoiy of 
integral equntions , the invostigetion which we shell give » due to W A Hurwitz*. 

Letr* ji** ''1 X and let Jf be the upper bound of l/(a:,y)| 

Let t be any positiie number lees than | 

Draw tlie triangle sbuee sides are ^=1), x+y-1 -t at all points on and inside 
this triangle (x, y'i is continuous, and hence, by t) 4 3 corollary, 

J|~*‘dr " *0(*,y)dr| 

blow 

y)<iv^+j'^it<ix+l'^ltdT, 

where 1,=^ f* <t,rx,y)dv h--] 

Jo ! i-x t 

But V‘a-* y''* ‘‘iy 

Sif^ ^l-x-«' lyv ‘rfy, 

sinoe (1 j- y' '<(l-r i/ ' 

Therefore, wnting X (1 8)j„wehaiet 

j >(1 X 8)- 'rfx 

«Jf8»p-‘ 1-8)*" 

* 8' ■ ’B(X ■.)-^0a8 8-^0 

Tbe xeader mlJ tbit / 

HenceJ j bm **(*3 | ^ 

~ !!S./* {/j"'^«(*.y)-^y} 

“ 1” (/i~^ * *’} ’ 

* Jwub (sf ItathemaUa, a (1908J, p 183 

+ J**i* ‘(l-*i)‘’~‘d*t=S(8,r)eusUilX>O,»j.0(548examplea) 

J The repeetod integral ezisU, nod u, in fkot, abeolutely oonvergent , for 

/, *-yr'V(*. y)dy|<8ft*'i(i-*)'‘i''-‘JV >(i-«)— ‘g*. 

wntiiig»»(l-*)». andji Jf**-i(l-*)»+«'-»d* »)'■'* eiuts And smae the 

integral exists. Its value whieh IS hm |* * soar be written hm 

•,r*oJ( S*«7s 
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by wfaAt has been alraady proved, but, by e precisely similnr piece of vork, the lest 
integral IS 

We have consequently proved the theorem in question 

Corollarj) Writing {=a+(4-a)*, ti=b-{b-a)y, we see that, if v) is con 
tinuous, 

{/I (4-)r-v,-f)' ‘♦ff. 

“ I/'' ill 1) “^4 

This IS called Dinchlet’s formula 

[Non What an now called infinite and impmiier integrals were^efined by Cauchy, 
hrfotu »ur It eale tnf IfiSS, though the idea of infinite integrals seems to date from 
Maclaunn (1742) The test for convergence was>empiuyecl by ( hartier ^IbSd) Stokes 
il84T) distinguished between ‘essentially’ (abaolutelyl and non (ssentialh convergent 
integrals though he did not give a formal definition Such i definition was given by 
Diricfalet in 1H64 and IHfifi (see his VorUtungn, 1904, p 39) In the early part of the 
nineteenth century improper integrals received more attention than infaiiite integrals, 
probably because it was not fully reahsed that an infinite mtegral is really the limit 
of an mtegral ] 


46 Complfx integration* 

Integr&twn with ttsiard to a wsal vanaW© x may be tegardwl as integration 
along a particular path (namely part of the real axis) m the Argand diagram 
Ltt/(«), (= r + iQ), be a function of t complex variable z, which is continuous 
dung a simple curve AB in the Argand diagram 

Lcl tilt eijuatiuns of tin curve be 

a:=>ir(t) y = y(t) (ii$t<6) 

Let a(tt) + »y t(i)=- s„ x (b) + ig (b) =■ Z 

Then d-f' v(t) y(t) have continuous differential toeffioienU>J we define 
J /(z)dz taken along tht simple curve AB to mean 

The ‘length’ of the curve AB will be defined as [ nj dt 
It obviouidy exists if ^ are continuous, we have thus reduced the 


discussion ot a complex integral to the discussion ol four real mtigrals, vir 




(it 


* A trefttmeBt of oompki mtegraUoii baaed os a diflemt set of ideas and sot makisg 
eo oaanj anamptsoas ooneernuig the owe JB will be found is Wstaon s Complex Intepratton 
and Oaviekjf*9 Theorem 

t Th» uromption will be made throughout the eubeequent work 
1 Op 1 4 18 example 4, 
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By § 4*18 example 4, this definition le consistent -with the definition of an 
integral when AB happens to be part of Qie real axis. 

Exampht. / (i) the paths of integration being the same (but in 


opposite directions) in each integral 




4*61. The fundamental theorem of complex integration. 

From § 4 13, the reader will easily deduce the following theorem : 

Let a sequence of points be taken on a simple curve e^, and let the first 
n of them, rearranged in order of xnagmtude of their parameters, be called 
(s«'"' =.*«, Sn+i*^ = ^, let their parameters be til"', ... fn**’, 
and let the sequence be such that, given any number 8, se can find N such 
that, when n > JF, fr+i'"* < B, for r= 0, 1, 2, ..., n, let be any point 

whose parameter lies between 4.4.,**’ , then we can make 

i (fc+.w f*/(r)drl 

r-O J M, 1 

arbitrarily small by taking n sufficiently large. 


4*62 din upper limit to the value of a complex integral. 

Let M be the upper bound of the continuous function {/(r) |. 


Then 




<hti, 

where I is the ‘ length ' of the curve t^. 


That 18 to say, 1 J f(*)di 


cannot exceed Ml. 


4tl. Integration of infinite eenee. 

We shall now shew that if B(s)>«ti,(s)H-U|(r) + ... is a uniformly con- 
vergent senes of contmuons functions of t, for values of x contained withm 
some region, then the senes 

/ «,(s)dr+ / 

JO JO 

(where all the integrals are taken along some patii C in the region) is con- 
vergent, and has for sum f 3(*)de, 
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F or, writing 

S(<r) = u, («) 4- u,(z) + ... + u, (*) + Rn (*), 


we have 


f Ui(e)<le+ ...+ 1 u„(e)dg+l Rn(z)dt. 

Jo Jo Jo Jo 


Now since the series is uniformly convergent, to every positive number e 
there corresponds a number r independent of t, such that when n ^ r we have 
I ^ (s:) I < f, for all values of r in the region considered. 

Therefore if I be the length of the path of integration, we have (§ 4'62) 


f Rn(z)di 

J o 


< el. 


Therefore the modulus of the difference between / S (z) dz and 

Jc 

2 I u,, (z)dz can be made less than any positive number, by giving n any 

m=lJ O 

sufficiently large value. This proves both that the series S I ii^{z)dxia 

i««l J c 

convergent, and that its sum is j 8(z)dz. 


CoTctlar}/. As in § 4-44 corollary, it may b« shevm that* 

Jo 

if the senes on the nght converges uniforiDly and the senes on the left is oonvergent. 


EioamqU 1. Consider the senes . ^ 

” 8»{ n(a+ l)8Ui*ae*-l )ocisj* ^ J 

,fi {l+»>sin**“){l+(«+l)>sin''**}’ ' 

in which X IB real. 

The nth term is 

ton c os J* to (n4-l)co ej* 
r+n*aiii‘i3 ” l+(»+l)*sin***’ 

and the sum of n terms is therefore 

to COB g* _ to(n4-l)ooHj* 
l+sin*** l + (*+l^sin’jr*’ 

Henoe the series is absolutely convergent for all real valpes of r eicept ±V(*>w) 
where in>s1, 2, ...; hut 

_ , , to(n+l)cos^ 
r+(«+l)>ain»*»’ 

and if n be any integer, by taking si»(n 4- 1}~* this has the limit 2 ss «-mc. The series is 
therefore non-uniformly oonvergent near s>cO. 


• means where h-a-0 along a daflnite sim^ enm; thia deflnition 

" k-wO • 

ia modUei aU|d>tl]r in | S‘19 in the ease vhsa/(s) ia an enalfUe lonotioa. 
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Now the ^um to inhmty of the aenes le f ^ integral from 0 to « of 

the Bum of the aenea la arc tan {am «>} On tho other hand, the aum of the mtegrala from 
0 to « of tho Brat n terma of the aenea la 

arc tan {am «*} -aie tan {(n+ 1) am 
and aa «-•-«! tbia tonda to arc tan {am jc*}-^ir 

Therefore the integral of the aum of the aenea differa from the aura of the integrals of 
the terms by 

BxwnfU 2. Oiacuaa, in a similar manner, the aenea 

• 2«*r{l-B(r-l)+«»*‘i^ 

n(B+l)(l+<»r‘)(l+c**>j^) 

for real values of r 


Example 3 Diacuaa the senes 
where 

fur real values of t 


«!+«»+ »s+ ; 


The aum of the firat n terms la me so the sum to mfinitv is 0 for all real values 
of t Since the terms «, are real and iiltimatel} ali of the same sign, the cunieigence 
is absolute. 


In the aenea 

j^Uid. + ujtfe f j + 1 

the aura of n terms is i fl - e'**’!, and this tends to the limit 4 aa n tend' to mfinitj , this 
IS nut equal to the integral irom 0 to r of the sura uf the aerits 2 1» 

The eiplanation of this discrepancy is to be found in the iicn unitnimity of the 
convergence near 2=0, for the remaiiider iftcr n terms in the senes /j + «^+ la is,!,"**’ , 
and by taking ^=n~i we can make this equal to c'*'", wliub la nut nrhitranly amall , the 
senes is therefore non uniformly convergent near i =0 


Example 4 


where 


Compare the values of 


/ j Z K.ldr and 2 f 
J e U~i 1 m ij e 


2b’ 2 


2(n+l/2 


(l+B’r')lqg(B + ll {l + (B+ly'2’}liig a+2 


(Tnnity, 1903) 
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Miscellaneous Examples 

1 Shew that the mtegrals 

f Bin(r^)<i3, / ( rexp(- 

Jo Jo f t> 

\i\er^ (DiricUet and Du Boi» Haymond ) 

^ If a be rca), the integral 


IS A oontiimoue function of a 


/« 1 


3 J>jNciiSB the unifonnit} of the coiivergmcG of J / sin (r* -o:r)^it 
- ni ij**'** 


, J . 1 S / sin'^ar’-air . 

aj+.a^l , ar 

3 f r* 


i,de la ValliSe Poiuam 

I ^iiinthalj tTj> «/ converges iinifjniil} in the range (—IjT, ^»r) 

1 i ijliie'i (if a (Stok&s 

> Ihnuss the tixntroini-f of ( , , alien u > i> are positive 

^,1 1 + !•• Hit! r r ^ 

(Hardt, JftMfnyrr IMI flB02), p 177 
r IiuniiH tb( inuvti^iirr of the intcgntls 

i:c 1 ?’“'::^^- 

(Math Trip 1914 ' 

7 Shew that j — r- exiits 

' • i* mil r>* 

f Shew that j t sin 2 rdr converge'' if o>0 n>0 Hath Tiip 190S 

’• If a *«ries (; . — S i(,- (,»i'«n (I» + I w-, (.in which C5=0>, converges imifonnly 
• y 

111 III interval, shi w that v i) *— is the dencative of the senes /(*)“ 2 wn Sew; 

KiB irr i.=i r 

(Lerch, Ann, dt I norm wp (3; x« (1893), p 331 

10 Shew that r/’ andrf...r-*i^-^ 

J } J (a‘+U-+ +r.^ I J 1 r,*+a:/+ +r/ 

(onvirge when a>J» and o"'+3“i+ +X~’ < 1 respective!) fMath Tnp 1904) 

1) If /(jiiy) hea<uiitiiiuousfauoti«n ut both t and y in the ranges {a^n^b\ 
cveept that it has ordinary discontinuities at points on a finite number of ciirvee, with 
( oiitiiittOusly turmng tangents, each of which nisets any line parallel to the coordinate axee 

only a finite number of times, then j / (r, y) efr la a coiitmuoua function of y 

[Consider /*"' *‘+ f * {/(r, y+b)—ftr, y)}<fr, where the numbers 

^i) ^i> ' 1 ) ' 3 t — are so chosen as to exclude the discontinuities of /(x, y+A) from the 

range of integration , Oi, a,, . being the discontinuities of f{x, y) ] fBOcher ) 

w. II. A 6 



CHAPTER V 


THE FUNDAMENTAL PR0PEKTIE8 OF ANALYTIC FUNCTIONS , 
TAYLOE'S, LAUBEN'TS AND LIOUVILLE'S THEOREMS 


6 1 Property of the elementary fnnctione 

The reader will be already familiar with the term elementary function ai> 
used (in text-books on Algebra, Tngunometry, and the Diderential Calculus) 
to denote certain analytical expressions* depending on a variable «, the 
symbols involved therein being those of elementary algebra together with 
exponentials, logarithms and the tngonumetncal functions, examples of such 
expressions are 

2’, «*, logs arc sin ei 

Such combinations of the elementary functions of analysis haie in common 
a remarkable property which will now be investigated 
Take as an example the function e’ 

Write 

Then, if 2 be a fixed point and if 2' be an 1 other point, we haie 

AfJ -/(i) ^ ^ 

2—2 2—2 2' — 2 


+ 3- + 




and since the last senes in brackets is uniformly convergent tor all values ot 
2', It follows (§ 3 7 ) that, as z — >2, the quotient 

2'— 2 

tends to tht limit s', uniformly for all values of aig (2 — 2) 

This shews that the limit of 


IS in this case independent of the path by which the point s' tends towards 
coincidence with 2 


It will be found that this property is shared by many of the well-known 
elementary functions , namely, that if/(2) be one of these functions and h be 


* Tbe nsiei will abwm that this u sot Hu uue in whiofa the term tonetion u ds&ned 
t| ( 1) in thu work Thun eg x-tf and |>| are fmetunu at i(=e+ty) in the Mnns of 1 8 1, 
bat an not otameittaix fiinotioni of tho tTp* ante acowteation. 
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any complex namber, the limiting value of 

J {f{z + k)-fiz)\ 

exists and w wdependent of the mode tn tahteli h tends to zero 

The reader will, however, easily prove that, if / (r)= x — ty, whore z<=x + xy, 
then lim*^^^ - w not independent of the mode iii which A-+0 


6 11 Oecastonal failure of the property 

For each Til the elementaiy functions, however, there will be certain points 
„ at which this property will cease to hold good Thus it does not hold for 
the tunction l/(r — a) at the point zn^a, since 

1 IL 1 __L.' 

A|a — a+A r — 

does not exist when z = a SimiUily it does not hold tor the functions logs 
ind at the point 2=0 

These exctplioual points arc called nngulai poinU or singalanties of the 
iunition f(z) undtr consideration , at othei points f(z) is said to be analytte 

Till piopertj docs not hold good at any point toi the tunction z 


512 Cauchy i* definition of an anitlytte f miction of a complex variable 


Tht piopert} considered m § 111 will be taken as the basis of the 
di hnition ut an analytic Junction which may be stated as tollows 


Let a two-diiiicnsional region in th( r-plani be gum and let u be a 
tun( tion ot z defiiu d umqui ly at all points ot thi. n giun Let z s + S; be 
V iliks of the lariabh z at two points and u, « + Su the t-ontsponding lalnes 

of u Then, if, at any point t w ithin the area, ^ bmds to a limit when Sx—tO, 


Sy-*0, independently (where 82 = Sx+ifiy), u is said to b< a function of z 
which IS monoijentt or analytic^ at the point If the tunction is analytic and 
one valued at all jaunts of the region, we say that the iiinetion is analytic 
t/iioughout the tegionX 


\\c shall frequently use the word function’ done to denote an analytic 
tunction, as the functions studied m this woik will be almost exclusiiely 
analy tic functions 


* See tlu. memoir oited in | S > 

t The woide * regolnr and ' holomorphio ere HiiMtuiiea need A dutinetion hu been made 
bf Borel between * mono^io ' and ‘ analjhe ' lunebons m the eaae of fnnehont with an infinite 
nsmbet of eingnlaritiee Seo ) 5*61 
{ See } 5 2 ear 2, footnote 

6—2 
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In the foregoing definition, the fnnction u has been defined only within 
a certain region in the s-plane. As will be seen subsequently, however, the 
function u can generally be defined for other values of t not included in this 
region , and (as in the case of the elementary functions already discussed) 
may have aingulanttes, for which the fundamental property no longer holds, 
at certain pomts outside the limits of the region 

We shall now state the definition of analytic functionality in a more 
arithmetical form 


Let f{z) be analytic at t, and let e be an arbitrary positive number, 
then «e can find numbers I and S, (S depending on e) such that 

!/(*')-/(*)_/ 

I « -r , 

whenever , r — s < S 

If /(z) IS analytic at all points « of a region, I obviously depends on r we 
consequently wnt< /= /'(«) 

Hence /(z)=/(z) + (z -z), 

where v is a function of z and z' such that ' « < e when \ z -z < S 

Example 1 Find the [Mints at which the following fiinetiuiis are not analy tic 

(i) «* (ii) cuaeci (<a>nir, a ani integer) (in) . \ , . — 2,1 

(„) (r=0) (V) {(*-1).)* (>=0,1) 


Example 2 If r+ty, /(i)ei«+(i, where u, i, a, i/ are real ami / ih an analytic 
function, shew that 


?B 3» f«_ iw 

I* djr’ Sy ?r 


(Kieniann ) 


6‘13 An appheaiton of the modtHed Heme-Iiorel titeorem 

Let f{z) be analytic at all points of a continuum , and on any point z of 
the boundary of the continuum let numbers /, (z), S (8 depending on z) exist 
such that 

/(*)- yw -(*'-*)/■(*) <« *'-*1 

whenever \d — z <S and z is a point of the continuum or its boundary 

[We write fiU) instead of /'(r) as the differential coefficient might not exist when 
s' approaches t from outside the boundary so that /, (s) is not netesaanly a unique denvate ) 

The above inequality is obviously satisfied for all points z of the continuum 
as well as boundaiy points 

Applying the two-dimensional form of the theorem of § 3 6, we see that 
the region formed by the continuum and its boundaiy can be divided into 
a fintte number of parts (squares with sides parallel to the axes and their 
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intenors, or portions ot suoh squares) such that tnnde or on the boundary of 
any part there is one point r, such that the inequality 

l/(e') - f (*,) - (r - *,)/, (*,) < « I / - *, 

18 satisfied by all points t' inside or on the boundary of that part 

6 2 Cauchy's theobem* on the intboeal of a function round a 

CONTOUR 

A Simple closed curve G in the plane of the variable z is often called 
a contour; A, B, D he points taken in order m the counter-clockisise sense 
along the arc of the contour, and if /(z) be a one-valued continuousf 
function of z (not necessarily analvtic) at all points on the arc, then the 
integral 

I f(z)dz or f f(z)dz 

J ASDA J(0) 

taken lound the contour, starting ironi the point A and returning to A again, 
IS culled the integral of f(z) taken along the contour Clear)} the value of the 
integral taken along the contour is unaltered if some point in the contour 
othei than A is taken as the starting point. 

We shall now prove i result due to Cauchy, which may be stated as 
follows Jf J (z) IS a function of z, analytic ai all points onj and inside a 
contom C then 

[_/(*) 

J(Ci 

For divide up the interior of (7 by lines parallel to the real and imaginaiy 
axes in the manner of § ') 13 , then the interior of C is div ided into a number 
of rtgions whose boundaries are squares C,, C,, Cjg and other regions 
whose boundaries D,, D,, Dg are portions of sides of squares and parts 
ol (’ eonsidei 

t [ f(z)dz+ 2 f f{z)dz, 
n 1 •'«’,) s-l'lD.) 

each of the paths of integration being taken counter-clockwise , in the 
oomplcte sum each side of each square appears tn ice as a path of integration, 
and the integrals along it are taken in opposite directions and consequently 
cancel§, the only parts of the sum which survive are the integrals of f(z) 

* Mfmotre sitr lef tnttfralfi dffimft pntea etOre ie$ ImUea imaifinatrea (1835) The proof 
here gnen is tfa«k dne to Ooureet, rrsMi American Math Soe i (1900), p 14 

t It IB saftieient for /(r) to be ooabsuoag when venttionB of t along the are only an 
coostdered 

t It >• not neoewaiy that /{t) ehoold be analjtic on C (tt u sotboient that it be oonimuom 
on and inside C), but if /(e) is not analTtio on C the Uieorem is maoh harder to pro^e This 
proof merely assumes that / (t) eaiatt at all points on and inside Barber prooft made more 
extended aumoptions, thus Caooby’s proof essumed the eonantittp of / (x) Biemana's 
proof msde an equivalent assumption Oooitat's first proof assumed that /(c) waa unx/ormly 
diflerentiaUe thron^iont C 
g See g 4 6, example 
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taken along a number of arcs which together mi^e up C, each arc being 

taken in the same sense as in | f(t)dz; these integrals therefore just make 

J io 

“P I A^)dz. 

J 10) 

Now consider I f{z)dz. With the notation of § 5*12, 

•' (C.) 

f /(t)dz=f {/(z,) + (z-z,)f'(z,) + (z-zi)vlde 
J (fl.) J «i.) 

= [/(i.) - r,/' (r,)) f dz+/'M [ tdz+ f (t- «.) vdz 

•f (CW) ■* (Cfi) •' (Cb) 

But = = 

by the examples of § 4*6, since the cud points of C„ comcidc. 


Now let l„ be the side of C\ and j 1„ the area of 
Then, using § 4'62, 

f /{z)dz = f (i—z,)vdzi^f (z — z,)itdi, 

J iCn\ J iCn) ' J (C,> 

<«/»v'2.|' jrfal=*?„v^2.41„ = 4ed„\'2 

• Cn 

In like manner 

f /(z)dz'^f !(z-z,)vUz 

J (B.) J(»n) 

< 4fe {An + In ^1 \^2, 


where An is the area of the complete squaie of which £>„ is part, is the 
side of this square and X„ is the length of the part of C'xhich lies inside this 
square Hence, if \ Ik* the whole length of C, while I is the side of a square 
which encloses all the squares CV and Z^«, 



z)dzi^'i, f f{z}dz + *S f J{z)dz\ 
I «=l I » = 1 J(J>n) I 

( M A >1 

<4eV2] 2 An+ 2 An' + l 2 

(a-1 I>=l «-I ) 


<4eV2.(«‘+lX). 


Now e IS arbitrarily small, and I, X and ( f{z)dz are independent of e. 

J (0) 

It therefore follows from this inequality that the only value which | f(z) dz 

. , ^ 
can have m zero ; and this is Cauchy's result. 
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Corollary I If there are two paths aod from lo to Z, and if /(r) is a 
function of s analytic at all points on tliese curves and throughout the domain enclosed by 

then two paths, then j f{t)dz has the same value whether the path of integration is 

^„AZ 01 tnBZ This follows from the fact that t^AZBi^ is a contour, and so the integral 
taken round it (which is the diifereiioe of the Integrals along i^Z and tuBZ) is zero 

Thuv, if /(e) he an analytic function of e, the value of j f (e) de is to a certam extent 

independent of the choice of the txo AB, and depends only on the terminal points A and B 
It must be borne in mind that thu u otUg the eate leken fU) it an analgM fmctum in the 
Hcnse of § C 12 

Corollary 2 Suppose that two simple closed curves C, and Ct are given, such that Cg 
( ouipletely encloses C] , as e g would be the case it and Cj were confoeal ellipses 

SuppMc moreovci that / (r) is a function which is analvtic* at al] point* on Cg and Ci 
uid throughout the ring shajied region contained between Cg and C, Then by drawing a 
mtwork of intersecting lines in this ring shaped b|>ace, wc ran shew, exactly as in the 
tkeunni just proved, that the vnUgral 

jfltdt 

11 ,ani, vhrre thr mteyratiun it tnhm round the iihole boundary of the nng tha)ied ipaee, 
th't boundary oonmtinq of two rurvet 0 ) and t|, the one deeenbed in the rountir clo'luite 
limtion and the other dnmbed ts the rlorkioue direction 


Cl rollary 1 111 goner il, if any connected regum U. given in the t plane, Ixmitded by 

1 11 niiinber < f siiupit closeil curies f'g, £ 7 i, ( j, iiid if f in b< any function of t which 
IS uiahtK and one lalucd eveiywhere in this region then 

j fixlife 


o te/o nhere the inteqml le tahn round the uhole boundary ot thr region, thit boundary 
mtii/inq of iht lurut (\, T], , each dennbed m lueh a tente that the region u keyt 

either iiluayi on the right or nluayt on the lift ot a /lernin vailing in the nentt in quettion 
lound the luundaiy 

tn extension uf Cauchy s theorem f(i)d:-=-0, to curves lying on a cone ahose lertex 

IS at the uiigin, his lieen made by Kavut drbuv Isnafex de Math (3) xvi (169T1, 
]>p 365 7) Morera, Bend dil Itt Lombardo, xxn (18891, p 191, and Osgood, Bull 

Amer Math Boi II (18961, pp 296-302, have shewn that the property f(t)dz=0 

luav be taken as the jirojiorty defining an analytic function, the other properties being 
deducible from it (tiee p 110, example 16 ) 


Eramfle A ring-shaped region is hounded bv the two cut les <|v>lsnd , s*2inthe 
plan9 Verify that the value of , where the integral is taken roimd tlie boundary 
uf this region, is zero 


* Ths phrase * amdytio thioughout a region ’ implia one volnednsas (§ S 12) , that is to gay 
that after t has deaonbed a eloaed path snironnding Cg, /(t) has retaned to its initial valus A 
tunoiion suoh as logs eonaidsied in the region l<|xK3 will be amd to be 'analytio at all 
pomts of the region ’ 
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Foi the tiouiidar; coiisuts of the circumforence |*|**1, deiiriibed m the clookwiee 
direction, together with the circuniferetioo |rj~2, doacnbed in the coimter-clookmae 
duectinn Thus, if for points on the first cireuqiferenoe wo write r«cei* and for points on 
the second circumference we wnte then 6 and ^ are real, and the integral becomes 


f-Sir, (0(16 ftrt 

0 «'* '^Ji, ” 


— 2wi+2irt»0. 


5 21 The value of an analytic funetwn at a point, expressed as an integral 
taken round a contour enclosing the point. 

Let C be a contour withm and on which /(r) is an analytic function of z 
Then, li a be any {mint within the contour, 

/(f) 
z — a 


IS a function of z, which is analytic at all points within the contour C except 
the point z=a. 

Now, giieii e, we can find such that 

whenever fz — a <S, with the point a as centre describe u circle y of radius 
r<S,r being so small that y lies wholly inside C. 

Then in the space between y and C /(z)i(z~a) is analytic, and so, bj 
§ 5 2 corollary 2, we hai e 

r f{z)dz^rf{z)dz 
> 0 z—a ly z-a ’ 

■where J and J denote integrals taken countei-clockw isc along the curves 
C and 7 respectively • 

But, since ( ^ — a | < 8 on 7 , we have 

jy z — a Jy z — a ’ 

w here p 1 < c . and so 


//i-f (yzta +/' (“)//" +//''*• 

Now, if e be on 7 , we may write 


z—a’nrv’*, 


where r is the radius of the circle 7 , and consequently 
f dz p' ire^*d0 
JyZ-a~]o re** 


and 


ft* 

i I dd = 2in', 

Jo 

j dz**j ir^dff >» 0 , 


also, by § 4 62, 


vdz K e . 2 irr 
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Thus 




But the left-hand side is independent of e, and so it must he zero, since e 
IS arhitraiy , that is to say 


•' 2ir» Jc i — a 


This remarkable result expiesses the volue of a function /(zl, (which is 
analytic on and inside C) at any point a imt/nn a contour C, in terms of an 
intf gral which depends only on the value of f (z) at points on the contour 
itself 

GoniUtirf If /(:) w an analytic oue-valued funi tion of t in a ring shaped region 
Imuiided by tnro ciirvos Caiid C, and a is a point in the region, Uieii 

• f 

2»i Jci—a 2ir« J (• t—a 

wlieii ( IS the outer of the curves and the integrals are taken counter clockwise 


522. The denvafei of an analytic function /“(z) 

The function /' (z1. which is the limit of 

/{ z + h )-f(z) 
h 


IS h tends to zero is called the derivate of f(z) We shall now shew that 
/'(z) (4 itself an analytic function of z and consequently itself possesses a 
lenvute 

For if (' be a contour surrounding the punt a, and situated entirely 
>Mthin the region in which f{z) is analytic, we have 

= 1 if fA^l^L 

i,-^t2nih [j c z-a-n Jc s-u) 



Now , on G, f{t) IS continuous and therelore bounded, and so is (z — o)~* , 
while wo can take | h | less than the lower bound of z — u |. 
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Therefore 


' m 

(r - ay (« — a — h) 
Then, if I be the length of C, 

I . AC 
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IB bounded . let its upper bound be K. 


2mlc(e-ay(s — a-h)\’^li'^ 


$ lim A I (27rl“' Kl = 0, 


udeoiMqumU, , 

a formula ahich expresses the value of the denvate of a function at a point 
as an integral taken along a contour onclosmg the point. 

From this foimuU we have, if the points a and a + A me inside C, 

/'(“tZ'WH") _L /■./>)*( ^ 

A “2mje A ((r-a-A)* (r-a)'J 




2^r-a-jA'l 

2iri {Z-a-hYiz — af 

J_ r f{z)dz . 

2inJ( 

and rt seen that is a tiouaded lauchon <>t z iih<ii 'A /<.] n 

Therefoie, at. A tends to reio hr' l/'(a->-h)-J' (a) tends to i Utmt, 
namely 

2 r f{z)dz 
2irt ' c (2 — ay 

Since /'(«) has a unique differential coeftieient it ib an .inaiytic tunetion 
of a, its denvate, which is represented by tht tvpressioti just given is 
denoted by /"(a) and is called the second dentate of /'(a) 

Similarly it can be shewn that f"{a) is an analytic function of a, possi ssing 
a denvavc equ.il to 

2 S f f{z) dz 


2wi 


lc(z-aY’ 


this 18 denoted by and is called the third denvate of f(a) And in 

general an nth denvate (a) of /{a) exists, expn ssibb by the integral 

n' f f(z) dz 

2m Join -a)"*'’ i 

and having itself a denvate of the form ^ 

2ir» Jci.i-a'T'’ 

the reader will see that this can be proved by induction without difficulty. 



J 23, 5 3] FUNDAMENTAL PBOPERTIE8 OF ANALYTIC FUNCTIONS 91 

A function which possesses a. first denvatc with respect to the complex 
lanable e at all points of a closed twu-dimensional region in the a-plane 
therefore possesses denvates of all orders at all points inetde the region 


623 Caurhy's vneqvaltly for /<*' (a) 

Let /(«) be analytic on and inside a circle G with centre n and radius r 
Ijot M be the upper bound of f(jt) on the circle Then, by § 4 

^ M »' 

r® 


fit ,t 

Ajampli 18 aualytic, -l-iv + 


yilogf/z) skO and Y* f[ 2 ) >1) 


thal 


unlem_/(t)=^0 nr f ir)=^0 


(Trinity, 1910 ) 


63 ji natytic functions lepiesented by uniformly convergent senes 

<r 

Let i, fn(s) be a sciies such that ti) it conierges unifurinlv along a 

a-il' 

'ntour C, (ii) Jn(f) 18 analytic throughout O and its interior 
Thin S /h(s) converges, and the sum of the senes is an analytic 

n 0 * 

unction throughout C and its interior 

« 

Kor let a be any point inside G, on T, let i f„(s) = ip(s) 

n 0 


Then 


iiri j c ^ « 2irt 



dt 
— a 


-ii' I 

. 0 (2mJcs-a ) 


^* § 47 But this laet s>ent8 by § 5 21 is i. /„(a) thi senes under 

n <1 

nsidemtion therefore convirgcs at all points inside Ut its sum inside 
(as well at. on C) bo called 4>(i') Then the function is analytic if it 
s a unique difierentul coefiicieut at all points inside O 


But if a and a + A be inside G, 


4* (a + A) — 4> (o) 
A 


If ^(s)ds 
2inJc (r — o)(s — u — A)’ 


J hence, as in § 5 I 


2, lim j'[4>(a + A) - 4>(a)J A 'J exists and is equal to 


* Since t e II bounded when a ii fixed and x u on C (lie uiufonmtjr of the convergenoe 

a . a) follow! from (bet of 2 /. (t) 

• w-e 
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if and therefore ^(«) is analytic inside 0. Further, by 

5Swt J c 

transforming the last integral m the same way as we transformed the jSrst 

m » 

one, we see that 4>'(a)=s S fn'(fl)t so that S /afa) may be ‘differentiated 

««0 n>0* 

term by term.’ 

If a senes of analytic functions oonverges only at jiointe of i curro wbtoli is not closed 
nothing can be inferred as to the convergence of the derived senes*. 

s COS 9U 

Thus z (-)> -j couvoiges uniformly for real lalues of j'(§ 3‘34). But the denved 
senes Z (-)*“'^i^^.^oonvBn 5 es non-umformly near j-"»(2m + l)>r, (m any integer) ; and 

Hsl tt 

the derived senes of this, viz. z ( - eoo nit, does not com erge at all. 

•.=1 

Corollary By 3 7, the sum of a power senes is analytic inside its circle of con- 
vergence 

6*31. Analytic functions represented by integrals. 

Let f(t, e) satisfy the tbllowmg conditions when t lies on a certain path 
of mtegration (a, b) and s is any point of a region iSf ■ 

(i) / and ^ are continuous functions of /. 

(ii) /is an analytic function of « 

(iii) The continuity of ^ qua function of z is uniform with respect t( 

QZ 

the variable t 

Then J /(t, z)dt IS an antdytic function of z. For, by § 4i'2, it has thi 
unique denvate j dt. 


532 Analytic functions represented by infinite integrals 

From § 4’44 (II) corollary, it follows that j f(t,z)dt is an analyti 

function of z at all points of a region iS if (i) the integral converges, {ii)f{t,z 
is an analytic function of z when t is on the path of integration and s is on if 

(lii) is a continuous function of both variables, (iv) [ 0 

OZ I a oZ 

converges uniformlv throughout S. 

For if these conditions are satisfied j f (t, z) dt has the unique derivat 

* This might have beeu sntioipstsd as ths mun tbeoiem of this seotion dssls with unltormit 
of oODTsrgsnec ovsr a ImNltsMiufoMl esgios. 
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A case of veiy great importance is afforded by the integral J er^ f(t) dt, 

where /(t) is continuous and |/(0| <J2e^ where K,r are independent of <; 
it IS obvious from the conditions stated that the integral ie an analytic 
function of z when >r. [Condition (iv) is satisfied, by § 4'431 (I), 

since / converges] 

Jo 


6'4. Taylor's Theorem* 


Consider a function /(z), which is analytic in the neighbourhood of a 
Tomt r = o. Let <7 be a circle with a as centre in the ^-plane, which does 
lot have any singular point of th<- function /(z) on or inside it; so that /{z) 
b analytic at all points on and inside G. Let z = a + k be any |Mnnt inside 
he circle C. Then, by § 5‘21, we have 






h»+‘ 


(A — a (* — 0 )*+' (z 


— tt — fe)} 


=/(») + */' (a) + ^-,/"(al+ ... 

f(z) 

But when z is on C, the modulus of -- - t continuous, and so, 

z — a — n 

§ 3 61 cor. (ii), will not exceed some finite number M. 


Therefore, by § 4'62, 

j 1 j /(z)dz.h''*' • M.2wR/\h^Y*' 

I 2iriic (r — a- All ^ 2ir \r) 

lere R IS the radius of the circle C, so that 2TrK is the leng^th of the path 
integration in the last integral, and R = ' z — a , for points z on the cir- 
mference of C, 


The right-hand side of the last inequality tends to zero as » —► 00 . We 
ve therefore 

f(a + h) =/(a) -H hf (a) -I- (a) + . . (o) + ..., 

ich we can write 

f(z)^Aa) + iz-a)f (a) + <^-“^'(<1) + - 

IS result is known as Taylor's Theorem', and the proof given is due to 
ichy. It follows that the radius of convergence of a power series is always 


The formal axpaanon wm firek pobliahed by Dr Brook Taylor (1715) in hit 
ffmeHtomm. 
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at least so large as only just to e»iludt from the interior of the cirele of con- 
vergmce the nearest singvlanty of the fmustion represented by the series. And 
by § .5-3 corollary, it follows that the radius of convergence is not larger 
than the number jvst specified. Hence the radius of convergence is just such 
as to exclude from the interior of the circle that singularity of the function 
which is nearest to a. 

At this stage we may introduce some terms which will be frequently 
used. 

If f(fl) = 0, the function f{e) is said to have a tero at the point z = a. 
If at such a point f (a) is different from zero, the zero of f(g) is said to be 
simple, if, however,/' (<i),/"(<i), .../••“*> (a) are all zero, so that the Taylor’s 
expansion of f(z) at z = a begins with a term in (z — o)“, then the function 
/(z) is said to have a zero of the nth order at the point z = a. 


Example 1. Find the fnuotion / (t^, which is analytic throughout the circle C and its 
interior, whose centre is at the origin and whose radius la tmity, and has tho value 
a — cos $ sin S 

a*-^eo8d+l '*’'a*-2acosd+l 

(where u > 1 and 6 is the vectorial angle) at points on the circumference of C 
[Wo have 

_ s ! /(i) cU 

"2iri I 


/W(0) 


( /Wo 
jo «*■"> 

I Sv 

L *■"' 

ofe rrf» in 

itrjo o-«‘* ” 2iri _/<.«* (a— zl^L*** 


= -./ 
2iri J 


jj, «-cosd+»smd , _ 

e“*.idd. - (putting z-e"*) 

0 a‘-2oroefl + l ’ 'c a / 


« ' 


£ 


e* 

..mi’ 


Therefore Madaunii a Theorem* 

or/(«)«(a*r)“* for all jicmts within the circle. 

This example raiaee the intormtiiijt i^uoNttoQ, Will it etill bo convomout to define /(z/ 
as (a -z)~^ at iwiiits outside the circle ? This will be discussed in § 5*51.] 


ExampU 2. Pru\e that the arithmetic mean of all values of r*** 2 fur pumtH z on 

r«0 

the circumfecencc of the circle | z | ^ 1, is a,, if Sa,z' is analytic throughout the circle and 
its interior. 

[Let 2 o^»=/(z), so that Then, writing and oalhug C the circle 

l»=0 V 

!*Hi, 

1 ^'/(zjiw^ 1 /■ 1 

2. jo z" 2ir» Ic "! 

* ThetaBnll/(z)=/(0)+z/'(0)+*-/''(0)+. , obtained by pntting a-sO in Taylor’s Theorem, 

is usnally called Uaalamm’i Tkearem-, it was dieecveced by Stirling (1717) and published by 
Hselanr'n (1742) in his Fhatont. 
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EtOMfle 3 Xi 0 t then /(« 4 -A) in au analytic function of h when |A )<|2 
for all values of r , and so , this Beriea con^erginr 

when A i < { s I Thu u the bmoniial theorem 

ExainpU 4 Prove lhat if A u a positive constant, and (1-2*A+A*)*"^ is expanded m 
the form 

1 + A/*i( 2 )+ A*i>, (z)+m\{z) + (A), 

(where Pn(z) u easily seen to be a polynomial of degree n in s), then this senes converges 
so long as r 18 m the interior of an ellipse whose foci are the points zsl and — 1, and 
whose semi major axis is ^ (A+A'*) 

Let the senes be first regarded as a function of A It is a power senes in A, and 
therefore converges so long as the point A lie*< within a circle in the A plane The centre 
^f this circle is the point A«^0, and iha ciroumfcrence will be such as to fSass through that 
Hiiigulmty of (I -2«A+A*)''^ which is nearcei to A«0 

But l-2rA+A*-= A-i+{i*- n*} {A-r- (a* 1)4}, 

so the iiugulantics of (I — 2*A+A^)”4 are the pcniits A *2 — (r^-I)4 and Aa 2 +( 2 ^— 1)4 
[These Biijgnlanlies ire branch pomta (soc § '< 7) ] 

T hus the hcriCH A) coiirergis s« long as h is less than both 

and 

Diaw an elli]ns in the r plane giassiiig through the point z and hating ita foci at ±1 
Let a lie its semi miijor axis, and 8 the eceeutric aiigk of t on it 

Ilion X— u tosd+i (o’- siiid, 

whiUi gites .± 11 ^- l)^ ={o±to* ll^j^ioad+isin#) 

so .±(i>-l)l|-o±(a»-l,* 

I hus the senes (Ai eonteiges so long as * is loss than the smaller of the numbeis 
«+ o'- 1)^ and a — (u*- l;l,i < en long as 4 is loss than a — (o'— I ButA=« — (o’ 1/^ 
when «-jA(A+A“* 

Therefore the senes Al cont<ig«s so long as r is within an ellipse whoee fo<i are 1 and 
1, and whose sum major a\is is AfA ^A~'^ 

641 For 711 i of the Kmatnder tn Taylor a strtes 

Let /(r) be a teal funrtion of a teal variable, md let it have continuous 
differential coefbcients of the hrst n orders when a^x^a-i-h 

If Osf<l, we hate 

(f |s 1 A"* 1 fl""' 

i Ui (» - 1! ' 

Integrating this between the limits 0 and 1, we have 

w 1 hm riA*n — i\«“» 

f(a + h) =y (o) + JS^ (a) + / •' (o + th) dt 

Let iC = (-fj) , J\l - «)■-■/'"' (« + ‘A) df , 

and let p be a positive int^r such that p < n 
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Then J\l -O'"’ (1 - (a + <*) * 

Let U, L he the upper and lower bounds of (1 — f)®^ (» + 

Then 

r L (1 - t)f-' dt< ['(1- O'"' (1 - f)*"' /'"> (a + th)dt<r U(l- 0'"' dt 

Jo Jo Jo 

Since (1 — 0"”' (a + th) is a continuous function it passes thiough all 
values between U and L, and hence we can find 0 such that 0 < d < 1 and 

r (1 - 0*"' (a + iJi)dt=p-'(l - tf)”-' /■I*' (a + 0fi) 

Jo 

Therefoie Jf, = ^l)i ~ ~ /'*' (a + 

Wnting p = n, we get ^ (a + tfA), which is Lagrange o form for 

A” 

the remainder , and wntingp= 1, we get = j^i(l — (o+dA), 

which IS Cauchy’s form for the remainder 

Taking » • 1 m this result, we get 

J(a+k)-f(a)=h/ (o+flA) 

if / (x) IS cuntuiuouB when a^t^ak-h this result is usu.kll> known as the Fi »l 
Mean Value Theorem, (see also ^ I’H) 

Darboux gaie in 1H76 {Journal de Math (3) n p 291) a form for the n.inaind<.r in 
Tailor's Senes, which is applicable to complex vanables ami resembles the ilioic futra 
given b; Lagrange for the cose of real lanables 

6 6 The Process of Continuatton 

Near everj point P, z,, in the neighbourhood of which a function /(x) is 
analytic, we hate seen that an expansion exists for the function os a sines 
of ascending positite integral powers of (« — x„), the coefficients in which 
involve the successive denvates of the function at z 

Now let A be the singulanty of f(z) which is nearist to P Thin the 
circle within which this expansion is valid has P for centre and PA tor 
radius 

Suppose that we are merely given the values of a function at all points of 
the circumference of a circle slightly smaller than the circle of convergence 
and concentric with it together with the londition that the function is to be 
analytic throughout the interior of the larger circle Then the preceding 
theorems enable us to find its value at all points mtkut the smallei circle 
and to determine the eoefiScients m the Taylor senes proceeding in powers 
of z — z. The question arises. Is it possible to define the function at points 
outside the circle in such a way that the function is analytic throughout 
a larger domain than the lAtenor of the circle i 
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In other words, gwen a power ieriei which converges and represents d 
function only at points within a ciicle, to define by means of it the values 
of the Junction at points outside the circle 

Foi this purpose choose any point within the circle, not on the line 
PA We know the value ol the function and all its derivates at P,, from 
the scries, and so wc can form the Taylor series (for the same function) 
with Pj as ongiii, which will dehne a function analytic throughout some 
circle of centre P, Now this ciicle will extend as far as the singularity* 
which is nearest to P,, which may or may not be A , but in cither Ctrsc, this 
new circle will usually f he partly outside the old circle of convergence and 
Joi pointi III the legion which is included in the new ciicle but not tii the old 
circle, the new series may be used to difine the lalues oj the Junction although 
the old set les failed to do so 

iSimilatly wc (an take any other point P, in the n>gion for which the 
values of the function aie now known, and form the Taylor series with P^ 
as origin, which will in general enable us to defaiie the function at other 
points, <it which Its values were not previously known , and so on 

This process is called continuatum* By means of it, starting fnuii a 
lepiescntation ol a function by any one powci senc's we can hnd any number 
ot other power sc nos, which between them dthne the value of the function 
It all points of i domain, any iioiiit of which t.in be reached from P without 
jiassing thumgh a singularity of the function, and the aggregate § of all 
the jwwei sine'-, thus obtained constitutes, the analytical expression of the 
liinction 

It is iiniioitaDt to know whether ,<>iituiuiti»n liy two iliffereiit (wths PB<^ will 

gni the stmt hnal {lower series, it will tie seen that this la the choc, if the function 
have no migulciity inside the closed curve PAQB P, iii tlu follow iiig way Let P, be lUiy 
yioiut oil /’BVi "is'de the circle C with centre P , ohtani ilie soiitinuation of the function 
with as <>ii,;in, and let it converge inside a circle C,, let P, lie any point inside Isith 
eircles and also inside the i line PBlJBP, let B, .s,, ,S, he the power senes with P, P,, 
P, as origins , theu|| iSi^ iS,' over a certain duiuaui which will contain P,, if P, be tiikeii 
suSicieiith near P, , and hence S, will Iw the loiitiouation of S, , for if T, weie the 
eoiitiiiuatioii of wc have Ti — S, over a domain coiitaiiiing /\, and so 3 73 
eniTe8]Kiiidiiig loetluienta in ,b| and T, are the same. Bv carrying out such a piocess a 
sutScieiit number of times, we de'form the path PB(^ into the jiath PB(^ if no singular 
IMiiut 18 inside PBQBP The reader will conviiite himself by drawing a hgiirc that 
the process can be canted out in a biiite iiumtier of steps 

' Of the function defined by the new senes 

^ + The word 'usually’ must be taken ae referring to the oaees whioh are likely to eome 
under the reader's iiotioe while studying the less advanced parts of the subject 

t Irenoh, pnitongemriK, Oerman, hirutuung 

i Bueh an aggregate of power eenes has been obtained for vanons funetione by U J M Hill, 
by purely nlgebraical prooeeses, Proc. London Math Soc xxxv (190d), pp 388-416 

II Sinoe each is equal to S 


w M a 
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Stample The senes 
represents the function 


* 4. ' j. 


only for points s within the circle *|-)<»| 




But any number of other power senes exist, of the typo 


o-i (o^* ^ (o + {a -by*"* 


if 6/a IS not reri and positive these Converge at points inside a circle wluch is partly 
inside and partly outside |*|»=|al, these senes represent this same function at points 
outside this circle 


5 801 On funetionn to ukteh Of conttnuatwn proem emnot be applud 

It is pot always possible to cany out the process of contmuation Take as an example 
the function f{t) defined bj the power senes 

+ + +**"+ , 

which clearlj convciiges in the intenor of a circle whose radius u unity and* whose oontre 
18 at the ongiQ 

>ow It IS obvious that M <— 1-0 /(*)— +«>, the point +1 is therefore a 
singularity of fyt) 

But 

and if r’-»i 1 —0, /(»•)-» ® and so and hence thn pointe for which 1 are 

smgularities of/(*) , the point - 1 is therefore also a ainguUnty of /(») 

Similarly since 

/(»)-*•+»•+/(»•>. 

we see that if e is such that ** -i 1, then s is a imgulanty of f (s) and, m general, any root 
of any of the equations 

!*-l, s*-l, il'-l, .«_i, , 

18 a singularity of/(») But these points all be on the cirole |»1=1 and in aoj arc 
of this circle, however email, there are an unhmited number of them The attempt to 
carry out the process of ooutinustion will therefore be frustrated by the existence of this 
unbroken front of viogulantiea, beyond which it is impossible to 

In such a case the function /(z) emnot be oonttmted at allla points z ntuated outside 
the cirole | z |<»! I , such a function is called s lacmiarp ftnetwn, and the circle is said to he 
a frnizfm^ eerde for the fdnebon 

6 51 The tdetiMy of two fanctume 
The two aenei 

1 +x + x* + ** + 

and -1+(*-2 )-(x-2)* + (x-8)'-(*-2)‘ + 

do not both converge for any value of *, and are distinct expansions 
Kevertbeless, we generally say that they represent the same functwn, on the 
strei^h of die &ct that they can both be represented by the same rational 
1 

expreenon j — 
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This raises the question of the identity of two fonctions When can two 
different expansions be said to represent the same fanction t 

We mif^t define a fanction (after Weieistrass), by means of the last 
article, as consisting of one power senes together with all the other power 
senes which can be denved from it by the process of continuation Two 
different analytical expressions will then define the same fanction, if they 
represent power senes denvable from each other by oontmuation 

Smoe if a fnnctioa is analytic (in the sense of Cauchy, § 5 12) at and near 
a point it can be expanded into a Taylor’s senes, and since a convergent 
power senes has a unique differential coefficient (§ 5 9), it follows that the 
definition of Weierstrass is really equivalent to that of Cauchy 

It 18 important to observe that the Imtf of a combination of analytic 
functions can represent different analytic fmctions in different parts of the 
plane This can be seen by considenng the senes 


1 

2 




1 

1 + 


) 


The sum of the first n + 1 terms of this senes is 



z 




The senes therefore conveiges for all values of z (zero excepted) not on the 
circle I r I = 1 But. asn— »ao,|«*|-*0or x"|—»oo according as ] x | is less 
or greater than unity , hence we see that the sum to infinity of the senes is 

s when | * | < 1, and ^ when | * j > 1 This series therefore represents one 

function at points in the interior of the circle J x { = 1, and an entirely different 
function at points outside die same circle The reader will see from § 53 
that this result is oonneoted with the non-uniformity of the convergence of 
the senes near | x | ^ 1 


It has been efaewn by fiorel* that if a region C la taken and a aet of pointa S auch that 
pomta of the aet 5 are arbitrarily near evny point of C, it may be poaaiUe to define 
a fhnotion whioh baa a unique differential ooeffioient (la la monogenic) at all pomta 
of C which do not belong to S, bat the tunotion la not analytic in C m tlm aanaa of 
Wnaetraaa 


Such a function la 

t 


* Pros Math. OeDgrew, Cambndge (UlS). t. pp UT-U8 Ltfnu sur Ut /aneUeas mtmo- 
phu* (1917) Tha fanotirai an not monogenie atnetly m tba aann of 1 8 1 haeanae, m tha 
axam;^ quotad, msnxking eat (/(t •l■lk)-/(<)Hft.lt nuat ha aap p aaaAthat B(a4’k)aadl<t-i-k) 
an not both ntional baotuma. 

7—8 
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6 6 Laubent’s Tbeoreu. 


A veiy important theorem was published in 1843 by Laurent* ; it relates 
to expansions of functions to which Taylor’s Theorem cannot be applied. 

Let C and C be two concentric circles of centre a, of which C is the innei ; 
and let f(z) be a function which is analytic^ at all points on C and C and 
throughout the annulus between C and C'. Let a + A be any point in this 
nng-shaped spare. Then we have (§ .5‘21 corollary) 


/(a j dz, 

^ 2ir%] cZ — a — h 2inJr-z — a — h 


where the integrals are supposed taken in the positive or counter-clockwise 
direction round the circlea 


This can be written 


1 /■ ( 1 h A" /i"+' ) 

/(a + h) (x— a)*'*’ (x—o)’*+‘ (x—o)'‘+‘(x— a— A)J 

■^27n A' A"^' A'‘*'(x-o-A)[‘*^‘ 

We find, as in the proof of Taylor’s Theorem, that 

r /(x)dx.A“+>_ , r fj£)_d£(^ a)^+' 

j c{z — ay‘*^(z — a — h) Jr {z — a — h) k"''' 
tend to zero .ts n — ♦ oo ; and thus we have 

f(a, + }i) — a^ OiA -f a,A* "I" ••• "I" "k "I" ••• > 


wherej a, = ^ and = (x-o)->/(x)rfx. 

This result is Laurent’s Theorem ; changing the notation, it can be 
expressed in the following form : If f{z) be analytic on the conrerUrui circlet 
C and C of centre a, and throughout the annulus between them, then at any 
point z of the annulus f{z) can be expanded ^n the form 

f(z) = a, + a,(z-a) + a,(z-oy+... + ^- 

where ^ii 

An important case of Laurent’s Theorem arises when there is only one 
singularity within the inner circle C, namely at the centre a. In this case 
the circle C can be taken os small as we please, and so I.iaurent’s expansion 
is valid for all points in the interior of the circle C, except the centre a. 


* Sendutf xm, (1843), pp. 348^349. The theorem U c(mtained in a paper which wac 

written bj WeieretraeB m 1841, bat apparently not pabliehed before 1694, Wrrke, i. pp. 61-66. 
t See § 5*2 ooruDary 2, footnote. 

X We cannot write (a)/n 1 as in Tayhnr’s Theorem since f{x) is not necessarily analytic 
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where 


’ll W +*>^i (•*) W + • • 

1 

air j u 


[For the function of g under coneideration is anal} tic in au} domain which does not 
include the point ; and eo by Laurent’s Theorem, 

»/ _i\ ^ 


ehcre 


1 

£frl 




and where C and C are aii} circles witli the origin as centre Taking C to be the circle of 
radius unity, and writing 2 we have 

I 1 ^ , 

. I e««ta< f cos (ntf- 1 Mindxftf, 

Sirf j (t 2ir J 0 

ft* 

sime j 8m(nd~a*smd)<fd \anishefi, as may be seen by writing Sir — ^ for fi. Thus 

and A„-s-( - sin<e the fumttoa expanded is unaltered if - 5 '* l»e written 
for g, BO that i*«( - )•» J, (t ), and the proof is complete ] 

trample 2 Shew that, 111 the aanulus dehoed by | </ j < , r r < ft >, the function 

i _i‘ 

can bo expanded in the funn 


where 


-S.- 


1 1-3 — (g^+g” -1; 


0 ' 


The function le one- valued and analytic in the annulus (see ^9 7;, for the branch-points 
0, a neutralise each other, and eo, by Laurent’s Theorem, il C' denote the circle | : l»r, 
where | a | < r < | li | , the coefficient of x" in the required expansion w 


1 f <lt f & 1 * 

2 >rt 


Putting x—re**, this becomes 

ft, 

2 v 


'JJ's— r-.rftf (l - 


,-4 


arryo 


a*. ill ■ IT ,Z, 8 './' 

the senes being ahaulutely oonvergent and onilbrmly convergent with regard to 6. 

The only terms which give lutegralB diSerent from sero are those for which i’^l+n. 


So the coefficient of x* is 

ft. 


u 


d$ 2 

0 loO 


1.3. . .(«-!) 1.3 ...(M-haa-l) a‘ 


2‘.i' 


8 '"^- (<+»)! V* 
1 


5 , 

“ 6 - 


Similarly it can be shewn that the ooefficieut of — is S,ei^. 



102 


THE PBOOESSES OP AHA1<YB1S 


[chap. V 


&amf)U 3 Shew that 

t^*w=a^+att+a,^+ +^ + ^+.. ^ 

where ®«=J 

J 0 

and ii,=i J^«(«+^"**ooe{(i -«)Bind-*id}<<fl 

6 61 Tin nature of the nriffulanliee of one-valued functums 

Consider first a tunction f(e) which is analytic throughout a closed 
region 8, except at a single point a inside the region 

Let it be possible to define a function ^ (x) such that 
(i) <(> (e) IS analytic throughout 8, 

( 11 ) when s ^ a. /(X) = (X) + ^ 4 4 4 

Then f(t) is said to have a ’pole of order n at a’, and the terms 

B B * B 

j— ^ 4 4 + called the principal part of / (x) near a 

By the definition of a singulanty (§ 5 12) a pole is a smgulanty If n ^ 1, 
the angularity is called a simple pole. 

Any singulanty of a one valued function other than a pole is called an 
essential singularity 

If the essential smgulanty, a, is isolated (i e if a region, of which a is an 
intenor pomt, can be found containing no singulanties other than a), then a 
Laurent expansion can be found, m ascending and deecendmg powers of a 
vahd when A > | x — a | > S, where A depends on the other smgulanties of the 
function, and S is arbitranly small Hence the * principal part ' of a function 
near an isolated essential smgulanty consists of an infinite senes 

It should be noted that a pole is, by definition, an isolated singulanty, so 
that all singulanties which are not isolated (eg the limiting point of a 
sequence of poles) are essential smgulanties 

There does not exist, in general, an expansion of a hinotion valid near a non isolated 
Bingalanty in the way that Laurent’s expansion is valid near on isolated singularity 

Corollary K f(t) has a pole of order • at a, and iKx)—(*-o)»/(s) (s^a), 
'^(a)>= liin then ^(s) » snolytio at a 

Sxamplt 1 A function is not hounded near an isolated essential singulanty 

[Prove that if the function were hounded near i •> 0 , the ooeffioiaats of negative powen 
of f-u would all vanish ] 
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e g 

SxampU S Find the singutantiea of the fiuiction <**■>/{«* - 1} 

At esciO, the numerator u analytic, and the denominator has a simple zero Hence 
the function baa a simple pole at z—0 

Similarly there is a simple pole at each of the pomta Sniria (n» ^1, ±2, ±3, ), the 

denominator is analytic and does not vanish for other valuee of t 

At zoo, the numerator baa an isolated singularity, so Laurent’s Theorem is applicable, 
and the coefficients in the Laurent ezpaosion may be obtauied from the quotient 


which gives an expansion involving all positive and negative powers of (z — a) So there is 
an essential singularity at i^a 

Example 3 bhew that the function defined by the scries 

" (a +«->)* -1} 

.1 (z*-ntz" (!+»->)•} 

has simple poles at the points z=(l (t»0, 1, 2 «— I , a=>l, 2, 3, ; 

(Math Tnp 189<») 

6 62 The ‘point at vnfiniiy ' 

The behaviour of a function /(z) as i z — » oo can be tri'ated in a aiinilar 
way tu its behaviour as z tends to a finite limit 

If we write e=\, so that large values of z are represented by small 
£ 

values of s' in the z'-plane, there is a one-one correspondence between 
z and z', provided that neither is zero, and to make the correspondence 
complete it is sometimes convenient to say that when z is the ongm, z is 
the ‘ point at infinity ' But the reader must be careful to observe that this 
18 not a defimte point, and any proposition about it is really a proposition 
concerning the pomt s' » 0 

Let /(*)“ ^(z^) Then ^(z') is not defined at z'**0, but its behaviour 
near s' >= 0 is determmed by its Taylor (or Laurent) expansion in powers 

of z' , and we define ^ (0) as lim ^ (z') if that limit exists For instance 

« 

the function ^ (z') may have a zero of order m at the point z' = 0 , in this 
case the Taylor expansion of ^ (z') will be of the form 

» Az* + Bz'"+> + Cz^* + .. . 

and so the expansion of /(z) valid for sufficiently large values of { z | will be 
of the form 

Ip this case,/(z) is said to have a zero of order m at ' infimty ‘ 


6 

*■* zr5''’2’(z-o)»'*‘ 

)- 
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Again, the function ^ (/) may have a pole of order m at the point 
in this case 


*(y). 


z'«' />»-• 


G 


+ . + ^ + if + Ar^' + Pa'«+..., 


and so, for suflSciently large values of \z\, f{z) can be expanded in the form 

N P 

/(*).= + Cx™-* + ... + lx + JIf + j + ^. + . 

In this case,/(x) is said to have a pole of order m. at ‘ infinity ’ 

Similarly J (z) is said to have an essential singidanty at inhnity, li <f>{z) 
has an essential singularity at the pumt / s: 0 Thus the function e' has aii 

I 

essential singularity at inhnity, since the function e‘ or 

has an essi ntial singularity at x =0. 

EjampU OisLuss the funttiim represented by the senes 

Ihe function ropresenU'd by thi« sotks has %uiguUnties at and — ^ 

(» = 1 2« si, ), silica at each of thoie p(nnt<< the denominator of one of tin terms m the 
^ries i<« 7ero 1 hese sinj^uUnties irc on the imaginary axis, and h im ^ Oasa limiting 
lv)iDt so no Taylor or Liuront expumion can be fonned for the fimction valid throught>ut 
aii> region <.it which the origin ib in interior ^loiiit 

Foi \alues of other than these singnlanties, the senes converg(>4 abHolutely, «uDce the 
limit of the ratio of the ^n+ l)th term U> the ath is luu (n+ 1)“*^ The functum is 

in c\on function of * (i e is unchanged if the sign of r be changed , tends to /eio as 
-*>x , and IS analytic on and outaide a circle t of radiuh gieater than unit} and centre 
)t the origin »So, for points outside tliH circle, it can be expanded in the form 

- +**+-'+ 

wheic, by Luurent^a Theorem, 

i / *“ ' S 

f H 0 n ’ « 

» a-»"«^-i * * * a ** m. 

^OW 2 ,/ a«-7 * 2 . ( ^ 

,««nWa-*+r*) n_o«.o «* 

This double senes cunvciges absolutely when x |> 1, and if it be rearranged in powers 
>f « it conyciges uniformly 

■r 

' * and the only term which fui nishes a non 


Since the cocAcieat of S 
»-o 

rero integral is the term in we have 


. f_)»-i 

n ' 


n 1 r 
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Therefore, when 1 2 | > 1, the function can be expanded in the form 

* ± ‘ 

«<•* e"* .e®‘_ 

2 - 2 * 2 * 

The function hue a zero of the second order at inhnitj, since the expansion begins with 
a term in 


6 63 LiotTv ibLx’s Theorem • 

Let f{z) be analytic for all valaei of z and let f(z) <K for all values 
of z, uhere K 11 a constant (iO that /(z) is hounded as z —* x ) Then 
J(z) IS a coHitaut 

Let z z' b( any two jioints and let O be a contour such that z z are 
fnsidt It Then b\ § i 21 

tiki f' to be a ciroh whose centre is 2 md whosi radius is p>2 z —z , on 
C write + since f — 2 wrhin f is on C it follows from § 4 62 

that 


1 / 2—2 
^ 2r- ' 0 ip 
= 2 2 - 2 I A>- 


A 


dd 


Mike p— * X , keeping 2 and 2 ' fixed then it is obiious that/(2')— /( 2 )s= 0 , 
thit IS to sat, /(z) Is const int 


4 s will U seen 111 the riixt article, ml igaiii fiunienth in tin litter half of this 
toluiuc I hapUiH XX, XXI and xxii), Lioutilles theorem furnishes short ind eonienient 
pionfs of Home ol the most import iiit is suits 111 4 nalv sis 


564 Functions with no essential singularities 

We shall now show that the only oae-nalued functions vhich have no 
singularities enejit /roles at any point (tneludinq x ) are rational /unctions 
For let f (z) be such a function let its singul irities in the finite jsirt 
ol the plane be at thi points t, e. Cs and let the piincipal part (| 5 61) 
ot its expansion at the pole Cr be 

I H 

Z-Cr (2-C,)''^ ■^(X-C,)"’ 

Let the principal part of its expansion at the pole at infinity be 
0,2 + Oi2’ d I- 0„2" 

if there IS not a pole at infinity then all the eoefticients in this expansion 
will be 2 cro 


* Tins theoiigin, which is realW duo to Caneh;, Vimplu Rciidiu, xix (1844), pp 1877, 1878 
was given this name by Vorchardt, Journal for Uath nxxxiiii (1880), pp 277-dlO, who heard it 
m IiiouMlk s lecturas in 1847 
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Now the function 

has clearly no singularities at the points c,, e^, . . Ct, or at infinity , it is 
therefore analytic everywhere and is bounded as { s | — » oo , and so, by 
Liounlle’s Theorem, is a constant , that is, 

where C is constant , / (t) is therefore a rational function, and the theorem is 
established 


It IS evident from Liouville’s theorem (combined with § 3 61 corollary (ii)) 
that a function which is analytic everywhere (including ao ) is merely a 
constant Functions which are analytic everywhere except at oo are of 
considerable importance, they ere known as vntegral functumi* Examples 
of such functions are if, sm z if’ From § 5 4 it is apparent that there is no 
fimte radius of convergence of a Taylw’s senes which represents an integral 
function , and from the result of this section it is evident that all mtegral 
functions (except mere polynomials) have essential singulanties at ao 

B7 Many-valued funettons 

In all the previous work, the functions under consideration have had a 
unique value (or limit) corresponding to each value (other than singularities) 
of s 

But functions gray be defined which have more than one value for each 
value of « , thus if X = r (cos + 1 sin $), the function z^ has the two values 

r*^cositf + »8inj r* |cc» J (ff + 2w) + 1 sin J (tf + S7r)| , 

and the function arc tan x (x real) has an nnhmited number of values, viz 
Arc tun x + nw, where — , w < Arc tan x<^ir and n is any integer, further 
examples of many-valued functions are log z,z~^, sin (z^) 

Either of the two functions which s* represents is, however, anal 3 rtic 
except at X ■■ 0, and we can apply to them the theorems of this chapter , and 
the two frmctions are called ‘branchee of the many-valued function xA’ 
There will be certam points m general at which two or more branches 
comcide or at which one branch has an infinite hmit , these points are called 
* branch-points ’ Thus x^ has a branch-point at 0 , and, if we consider the 
change in as x describes a circle counter-clockwise round 0, we see that 0 


VtmeiiffmetuntiMT*, Oanasa, taut fuxktvm 
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increases iw, r remams uncJiaDged, and t/tiher hraTxch of the fimUon pasaea 
over info tA« other branch This will be found to be a general characteristic 
of branch-points It is not the purpose of this book to give a full discussion 
of the properties of many-valued functions, as we shall always have to 
consider particular branches of functions m regions not containing branch- 
points, so that there will be comparatively little difficulty in seeing whc ther 
or not Cauchy’s Theorem may be applied 

Thus we cannot apply Cauchy a Theorem to each a fuhction as <1 when the path of 
integration la a oircle aorrounding the origin , hut it la peituiasible to apply it to one of 
the blanches of when the path of integration la like that shewn m ^ 6 84, for through- 
out the contour and its interior the function has a single dehnite value 

example Prove that if the difierent v^uea of a', corresponding to a given value of >, 
are repreeented on an Argand diagram, the representative pointa will be the vertices of an 
equiangular polygon inscribed in an equiangular spiral, the angle of the spiral bemg 
independent of a 

(Math Tnp 1899) 

The idea of the difierent branehet a! a function helps us to understand such a paradui 
as the following 

Consider the fimction V=^, 

for which ^•■*'(l+log») 


</v 

When X is negative and real, ^ is not teal But if x u negative and of the form 
^ (where p and g are positive or negative integers), y is real 


If therefore we draw the real curve 

y-a*. 

we have for negative values of x a set of conjugate points, one point oorresponding to each 
rational value of x snth an odd denominator , and then we might think of proceeding to 
form the tangent as the limit of the chord, just as if the curve were continuous , and 

thus when derived from the inchnation of the tangent to the axis of x, would appear 
to be leaL The question thus anaee. Why does the ordinary prooeea of ditferentution 
give a non real value for The explanation is, that these ooiqugate pomts do not all 
arise from the same breauk of the function y>=x* We have in hot 


y_^loswM*m«^ 

wlfcrs k IS any integer To eaoh value of i ootrasponds one bnnoh of the Ainotion y 
Now in order to get a real value of y when x is negative, we have to dmoae a auitaUe 
value fbril and Haa voiua cfk eanai aamgo from ow eon/ugate petar <o ge eij^eeiw t one 
So the oomngate points do not represe n t valuee of y anung fiom the same branch of the 

fonction y»x*, and oonaequently we cannot er^ect the value of ^ when evaluated 

for a defimte brsnoh to be given by the tangent of the molinatioii to the axu of x of the 
line jaming two arbittanly cloaa membara of the eenee of oonjiigate pomta. 
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Ml^CFLL4^^0^ S EwMPLLS 

1 Obtain the expansion 

/<-)., (•r)+‘rf '"(■r)* }• 

Slid detemiine the circtitnst<iiKCs ind range of its \alidity 

2 Obtain, under sutiabk ciicmnstouces the ex]>ansion 



1"'' 

I* — a ' 

2m 

!■+ +/ 



l« 1 

■+’ 

1 , 

2m J 

J 


("'iTJ 


i-' 

.-a)( 

2m 

+r" 



(ore>,d;tn of Math (2) i (1900), p 77) 


3 bhei\ th vt for the series 


1 

• + 


the region of Lonvcigonce conaistn of tA\o distiiut arevt, namely outside and inside a ciiok 
of rddius unit} and thU in each of these Ui< stnos represents om function and ropxsonts 
it completeh 

(A\eierstrAS8, JBcr/mc/' i/onaf«6^ncAfc, 1880 p 711 (nn (1895), p 2Si7 ) 

4 Shew that the function 

2 «• 
n «> 

tends to infinity as (2iriplm ) along the i idiiLs through the point , where m ib aii^' 

integer and p takes the a dues 0, 1, 2, - 1) 

Deduce that the function cannot lx continued beyond the unit circle 

(Lercb, Bvhm Aead, 1885-G, pp 671 '>62) 

5 Shew that, if 1 is not a (Kisitive real number, then 

J-* .%*.;■>- 

(Jaiobi and Soheibner ) 
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6 Shew that, if I ih not a poaiti\e real number, then 

(1-0 — 

+ ”L("i+ ’ ) (I - *1- f V (1 - 0” ‘ * 

>* J b 

(Jiicobi Aii<) S(liei)>nct ) 

7 Shew that, if 2 and 1 - 2 are not iie;;ativo real numbers, then 

J ff 7/4+3 (171+3^ (7/i + iJ// — Jy J 

+ (, _^) - i <0 4 

' '' (»l+l)(»*+ 3 ; l» + 3 {»-lyJo 

^Tacnbi and Sclnibtier) 

8 If, 111 the exp<insinn nf hy the multinomial tbioum, the leniaitider 

after n. terms bo diMiotod b) (?>, v> that 

(a+ui*, +-aj2-)"‘*jl(,-fili2+^j*.®+ +^J„_ ic"'* + ft* s^z\ 


hhc\i that 


9 If 




(ScIk ibner 


(o« 


j fa„+U|<+a.f'‘ "rf^ 

J 0 


filMnded in nw ending jHinorH <if : in tbn form 

l,.-f 1..-^+ . , 

show that th( toinauidcr aftoi « - 1 torui'* w 


(«o+MiJ + ajr'i ~ ‘ I 
I 0 

10 hlieiiv that the hoiios 


+ 2/rt + /tt 1; y.aU.it' f ‘ '(It 

^'^rhoihlior* ^ 

wo ®A 


whore 




and where 0 (c) i«i anal} tii neai r «-0, is comiugent nov the {nutit r—O ind shovi thitif 
the sum of the senes W donnt^'d b> /vz), then f\z) satishee tiu diBtroutial equation 

/ (r)=^ir'-0(;) 

CPimherU, rftt X//<c</ (“»l, \ ^18%), j» 27 ^ 

11 Show that the arithmetic mean of the squares of the moiluh of all the > allies of 

«p 

{he senes on a circle |£[^r, situated within its circle of comergence, is equal 

fl 0 

to the sum ot the squares of the moduli of tbo sejwiratc terms 

(Gutmior, Ann XiXil (1888), pp '■»9b-600) 


* The results of examples 6, 6 and 7 are special cases of formulae contained m Jacobi s dis- 
sertation (Berlin, 1826) published in his Of* fferk*, in (1864), pp. 1>44 Jacobi’s formulae 
were generalised hy Soheibner, Lnpttger Btrtfhtfj n.^ (1898), pp 482-448 
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12 Shew that the eenes 


■fi 

conveigee when | < | < 1 , and that, when a ><^ the ftinotion which it repreaente can alio 
be repreaented when | e { < 1 by the integral 

/a\^ [“ tU 

\*} h 


and that it hae no smgulantiee eztept at the point 2 =^ 1 

(Lenh, McmaUktftt fvr Math und Phj/t vui ) 


13 

2 


Shew that the aenea 

(*+*-•)+- 3 1(1— _ 2, «■) (a» + 2r «)• ■'■ (1 - 2i> - Sr /- > lyTa*- + 2r z" ' t )•} ’ 


in whioh the aummation extends orer all mtegial values of v, s', except the oombinatiun 
{»=0, *'=0), oonreiges absolutely for all values of s except purely imaginary values , and 
that its sum is + 1 or - 1, according as the real part of s u positive or negative 

(Weientraas, Btrlmer Monatibtnehte, 1880, p 738 ) 


14 Shew that sin |it ^ expanded in a senes of the type 

. b, b, 

ao+o,*+<i,r*+ +‘ + '^+ , 
in which the coefficients, both of a* and of s"*, are 


16 If 



Bin (2u ooe 8) cob ad dS 


SMl 


s» 

»»st+o«’ 


shew that/(s) is finite and continuous for all real values of t, but cannot be expanded as 
a Maclaiirm’s senes in ascending powers of s , and explain this apparent anomaly 

[For other oases of failure of Maclaunn’s tbeorran, see a pcetbumoue memoir CelMner, 
Bull <ht So. Math. (2), xiv (1890), pp 146-699 , Lenh, Journal fUr Math am (1888), 
pp 126-138 , Pnngshsiin, Math Ana zui (1893), pp 163-184 , and Du Bois Beymond, 
Munehmer SUtungthenehte, Ti (1876), p 236 ] 


16 If /(s) be a eontmuout one lalued function of t throu^out a two-dimensional 
region, and if 

J^/(x)d.-0 

for all closed contours C lying inside the region, then /(s) is an analytic function of s 
throughout the intenor of the region 

[Let a be any point of the region sod let 

It follows from the data that /^(s) has the unique denvste /(r) Hence /'(s) is 
4»4l7fr6 (S 8 1) and so (^ 5 22) its denvate /(s) is also analytic This importaot oonvene 
of Chilly's tfaeomm is due to Horers, BundtootUt dd £. Id. Lombardo (JTiImio), wti. 
(1889), p 191.] 



CHAPTER VI 


THE THEORV OF RESIDUES , APPUCATION TO THE EVALUATION OF 
DEFIMHE INTEGRALS 


6 1. Residues. 

If the fimction f(js) has a pole of order m at z = a, then, by the definition 
of a pole, an equation of the form 


where <f> («) is analytic near and at a, is true near a. 

The coefficient a_, in this expansion is called the residue of the function 
f{t) relative to the pole a 

Consider now the value of the integral j f{e)dz, where the path of 

mtegration is a circle* a, whose centre is the point a and whose radius p is so 
small that ^ (e) is analytic inside and on the circle 

We have [ /(*)dt= X a_ f *rw+f 
J t r-l J m\e—U) J t 

Now j ^(r)dr — 0 by § 5 2, and (putting r—o«»pe^) we have, if r^l, 
But, when r = 1, we have 


f = f*’ tddss27n 
J.r-u Jo 

Hence finally j /'(r)<f» = 27r»o_,. 

Now let C be any contour, containing in the region intenor to it a number 
of poles a, b, e, ... of a function /(*), with residues a_„ 6 _,, e_i, ... respec- 
tively and suppose that the function /(«) is analytic throughout C and its 
interior, except at these poles 

* Surround the points a, h, c, ... by circles a, /9, 7 , ... so small that cheir 
respective centres are the only singularities inside or on each circle , then the 
function /(z) is analytic in fhe closed region bounded by (7, a, /3, 7 , .... 

* Tbs esiBfcenoe of BBoh & ouoU u unplud in deflnitMA of % pole m m 
aiagaHMiitj, 
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Hence, by § .5 ’2 corollaiy 3, 

da = j f(z) /(^) d^+ — 

= iiria^i + 27ri6_, + .... 

Thus yre have the theorem of residues, namely that if f{z) be analytic 
throughout a contour C and its interior except at a number of poles inside the 
contour, then 

f f{z) ds “ 27riS72, 

J c 

where 2J? denotes the sum of the residues of the function f{z) at those of its 
poles whudi are situated within the contour C. 

This is an extension of the theorem of § o'2] . 

Mote. If a is a simple jiole of f(ej the roaiduc of / (;) at that pole is hm ((. - a) fit)]. 
6’2. The evaluation of definite integrcds. 

We shall now apply the result of § (>T to evaluating various cln.sses 
of definite integrals ; the methods to he employed in any particular case may 
usually be seen from the following typical examples. 


6'21. The evaluation of the integrals of certain periodic functions taken 
between the limits 0 aitd 2tr. 


An integral of the type 


J* R (cos 0, sin 0) d6. 


where the integrand is a rational function of cos 0 and sin 0 finite on the 
range of integration, can be evaluated by writing = since 

cos 0=e}^(z + z-'), sin 0 - ^z - z-'), 

the integral takes the form J S{z)dz, where S{z) is a rational function of z 

finite on the path of integration C, the circle uf radius unity whose centre is 
the origin. 

Therefore, by § 6T, the integi-al is equal to irri times the sum of the residues 
of S {z) at those of its poles which are inside that circle. 

Example \. IfO<y<l, 


/•*' de __ f * 

Jo l—SpaosS+f^'^ 


The only pole of the iutegiand ineide the circle is a simple pole at p ; and the residue 
there is 

.. z-p 1 
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/rr--i 


d6 2ir 

^COfl tf+p*” 1 


^ Example fL l(0<p<\, 

f -A* 1 

Jo 1 -2/>cor^+^ 2 ) (1 -;m*) (J -p»“*) 

=-2ffSV2, 

>ivhere 2Jt douotes the euiu of the reoiducs of . . at ite pules inside C, th^ 

}x.Ie8 areO, -pi, pi. and the residues at them are -1+^+^^, ’ 

and hence the lUt^al is equal to 

ir(l-p+^) 

, 1-P 

BMumpleS If n lie a pirtitne integer, 

.«“»ios(«d-sin^ e»>sin (nd-aind)<f0~O 

Juamp/e 4 Jf«>/»>0, 

P» lie _ 2tra /»» dfi _ a(8^+&) 

o+bu»6'^ ’0 (ii + hviM*Sy u^(a+6)® 

622 The evaluatMii <tf ceitmii types of vtUgraU taken between t/ie limits 

— 00 am/ +00 

We bhall now tvaluate j Q(j}d3, where is a iunction such that 

(i) It IN analytic when the iiiiaginaiy part of z is jiositive or zero (except at a 
hintc uniuber ol poles), (ii) it h,i8 no poles on the leal axis and (m) as z —r » , 
zQ(z)-+0 unifonnlj toi all values of argz such that O^arga^tr. provided 
that (iv) when r is real, xQ{x)—>0, as a:— »±i», in such a way* that 

j Q (ar) da- and J Q (or) d® both conveige , 

Given f, we can choose p, (independent of argz) such that |zQ(z)|< ejor 
whenever | z | > p, and 0 < arg z § w 

Consider J <j(x)dz taken round a contour G consisting of the part of the 

real axis joining the points ± p (where p > p„) and a semicircle P, of radius p, 
having its centre at the origin, above the real axis. 

«Then, by § 6 1, j Q{z)dz = 2<in££, where SR denotes the sum of the 
residues of Q (z) at its poles above the real axis-f- 

* The oonditaon zV (z) -»0 is not in itseU isafficisnt to foeure the eonveigenee ol J Q \x) ilz , 
eoozider Q (z) = (z log z)~i 

t Q (z) hu no polos above the ml axis ontude the oontonr. 
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Therefore Q(t)dz — 2inSfi j “ j J Q (*) il* | 

In the last integral wnte z = pj^, and then 

j Q (z) dr j = 1 1 ’ Q (pe-) pe-.dd | 

<j\th)de 

by §462 

Henoo hm /" Q(z)dz — iuctS,R 

p-r^ J -p 

But the meaning of | Q{x)dii; is Inn | Q(x)dx, and since 
J -• p 9-^ce J -p 

km f Q(x)dx and lim f Q (x) dx both exist, this double limit is the 
same as lim | Q(x)dx 

»-»"• J ~p 

Hence we have proved that 

f Q(x)dx—2mSll 

' oOO 

This theorem is particularly useful in the special case when Qfs:) is a 
rational function 

[Nota Even if conditioQ (iv) is not utis&ed, we still have 

/ {6 (*) + 9 ( ■ *)} df"” km 6(r}ds=Sir(SijC.] 

J « »-»«> J -p 

Svampte 1 The only pule of in the upper half plane is a pole at z—t with 

3 

residue there Theiefore 

lO 

Example 2 If a >0, 6 >0, shew that 


/■“ x*d^ ^ w 

'-•(a+ia*)* 16(»*6* 

Example 3 By integrating je-^dz round a parallelogram whose corners ate 
— R,R, R+ai, -B+m and making R-e-m, shew that, i!\>0, then 

j e ***cos(2\o*)<f»=«-*«'^ 2X ie-**' j e-^dx 


6 221 Certain infinite integrale involving nnet and eoetnee, 

If Q(z) satisfies the conditions (iX (ii) and (ui) of § 6‘22, and t» > 0, then 
Q(r)e™^ also satisfies those conditions 
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Hence f + Q (—»)«■"“) d® is equal to 2vCS,R', where EB* 

J 0 

means the sum of the residues of Q (s) e*" at its poles in the upper half plane , 
and so 

(i) If Q (x) 18 an even function, i e if Q (— ®) = Q (®), 

I Q(®)cos(nu-)d® = vrtSB 
Jo 

(ii) If Q (®) IB an odd function, 

[ Q (x) sin (mx) dx = irSB 
J 0 

6222 Jordan’s l»mma* 

The results of § 6 221 are true il Q (s) bt subject to the less stringent 
condition Q(s)-*0 uniformly when O^argzsw as — »oc in place of (he 
condition xQ(x)—oO uniformly 

To prove this we require a theorem known as Jordan s lemma, viz 

//<3W-»o unifuindy with regard to argzos \t\—*<x when 0^arg2<ir, 
and t/Q(e) u analytic when both | z | > c (a constant) and 0 ^ arg z $ ir, then 

lim ^ j Q (s) d^ m 0, 

where F u a semicircle of radius p above the leal axis with centre at the origin 
Given «, choose p, so that | ^ (z) | < e/ir when { f I > p, and 0 ^ arg z < ir , 
then, if p > P(, 


\L 


^(iiz)dx\ 


■I/; 


^iniipaoif+vnDf Q(pe»»)p(.'»|rfP 


But 1 I « 1, and so 

j J Q (z) dz j < IJ (z/tt) per 

- <2«/w) I*' pe-’^“»» d0 
Now sin 6 ^ 2d/ir, whenf 0 S d $ J w, and so 

I Q (z) dz j < (2c/Tr) [' pe-^i'dJd 

\ = (2e/ir) (ir/2n») j^— 

<tjm 

* Jordul, C«Kr> d*Analy»€, iz <1804), pp 285, 286 

t This inequalitj appears ohrioun wbsa w# draw the graphs v-su>«, y=8x/r , it may be 
prosed by shewing that (sin P)/d deereases as 0 inoreases from 0 to ^ 


a— 2 
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Hence lim f Q (*) de = 0. 

p ^ r 

This result is Jordan's lemma. 

Now 

r {e*" Q(x) + Q (- «)} d® = 2viSB' - f 6*“ Q (z) dz, 

Jo J i 

and, making p—*x! , we see at once that 

[?”"* Q (a,) + Q (— it )) dx = iiriHR, 


/ 

i <1 


which IS the result corresponding to the result of § 6’22l. 

JSxnm.}iU.\. Shew that, if u>0, then 

f* cos* , IT 

P+^.-^=2a'"" 

Example 2 Shew that, if a > 0, A > 0, then 
/■• c<m2<u--cos2&i 


• <ie=ir (b—a) 

j « - 

(Take a euntour coinuiting of a large Beimcirrlu of radius p, a small semiuiUe of 
nuUua S,hoth having their eeiitrea at the origin, and the parts ut the leal axis joining thuir 
ends , then make p-*- » , t-^0 ) 

JEzample 3 Shew that, if i > 0, w ^ 0, then 
/** a* ire"*st 

Example 4. Show that, if it > 0, a > O, then 

/ ” ram ax , , ^ 

. r.+I« 

Example 5. Shew that, if m ^ 0, a > 0, then 
Bin mx 

(Take the contour of example 2.) 

Example 6. Show tb t, if the teal port of « be positive, 


f •* Bin ■— _ 

Jn x{x’+a’y‘ ~2a* 4a’ 


(’"+5 


(«■ 


-log*. 


[We have 


lini 1 


f'r-dtl 


j* * j 

< t 1 

lim 1 

f* , 

-- *- 1 

f”— d«| 

•-^0, p-*-® 1 

]• * j 


Um i 

7.“-;-*- 




/p ^ J 


since t"' e”* ip analytic inside the quadnlateral whose comers are d, pz, p. 
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6 - 23 , 6 - 24 ] 

Now t~‘e ‘dt •^0 as p-^to whw It (z)>Of and 

/ 9e flz 

^ rf<«i log £-/ rfr-^loge, 

«iTirp t“* (I — e"*)-*-! aa 


6*23 Pnwnpai voluu of vnUgrali, 

It was assumed lo 6 22, G 221, 6 222 that the function Q {x) had no poles on the real 
axis , if the function has a finite number of nmplc poles on the recil axis, we can obtain 
theorems corresponding to those already obtained, except that the integrals are all principal 
values 4 5) and 2A has to bo replaced by SA+|Z/fo, wheie Si8o means the sum of 
the residues at the poles on the real axis To obtain this result we see that, instead of 
the former coiituui, we have to take as contour a circle of radius p and the portions of Uie 
real axis joining the jMuntH 


— p, a— o+ii, 5 — ^ 

And small semicircles above the real axis of radii 3], 5^, with centres a, fr, c, , where 
Cl, 5, c, are the iioles of Q ^ 2 ) on the real axis , and then we ha\e to make 3|, -*-0 , 

call these semiurcles yi, Then instead of the equation 


j + ^i£)fife=s2»rt2/f, 

weget P ^(r)cfo+S Imi f ^(z)dt-+- f 

I fi nSn-^Jyn fl 

Let n* lie the lesidue of at a , then writing on yi ae get 

j (I{z)d*=ai ^^a+5,e**) 

But 3] a uniformly as and therefore lini / Q(z)dg= - trta' t 

we thus get 

^{z)dg+ 2»ri2/lf + w»S/fo» 

and hence, using the arguments of ^ G 22, we get 

P j $(x)(i£=2Tr» (2/f+j2/2o) 

The reader will see at once that the theorems of 6 221 , 6 222 have precisely similar 
generalisations 


The procoM employed aliovc of inserting arcs of small circles so os to diminisli the area 
of the contour is called mdentinff the contour 


/ 6 24 Evaluation of integrals of the form Q {as) dx, 

• ' 0 


Let Q(d;) be a rational function of x such that it has no poles on the 
positive part of th& real axis and sPQ{x)^0 both when and when 

ai-<^co . 
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CoDsider <2 (a) taken round the contour 0 shewn in the figure, 

consisting of the arcs of circles of radii 
p, h and the straight lines joining their 
’"d noints ; (— is to be interpreted 


\^L* 

BS 

and 


exp{(o-l)log(-«)j 



log (- s) = log * I + 1 arg (- *), 
where — 7r<arg(-r)s:ir; 

with these conventions the integrand is 
one-valued and analytic on and within 
the contour save at the poles of Q (z). 

Hence, if 2r denote the sum of the 
residues of (— Q (*) at all its poles, 

j (— z)»”’ Q (e) dz = STirSr, 

On the small circle write — z=Se", and the integral along it becomes 
—j (— ifQlz)idd, which tends to zero as 5— »0. 

On the large semicircle write — * = p^, and the integral along it becomes 
— J (- z)* Q (z) id0, which tends to zero as p— » oo . 

On one of the lines we write — z = a»**, on the other — z = as”" and 
(— z)*~’ becomes a®-' 

Hence 

lim P — d®= 27r»Sr ; 

and therefore ( a*~’Q(a!)d.'i: = 7rco8ec((Hr)2r. 1— 

^ n 


Corollary. If Q(<r) have a number of simple pules on the positive part 
of the real axis, it may be shewn by indenting the contour that 

P jz*~' wcosec(ow)2r — ircotfieir)?!^, 

where Sr' is the sum of the residues of z*~‘ Q(z) at these polesi 
il. IfO<a<l, 
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6 - 3 , 6 * 31 ] 

EaamfU^ IfO<;r<land -«■<&<«, 

. «+>*“ »n« (Minding) 

Sammple 3. Shew thet, if - 1 < < <3, then 

Jo (!+**>' 4coH4ir« 

HxampU 4 Shew that, if - 1< /><; 1 and - «r < X < ir, then 
/” x->ds ^ w Hinp\ 

Jo 1 +2a;co<iX+**“inn/>ir emX ^ uer; 

6 ' 3 . Cauehj/’t integral 

Wo ehall next duouaa a claea of lontoiir iDtegralg which are eometimee found useful 
in analytioal investigations 

Let C be a contour in the s plane, and let f{t) he a function analTtic inside and on C 
Let 0 (s) lie another function which ih analytic inside and on C except at a finite numlier 
of poles , let the zeros of ^ (o) in the interior* of f he it], oj, . , and let their degrees of 
multiplicity be ri, rj, , and let its poles in the interior of f be i,, , and let their 

degrees of multiplicity be Oj, 

Then, by the fundamental theorem of residues, i / f(jc) ^ <fe is equal to the sum 

ziri j c *p (*/ 

of the rcsiduoR at ita pulea inside V 

J?ow ean have singularities only at the poles and zeros ol ^(r; Near one 

VW 

of the zeros, say a,, we have 

0(z)-= (z-c«i)r, + E(»-j,;c, + l + . 

Therefore («)«=drt (s— (ri + l)(z-o,)ri+ , 

and /(<)=/{<»i)+(*-<»i//' («i)+ 

Therefore ~ ** “i 

Thus the residue ,>f , at the point z—o, , is r,f (a,) 

<pW 

Similarly the residue at t=i| is — Si/(^), for near z— 6i, we have 
^(z)=0(z-4i) •>+7)(z— 6i)-»i+i+ , 

and /(*)»/((>i)+(»-bi>/'(bi)+ . 

f d- 18 analytlo at fii 

^(z) z-6, 

2 ^ / - *'■/(*>)> 

the summations being extended over all the zeros and poles of ^ (z) 

6 ' 31 . The number of note of an egvation contained within a eontoui. 

The result of the preceding paragraph can be at onoe appbed to find how many roots of 
an equation ^ (z}=0 he snthm a contour C 

For, on puttmg/(z)— 1 in the preoeding result, we obtain the result that 


±[ me 

iwi J c ^(e) 


IB equal to the excess of the number of zeros over the numbea of poles of ^ (z) oontained in 
the interior of C, each pole and zero being reckoned acmnding to its degree of multiplicity 
* f (z) must not have any zeros or poles on C. 
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Example 1. Shew that a polynomial (t) of degree m has m roots 

Let ^(2)*Bauaf*+ai^“^4-...+0|»» 

. «'(«) OT<V-*+. +0,-1 

+a„ ■ 

Consequently, for largo values of 1 2 1, 

4,(z) 

Thus, if C be a circle of radius p whose centre is at the origin, we have 


But, as m § 6'S2, 




as p-s-oe ; and hence as ^(2) has no poles in the interior of C, the total number of 
zeros of ^ (2) is 

, I f <l> (2) , 
h*u n I ^,,“ 2»m 
2tnjc<t>(t) 

Example S. If at all points of a contour C the inequality 

(aj2*|>|au+a,2+. +at_,2*-<+ai^.,2**' + ... + a„s" 

IS satisfied, then the contour i oiitaina i mots of the equation 
0„2“ + 0„.i2"-' +. +Uj2 + O„=0 
Forwnte /(2)a>o^"'+o„. 12”'* + .. . + 8,2+00 

Then /(,)==„^(l+?2f!L+ + ••!.+“») 

=“i**(l+ 

where | (7 ; ^ a < 1 on the oontour, a being indeperideiit* of a 
Therefore the number of roots of f(e) contained in C 


“Swtjr/ie) * inijr\‘ 1+t^ 

/ <b 

^ — = 2jr» . and, sinoe 1 £7 , < I, we can expand (1 + £7) ' • in the uniformly con 

l-C+r7-£72+.. , 


vergent senes 


Therefore the number of roots contained in C is equal to t. 
Example 3. Find how many roots of the equation 

^+62+10=0 

lie ID each quadrant of the Argand diagram. 


(Clare, 1900.) 


* 1 1/ 1 12 a eontmueus fUnotion of 2 on C, and so attauia its upper hound (| 8*63). Hence its 
upper bound a must be less than 1. 
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6*4. CofKMXwa between the zeros of a function and the zeros of its denmie 

MacdoD&ld* haa ahewn that \f f{t) be afvnction of z anal^ttr throughout the vntenor of 
a trnqlr closed contour C, dr/med by the equation f{z)\^M^iikerf M tea conetantt then t^ 
number of zeros of f{z) %n this reqior ertecds the number of zeroi of the derived funcHon 
f (z) in the sanu regwn by umt^ 

On C let f{z)ssMe^^ then at pointH on f 


Heme, b} ^ 6 31, the excesa of the number of reioq of j(z) o\er the number of zeros 
of f'h) inside f Tih 


2,r, /( }ry J rKdJ I dtj^^ 

Let s be the arc of C ouiisurcd from it fixed point tnd let ^ 1 c thi 'inglo the tangent to 
f * makea with Ox then 


Now logf^ 


1 f /d^6 JdffK 
j t \dz^ i dz' 



IS pureh real tnd ite initial value is the stmt aa its final value, and 


> htnce the excess of the uimiW of atos of fii.') over the number of zeros of 

f (s) H the changi in ^/2e- in describing tht curve C and it is obvious) that if 0 ib any 
ordiiiarv curve, ^ iticrtaHeH by 2yr vs the {Kiint of contact of tlie tangent describee the 
curve C , this gives the required result 


Erample 1 Deduce from Macdonald h result the theorem that a |M>lynomial of degree 
n has n /cpw 


Eaatuph 2 Fiovc tliat, if a iiol^noiiii il / ) has red cotfiuients and if its rcros vre dl 
real ind diffeic nt, the n between two consecutive /eios of fi.,) then, is one /cio and one onl^ 
of / (w) 

[Dl Fol^a has (lointed out that this result is not nocessaiil} tiiie for functions othei 
than iMilyiioini Us, an may be seen b} considiiing the function (» -4)cxi» ] 


REFERENCE*:! 

M 0 JoRDW, Cow sd* Analyse ii (Fins, 1804), ( h vi 
£ OouRHAi, Couiii hmfyM (Fans, 19U), (.li xiv 
E LiNPBLor, he Cahul des Hestdus (Fatia, 1905), Ch Ii 


^ Prir Zoadon Vatfi Soe ixix (1R98), pp 57(> o77 

t / (z) does not vanish on C unless C has a node or other singular point , for, if + 


3/ Sf 

where ^ and ^ are real, since folio* s that if / (^) = 0 at any point, then 

^ ^ *11 vanisb , and these are suSieient eonditions for a singular point on 

t For a formal proof, see Proe London Math Soe (2), xv (1916),* pp 227-242 
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MiaciLiAHXooB Exaiipi.es 


1 JL Ainotion <p (t) u rero whan <=0, and la nal when t la real, and la analytic when 
, if fix, y) 18 the coefficient of t in ^(ir+ty), prove that if -1 <»<], 

(Trinity, 1898 ) 

a*“ 

2 By integrating ^ round a contour formed by the leotangls whose cornera ore 
0, fi, 1 (the rectangle being indented at O and >) and making A-^to , shew that 


/: 


— <&= 


c*«-l 


1 <*-H 


1 

Sa 


(Legendre ) 


3 By iniegratiog log (— i) Q(r) round the contour of l( 6 S4, where ^(a) la a rational 
function such that cQ (al-e-O ae | < (-*• 0 and aa | r | oo , ahew that if Q (») has no poles 


the positive part of the real aais, j ^(x)dx le equal to 


minus the sum of the 

residues of log ( - 1) Q (t) at the poles of Q (t) , where the imaginary part of log ( - e) lies 
between ±» 


4 Shew that, if a >0, h>0, 


dx 


/ 1 6 Shew that 
f»' 


/.* 


(asin 6*) 


asin22 j I I /. . a r a 


= ^irlog(l+a->), (o*>l) 


6 Shew that 

f ” Bin^ iJ Bin^ij Hin^s 


ooasisi 


smos , n . , 

0O8a„s __ 


(Cauchy ) 
<Kt 


yo * a X 

<t‘nt “i, “ 1 , a,n be real and a be positive and 

<*>l^ll+l^l+ +l^a!+iOll+ ...+lo„| 

(Stdrmer, Acta Hath tix ) 

7 If a point I dnecnbes a circle C of oeatre a, and if /(4 be amljtie thiougbont 
C and ite lutenor except at a number of poiea ineide C, then the iioint »->f(t) will 
describe a closed curve y in the k plane Shew that if to each element of y be attributed 
a mass proportional to the corresponding element of C, the centre of gravity of y is the 

pomt r, where r is the sum of the lesidaea of at its poles in the interior of C 

* 

(Amigors, Vow Ann de Math (3), xii (1893), pp 148-148) 

8 Shew that 

dx ir(8o+&) 


; — («‘+&^(**+a»)* 2o»S{S+55i 
f” *' ^ *18 (aw-s) 1 

'>.(a+ixry fJ* IS (n-I) o"-»' 


9 


Shew that 
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__ »-l M-X 

10 n 0 (1 shew tbat the aenes 

a»«*l 

fu)-- 1 

IB an analytic function when t ib not a root of any of the equatioiiHe^^n* , and that the 
Bum of the xeBiduea of /(s) contained in the nng shaped space included between two 
mrelee whoee centies are at the origin, one having a small radius and the other having 
a radius between n and n + 1« ib equal to the number of prime numbers lees than n+l 
(Laurent, JVbuir Ann ds Math (3), XVni (1889), pp 234-241 ) 

11 If A and B represent on the Argand diagram two given roots (real nr imaginary) 
of the equation /(<)»0 of degree a, with real or imaginary coefficients, shew that there is 
at least one root of the equation f (r)»0 within a circle whose centre is the middle pomt 

of dB and whose radius IS cot ^ (Grace, Proc Camb Pkxl Soc xi) 


12 Shew that, if 0 <•« d 


1-s*' 


1 n 

■o_, * r — • 


[(\msider 


I sin 4r« s •’X 


round a circle of radius n , and make ] 


13 Shew that, if m >0, then 


(Kronecker, Journal fdr Math, cv ) 


i: 


AUPmt 


dt 




“z* («-l) 

Ihacun the discontinuity of the intognl at nt^O 
14 ltA+B+G+ =*0 and a, i, c, are positive, shew that 
’ d uisov+Scoeit + +X'coslx 


/: 


cht=-A logo - Blog 6 -...-E log i 

(Wolstenholme ) 


IS By oonsidenng <A taken round a rectangle indented at the origin, shew 

that, if it > 0, 

ilim (* Tir" ***' ’'•■*■ ^ f*" 

»-«.«/ -a *+” J -f ‘ 

and thenoe deduce, by using the contour of § 6 222 example 2, or its redezion in the real 
axis (according as a ^ 0 or a < 0), that 


(ft°*2, 1 or 0, 


s •J-p *+<* 

according as x>0, x—0 ors<0 

[Thu mtegnl u known as Cauchy’s ditamtinuoiu factor ] 
16 Shew that, if 0<a<£, (>0, r>(l; then 


/; 


4!**^8m(4aw— hjr) 


idls 
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17 Lot £>0 and let 2 
« * 

By considenng I round a rectangle whobc comers are ±(iV'+^)±a, where 

IB an int^er, and making oo , ahew that 


/ •-* M-fhrt 




dz 


By expanding these integrands in powers of respectively and integrating 

term by-term, deduce from g 6 22 example 3 that 


'/'«= e-^dr 

Itrty ' -* 

Hence, by {lutting shew that 


(This result w due tn Poisson, Journal dt I tutJr fiolgler/intqur. Till (cahier XIX), (1823), 
p 420, see also Jacobi, Journal fur Math xxxti 0848 , p 108 [0 m Wirke, ii (1882), 

p 188]; 

18 Shew that, if <> 0, 

5 f M-iKTU^t i e"**/! + 2 S «-»■'/< i,,«2»ir<i] 

M I « I 1 

(Poisson, Mtm de HAwd dit Sci vi (1827), p 593, Jacohi, Journal fkr Math ill 
(1828), pp 403 404 [(?« t (1881), pp 254~26.>J, and LandHborg, Journal tar 

Maih CXI (18^1), pp 2)4 2'%3 . see aliio ^ 21 51 ) 



CHAPTER VII 


THE EXPANSION OF FUNCTIONS IN INFINITE SERIES 


71 A foi mula due to Dottioui* 

Let f(e) be •vnalytic at all |x>mts of the stiai^ht Ime joining a to 2 , and 
let <f) (t) be any jKilynoiiiial of d< gree n in f 
Then if 0 ^ $ 1, wc have b\ differentiation 
(i 

u 2 - «)“ (I) / " <« -r < - «)) 

. 1 

- (2 - «,) ^'“1 (t)J '(a <rt{z-a\) + (-)“ (2 - a)"*' (t) (a + 1 (e - a)) 

Noting that is const.int = ^* (0), and integmtine between the 

limits 0 and 1 of /, we g< t 
^«i(0)i/(2>-/(o) 

in 1 

+ <}>(t)f"‘ ‘ (a -I- 1 (z — a)) dt, 

which IS the lormula in question 

Taylors senes may Iw obtained as a special ease of this by writing 
^(/> = (I — 1)“ and making n— »« . 

/irampl^ By sulMtitutiog 2 a for » in thefoimii] i of DailK>ti\,aud taking^ 1)", 

obtain th( o\|)ui^ii>ii umvergi^nt) 

w 1 aw 

•ad hud the rsiiressimi for the remainder after » terms in this series 


7 2 The Benioutliau nttnihers and the liemoulhan polynomials. 

The function J s cot ^ s is analytic when | r I < iw, and, since it is an even 
function of z, it can be expanded Into a Maclanrin series, thus 

then Bn m called the 7»th Bernoullian number f It is found thatt 


-5^ — 42* — a5» 


4'2* 


’SO* 


£ 

* 66 * 


* Journal de Math (3), ii (1876), p 371 

t Thene nnmberB were introduced by Jakob BernoTiUi in hie An Co^feetand»t p 97 (pubhabed 
poethnmouely, 1718) 

$ The first sixty two Bernoullian numbers were oompoted hy Adame, Bnt A$t iieport$t 1877, 
the first nine significant figures of the first 360 Bernoullian numbers were snbeequently pnbliahed 
by Olairiwr, Trans. Comb Phtt Soc in. (1879)i pp 86A-391. 
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These numbers csn be expressed as de6itlte integrals as follows 
We have, by example 2 (p. 122) of Chapter VI, 

/■” smprdsc 1 . » . 


'-2p+2p|^ + ^‘ + 


Since 


' a 

. 0 


it*8m 


(fw'+a”*-) 

fl«-r 


dx 


converges uniformly (by de la Vall4e Poussin s test) near p = 0 we may, by 
§ 444 corollary, differentiate both sides of this equation any number of 
times and then put p^O, doing so and writing 2t fur j; we obtain 


D r 


A proof uf thu result, depending oii contour integration, m given by Cardo, MonatthefU 
fOr Matk und Pkyi v (1894), pp 381 4 


Examplt Show that 


_ 2a 

""“w>-(2»--l)j„ 'SnTx 


.e«-l 


Now consider the function t ^ ^ , which may be expanded into a 
Maclaunn senes in powers of t valid when j t j < 27r 

The Bemoulltan polynomial* of order v is dehned to be the coefficient of 

fn 

^ in this expansion It is denoted by ^ (x), so that 

S 

«*-! "n 1 u' 

This polynomial possesses several important properties Wntmg x + I 
for X in the preceding equation and subtractmg, we find that 

te-=. i i^(x + l)-^(x)}^, 

On equating coefficients of t* on both sides of this equation we obtain 
nx^-^(x + l)-^„(x), 

which IS a difference-equation satisfied by the fhnction ^(x). 

* The name ww given by Baabe, Journal fUr Math xnn. (1861), p 848 For a foil diasoiuon 
of tbou- piopertiea, aee Noilund, Aeta Math xun (1930), pp 131-196 
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An explicit expression for the ^ernoullian polynomials can be obtained 
as follows We have 

e"-l =x< + ^+ ^, + , 


and 


Hence 

2 

■-I 


J 

ef-^ 

bI 


‘2t' 


£ 

'2t 


2'*' 21 4' 


( , x»<* t‘tf 




'2' 4i' ■ 


•21 ^ 3' 

From this, by equating coelhcients of t" (§ 3 73), we have 

1 


)• 


(x) = X- - * »«»-> + X”::* - , 

the last term being that in x or x* and .(/„ .CV being the binonual 
coefficients , this is the Maclaunn senes for the nth Bemoullian polynomial 
When X is an integer, it may be seen from the diSbrcnoe equation that 

•+2»->+ +(«-!)• 1 

The Maclaunn nenet fur the expression on the right was given by Bernoulli 
Example Shew that, when a> 1, 


7 21 The Euler Maclaunn expansion 

In the formula of Darboux (§ 7 1) wnte ^(f) for ^(t), where ^n(0 » the 
nth Bemoullian polynomial 

Differentiating the equation 

<^(t+l)-i^, (<) = »<»-> 

n — k times, we have 

^(» *1 (t + 1 ) _ ^, 0 .-*) (f) = B (n - 1 ) kfi-'. 

Putting < = 0 in this we have (1) "■*' (0). 

Now, from the Maclauifn senes for ^(x), we have if Ar > 0 

i m, 

Substituting these values of (1) and (0) in Darboux's result, 
we obtain the Euler-Madaunn sum formula,* 

f A history ot the formula is given by Barnes, Proe. LanJa* Hath Soe (2), m. (190S), p 2SS 
It was dieoovered by Enler (1783), but was not published at the tune Euler oommuniaated 
It (June 9, 1786) to Stirling who replied (April 16 1788) that it included his own theorem (see 
1 13 88) as a partionlar case, and also that the more general theorem had been dueovered by 
Maslannn, and Euler in a lengthy reply, waived his elahns to pnonty The thsoiem was 
published by Euler, Comm AeoA Imp Petrap n (1783), [Pnbliebed 1788^ pp 68-87, and by 
Ifaelaunn m 1743, Treatut m Ptunoai, p 673 For information ooneeming the eorreepondenoe 
between Euler and Stirbng, we ate indebted to Mr C Tweedie 
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is - h)f' (a) -/(») -/(a) - ^ {/' (I) - /' (a)l 


+ “2 is) - (a)l 

- /* {» + (*- «) *1 *• 

In certain cases the last term tends to zero as n— »ao , and we can thu 
obtain an infinite series for /(s) — /(a) 

If we write « for r — a and Fix) for /' is), the last formula becomes 


J Fis)djt lFia)+Fiii + u)} 

+ V {« + »)- Fo-^» (a)} 

^M+i ri 

+ ^J^^it)F»»Ha + s>t)dt. 

Writing a + 0 , a4- 2«, ... a -(-(r — 1)0 for a in this result and adding up, 
we get 

J" Fis)ds» 0 1 ^ Fiti)-^Fi<t-^ 0)+ + 20) + ... + + r 0 )|- 

+ V + »■“> - 

«•*+* f'”'* 'I 

where Jl» » ^ (t) | 2 F""ia+ mtt + ui) | dt. 

This last formula is of the utmost importance in coimexion with the 
numerical evaluation of defimte integrals. It is valid if Fix) is analytic at 
all points of the straight line joining a to a + rw. 


l It fit) be an odd funcbon of t, shew that 




(*») 


r/; 


♦0 (<)/<’•**'(-*+**<) <ft. 


£samph 2. Shew, by integrating by ports, that tbe remaindor after n terms the 
expanaum of |Soot |Z may be written in the form 

(ICsth. Trip. 1904.) 

7*8. BUmumn’s theorem * 


We shall next oonsider sevend theorems which have for their object the 
espoHsion o^ one /uM^ion m powers of anther ftmdion. 


* Jfeo 0 W 0 de fleeUtut, n. (1799), p. IS. Bee alao Dixon, Proc. Xurnim Math. Soe. sssrr. 
(1909), pp. Ul-ltB. 
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Let ^ («) be a funotion of « which k analytic in a cloaed region S of which 
a ie an interior point ; and let 

^(a)=6. 

Suppoee also that (a) ^ 0. Then Taylor's theorem fumishee the 
expansion 

^ (s) - 6 - (a) (x - a) + - o)* + , . . , 


and if it is legitimate to lerert this series we obtain 
1 


X— a-* 


f(o) 




which exjvessee x as an analytic function of the variable {^(x)— 6), for 
sttfEciently small values of |x — a| If then /(x) be analytic near x>a, it 
follows that /(x) is an analytic function of (x) — 6j when | x — a | is sufficiently 
small, and so there will be an expansion of the form 


/(») -/(a) + a. 14(x) - 6} + ?! l«(x) - 6)*+ (^(x) - 6)* + .... 

The actual coeffieienta in the expansion are given by the following 
theorem, which is generally known as Bumuum’t tiieortm. 

Let •^(e) be a function of x defined by the equation 


... X— a 

then an analytic funetiou f(t) can, in a certain domain of'vaduee of t, be 
expanded m the form 

and y ie a contour in the t-plane, enoloeiny the pointe a and f and each that, if 
S be any point ineide it, the equaUon hoe no roote on or ineide the 

contour except* a eimple root f « 

To prove this, we have 

* . JL /■' f r(«)«'(r)dtd{r fv' Jt(f)r.?r 

2wl } a Jy ^ (0 ~ ^ Lw-S t ^ (^) ~ 


+ r 






] 


* It uasranwd that nudi s contoor lan be ebown if 1 1 - s | ha ntteisiiUr eaiBll; etelT'Sl. 
W. M. A. 9 
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But,by§4‘8, 

25S;. JyU(<)^J «(<)-> 2in:{«4. 1) )y {^(0-6|*+‘ 

*«(oi + l) J, («-o)-+‘ (m + l)! 3?*^ WtyWJ J 

Hierefbre, writing m— 1 for m, 

/«-/(-) + ^ t/'(«) (’#'(«)}-] 

■^2ir.jj»L«(o-6j «(<)-«(?) ■ 

If the last integral tends to zero as n-»ao , we may write the right-hanc 
side of this equation as an infinite series. 

JiuMpl* 1. Prove that 

%ml *I 

ivhare 

• c.-(8iio)*-‘ ~ (ai»a)*-»- ... . 

To obuia this expanrioo, write 

/(.)-*, 4(»)-t-(»-«)sS-.., 

in the above expreginon of Bbrouum’a theorem ; we thus have 

*=“+ J. ;n {^‘^'""1.. 

But, pottiiig 

«(»- 1)1 X the coeffioieDt of I*"* in the expaneion of 

— (n— l)lxtheooeffiaieDtef(*~*in S 

rm* rl 

<-rnr(8a)>-» 

The highest value of r which gives a term in the summation is r»n- 1. Arrangiag 
thereftne the summation m daaaending indices r, beginning with ir~a- 1, we have 

-(-)*-• <7«. 

which gives the required result. 

a 

JSaeampl* 8. Obtain the sxpanwm 

iSwain's+l . irin^s+l^ . jsin*f + .... 
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JbampU 3. Lot • line p be drawn through the origin in the /-plane, perpendioular to 
the line whioh joins the origin to any point a. If * be any point on the /-plane which la 
on the same ai^ of the line p as the point a is, shew that 


'og*-‘og»+sj. ail 



7*31. T«ieeira’s eaiended form of BUrmann’s theorem. 

In die last section we have not investigated closely the conditions of 
convergence of Blirmann’s series, for the reason that a much more general 
form of the theorem will next be stated ; this generalisation bears the same 
relation to the theorem just given that I/turent’s theorem bears to Taylor’s 
theorem: viz., in the last pari^^ph we were concerned only with the 
expansion of a function in positive powers of another function, whereas we 
shall now discuss the expansioD of a function m positive and negative powers 
of the second function. 

The general statement of the theorem is due to Teixeira*, whose exposi- 
tion we shall follow in this section. 


Suppose (i) that /(z) is a function of z analytic in a ring-shaped region A, 
bounded by on outer curve C and an inner curve c , (ii) that 0 (z) is a function 
analytic on and inside 0, and has only one zero a within this contour, the zero 
being a simple one ; (iii) that <c is a given point within A ; (iv) that for all 
points / of C we have 

l3(«)|<13(z)|, 

and for all points z of c we have 

|fl(«)|>lO(z)|. 

The equation 6(z) — 0(x) = O 


has, in this case, a single root z~a; in the interior of (7, as is seen from the 
equation')' 


J_ [ y(z)dz I 
2irt J c ^(s) — 0 (®) 2iri 
1 

2«n' 


u. 


^d» + 0(x)l 


0{s)' 


r l^W)* 


f 0’_(s)c^ 

Jo «{*) ’ 


de + ... 


] 


of which the left-hand and right-hand members represent respectively the 
number of roots of the equation considered (§ 6'31) and the number of the 
roots of the equation tf(z) — 0 contained within C. 


^uchy's theorem therefore gives 


/(»)■ 




/(z)<y(z)dz 

c 0(e) -0iv) 


f /(e)0'(e)de l 

J, 0(e)-0(*)] 


* Jaianat /Ur Math. oxzn. (IMO), pp. 97-118 Bm bI/o Bsteaisa, Trow, Awur, Math. See. 
STin. (IBSe), pp. 846-868. 

t The expuebm ie Jutlted by g 4'7i siaoe £ '|S^[ scavwgM nniiotaily when / ie on C. 


9—2 
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The integnls in this formula can be expanded, m in Laurent’a theerem, 
in povem of Oix), by the formulae 

We thus have the formula 

where 

Intagntiiig by paita, we get, if a^-O, 

Thii gives a development of f{x) in positive and negative powers of 
9{x), valid for all points x within the ring-shaped space A. 

If the zeros and poles of /(z) and 0{t) inside C are known. An and Bn can 
be evaluated by § 5*22 or by § 6*1. 

SxxmpU 1. Shew that, if | « | < 1, then 

Shew that, when | x | > 1, the aeocmd mnnbsr leprawnts x~'. 

Mxa/mpU S. If denote the aum of all oMinbinations of the numbers 

a*, 4», 8»,.„(*»-*y, 


taken m at a time, shew that 


s ain*^,i, (a*-hZj! ts*+s 3 > 

the expansion being valid for all values of t represented by points within the oval whose 
equation is | sin r | 1 and which contains the point fmO. (Tsixsira.) 

7*32. Lagrange’ t theorem. 

Suppose now that the function /(s) of § 7*31 is analytic at all points in 
the interior of 0, and let 0(x)^(x — a)0i{x). Then Oi\x) is analytic and 
not zero on or inside C and the contour c can be dispensed with ; therefore 
the formulae which give An and Bn now become, “by § 5*22 and § 6’1, 

A , 1 ^ (/>)1 /-in 

/(s) y (s) eU 


.(-Kl 


A, 

Bn~0. 





7*$2] TED aXPAErSION OW FITircnOKS in INllNITB giaiw 138 


l%e tiieorem of the laat Motion accordingly takes the following farm, if 
we write 

Xst /(«) and ^ (s) be /vneiione of e analytut on and tntide a eonievr C 
twrroundmg a point a, and let the eueh that ihe tnequahty 

|«^(s)|<|s-ol 

it taHtfied at aU pointe tan ike perimeter of C, then the eqaatwn 

i^a+t^^iO, 

regarded at an equation en hat one root 'n tiie interior of C; and furiher 
any fimeiion of ( analytie on and tntide C can be expanded at a power tenet 
in t by the formula 

This result was published by Lagrange* m 1770 


ExattpU 1 Within the oontouraunounding a defined by the inequality I • (f-a){>{ a I, 
where | e | <^ | a |, the equation 


t-a — — 0 
» 


haa one root the eipanaion of which la giran by Lagrange^a theorem in the form 

; (-)•-» (8n- 2^' 

^ “ + {«-!)' 

Now, from the elemenUry theoiy of qtiedntic equations, we know that the equation 


#— o- 



t 


haa two roots, namely | + + and | {l- ,y/(l+^)|. ‘“d our expanson 

rtpntmt* Ike /brmart of thote onty—aa example of the need for oare in the djacuaaion of 
these aenea 


Sxampl* S If y be that one of the roota of the equation 

y-ld-sy* 

which tends to 1 when f-»0, shew that 

. «(«+») («+«)('»•»- 7 ),.. i»(wt-6)(aq-7)(m-8) (11+91 

-r » -r j-; r+... 

to long as I j|<^ 

Jbnm^ 3 If « be that one of the roota of the equation 

r-l+y»* 

which jwnds to 1 when y-*-0, shew that 

the expansion bemg rabd so long as 

|y|<|(<.-I)->n-«|. 


* lUm, ee FAeed. it Bnim, xxjt.; Omoru, n p. tc. 
t ins latter u oetsida the stren contour. 


(HcClintook.) 
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7^ The expansion of a does of fundions in rational fradions*. 

Consider a function f{t), vhose only singnlanties- m the finite part 
of the plane are simple poles a,, a,, a,, where |a,|<|aa|<|ai|$...: let 
b ,, ... be the residues at these poles, and let it be possible to choose a 
sequence of circles 0^ (the radius of Cm being Rm) vith centre at 0, not 
passing through any poles, such that |/(s)| is bounded on C„. (The function 
cosec t may be cited as an example of the class of functions con8idered,>and 
we take = (m + ^) w.) Suppose further that asm— »ao and that 

the upper boundf of \f(jt) | on is itself bounded as^ m —sec ; so that, for all 
points on the circle Cm, \ f (s) | < M, where Jf is independent of m. 

Then, if 0 be not a pole of f (x), since the only poles of the integrand aio 
the poles of /(x) and the point x =«, we have, by § 6'1, 


Cm 


/W 


ds = /(x) + S 


br 


where the summation extends over all poles in the interior of C, 

But ±[ -m 

2iri/Q_ 3 vmJi 


dz 


li we suppose the function /(x) to be analytic at the origin. 

Now as m— » 00 , f is 0 (fi«r*). end *> tends to sero as m tends 

jQ,x(x-<r) 

to infinity. 

Therefore, making m— soo , we have 

0./<.)-/(0,+_S i. i)- to 4 

which is an expansion of f(x) in rational firactions of x ; and the summation 
extends over all the poles of /(x). 

If I tbw senes oravergsi umfonnly thioughout the region givsn by 

# < 0 , where a is any cniistant (except near tile points oj. For if be the radios 
of the circle which encloses the points | oj 1 a. |, the modulus of the remainder of the 
terms of the senes after the first a w 

l_L { 

• I Sir» /<v*(*-*)l 

by jj 4-62 ; and, given c, we can choose a tadapm<ba( of x such that Ual{Bm—a)<i. 

* lltMog-Leffler, ilets Sot. Sclent. fHHetHc, xi. (1880), pp. >78-898. Bes oho Aela Math. tv. 
(1864), pp. 1-79. , 

t Whitii w a {anation of m. 

$ OtooniMilMiwed not (gad fregesMly mast ndt) tend to infinity oontinaoady; 04. in the 
example taken Ji;„s(st4-t) r, when St es ramei only intagsr vainss. 
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The eonroiBeDOB ii obvioorij «tin unifonn even it |<iaK|as4.i I provided the tenne of 
the leriee ere grooped eo ae to oomUoe the terms oaorreepondiiig to polea of equal moduli. 

I( ineteed of the oonditioD |/(a) | < Jf, we have the oonditiaii | rw/(a) | <11, where Jf is 
indapandent of at when a is on and ^ is a positive integer, then we should have to 


f hy writing 

Jc *— * 


J 1.*. , 

s-sr ^ + (,_*)> 

and should obtain a similar but somewhat more complioated axpannon. 

JBammple 1. Prqve that 

oo ee es— V 
j ' \i-itr as-/ 

the summation extending to all positive and negative values of a. 

To obtain this result, let ooaec i - j — /(s). The singulatities of this function are at the 
pointa a— aw, Vrhera a is any positive or negative integer. 

The residue of / (a) at the singularity mr is therefore ( - )*, and the reader will easily 
see that |/(a) | is bounded on the circle | a |•>(a+^) w as a-»-n . 

Applying now the general theorem 

where M the residue at the singularity a., we have 

But /(O)- lim £::^5.*-0. 




Therefore ooaeca 

which is the required result 

JbecmfitS. If 0<a<], shew that 

aw 1 > Saoas8aaw—4a» sin Sana 

^+<a>r> • 

JBaampUi, Prove that 

1 1- I I B 1 

••^(ooehar— ooe*)'"fa*‘~^— S'* w*+lx*'’'^-e**' (8s5*+J? 

3 1 


e»'-a-»» (8e-)*+i*‘ 


+.... 


The general term of the aerias on the right ia 

• (-y*- 

which is the residue st eaidi of the four nngularities r, — r, ri, -rint the fonotion 

wl 

(e'V+Ja»*)(a“-r^sinira’ 
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IIm aiiiga]ariti«R of tfaii Uttw Amotion vbioh iM not of the ^pe r,-r,ri, -ri tn 
at the five pointe 

^ Sir 

S 

At f aiO the reeidoe ie • 

wcr 

at each of the four pomte , the nndne ia 

fSra* (oos «-oadi 

m t * ' ' 

jiJiQracxrB 


{-^Yr 1 J > 

r -1 e-** ''' »a* »jt*(ooeh*-ooe*) 

1 .. r wid* 

“ Swi J O (e-v+ja*) («•• - «-■») ain « ’ 

where <7 ia the oirele whoee radiua la «+|, (a an integer), and whoee centre is the origin. 

Bat, at pomta on C, integrand ia 0(|at~*); the limit of the mtegral round Cu there- 
fore aero. 

From the laat eqviation the required reault ia now obvious. 

Prove that eeoa-4w ..). 

ExamfUi. prove that oo.«:h*-i-Sa(-,*^-^^ + 5 ^^-...). 
&»a.pf,6. Prove that wioh, -4, 

ExampUI. Prove that coth*-i+S»(|^~-h^|^^ + j^^i^-h..). 

AaompfeS. .A. ~ ^ 

(Hath. Trip. 18B9.) 

7'5. The e»panti(m of a class of functions as infinite products. 

The theorem of the last article can be applied to the expansion of a certain 
class of functions as infinite products. 

For let /(s) be a function which has simple ceios at the pomta* 
0 ,, a,, a, where lim | a* | is infinite ; and let /(a) be analytic for all values 

of a. 

Then /'(a) is analytic for all vtdues of s (§ 6'22), and so 

singnlarities only at the points Oii Ou 

Conseqaaitly, by Taylor’s theorem, 

/(s)-(s- Or) f'{ar)+ ... 

/'(x)-/'(«,) + (.-«Ir)/''(ar) -h .... 

* These fc«ii« (he only *ii«sol/(s)t aadoa^A 


and 
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It follows immedi»tely thst at «aeh of the pointa Or, the fonction 


/'(•) 

/(*) 


has a simple pole, with residue + 1. 

If then we can find a sequence of circles of the nature described in 
f (*) 

§ 7*4, such that ^ bounded on as m-*ec , it follows, from the 

expansion given in § 7*4, that 

£(l)./'<o)+ 2 [ J_+il 

Since this series converges uniformly when the terms are suitably grouped 
(§ 7‘4), we may integrate term-by-term 4’7). Doing so, md taking the 
exponential of each side, we get 

/(.)-„«' 5 

where c is independent of e. 

Putting s = 0, we see tbat/(0)— c, and thus the general result becomes 

This furnishes the expansion, in the form of an infinite product, of any 
function /(«) which fulfils the conditions stated. 

SxampU 1. Consider the function which has simple seroe at the pointa 

nr, where r is any positive or negatiTe integer. 

In this case we have /(O) » 1, /' (0) »0, 

and so the theorem gives immediately 
aim 




rOl). 


for it is easily seen that the condition oonoeming the behaviour *■ IsH*** 

folfilled. 

Example 1 Prove that 

{‘-©1 {-H./©'! hfcUl f*©*.-.)}-- 

e^ib-ooss 

1-ooas 

« (Trinity, ISgA) 

Tfi. 2%s /aetor thaorem of ITstsrsfrMs*. 

The theorem of § 7‘6 is veiy similar to a more general theorem in which 
the character of the function /(s), as j x i'ooe , is not so narrowly restricted. 

* SwUsar dbk. (1876), pp. U-60 ; Matk. Werke, n. (1886), pp. 77-tM. 
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Let /(<) be a fimction of « 'with no ewential eing^laiitiee (except at ‘ the 
point ia^ty ’) ; and let the setoe and polee of /(s) be at Oi, Oi, a,, . . . , where 
0<|ai|<|a^|<|a,|.... Let the aero* at beof (integer) order m». 

IS the number of zeros and poles is unlimited, it is necessary that 
{aHl-soo, as n— >ao; fiw, if not, the points a, would have a limit pointf, 
which would be an essential singularity of /(«). 

We proceed to shew first of all that it is possible to find polynomials 
Pa («) such that 

converges for all^ finite values of s. 

Let K be any constant, and let |z|< K ; then, since |aa|— »ao , we can 
find N such that, when a > ^, | Oa | > iK. 


The first N fitctois of the product do not affect its convergence^ ; consider 
any value of n greater than N, and let 


Then 


\a»' mrnU WnOw/ 


< i 2 


sinoe|zi(i,-i|<i. 

Hence 

where 


|a»l w-olaal 
<21(iraa-^)^|. 




{(-i)' 

I «la (z) I < 2 1 t»a (^ 1 . 

How Ma and Oa are given, but ihi is at our disposal; since £^aa~*< i, we 
choose ha to be the smallest number such that 2|ma(£aa~‘)^l<6a> where 

fli 

S ha is any oonvetgrat series! of posirive terma 

where |iia(z)|< hai and therefine, since ^ is independent of *, the product 
converges absolutely and unifimnly when j z | < fiT, except near the pmnts Oa. 


* WalMnngarlapelaMbaliist^SaroofBstativeerdn. 
t From the two-diiiMBifaniil taalms* ot i ML 
t Frovidad that ( if not at oaa of lha poiala a, br «hi«h ataianasatna. 
1 E,s> w> laigiit take lia=^*~*‘ 
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Now let n ^ «»• » |"*J 

Then, if /(«) +F(t)<^Oi(*), Gh(e) is an integral function (§ 5‘e4) of t 
and has no zeros. 

It follows that ^ (') analytic for all finite values of e ; and 

oe 

ao, hy Taylor’s th^rem, this fuaetioa can he expressed as a series S 
converging everywhere ; integrating, it follows that 

00 

where 0{s)— S bnS" and e is a constant ; this series converges e^ erywhere, 

»»X 

and so 0 (t) is an integral function. 

Therefore, finally, 

where G (z) is some integral function such that G (0) • 0. 

[Noib. The presence of the erhitruy element S (t) which occurs in this formula for 
f(t) is due to the lack of conditions as to the behaviour of /(e) as e |-» oo .] 

Corollary. If it is sufficieut to take by ^ 2-36. 

7'7. 7%e expansion of a class of periodic functions in a sertM of 
ootangents. 

Let /(«) be a periodic function of s, analytic except at a certain number 
of simple poles; for convenience, let w be the period 'of f(s) so that 
/(*) =/(* + w). 

Let s^x + iy and let f-{s)-*l uniformly with respect to ic as y— s + ac , 
when 0<a;<ir; similarly let f(s)—*l' uniformly as y—s—co. 

Let the poles of /(«) in the strip 0<tr<7r be at a,, a,, ... Onl and let the 
residues at them be c,, c,, ... c.. 

Further, let ABCD be a rectangle whose comers are* — tp. ir — ip, 
V + ip' and ip' in order. 

Consider J/(f)cot(f — 

taken round this rectangle ; the residue of the integrand at Or is c, cot (or — <), 
and the residue at s is f(s). 

^ Also the integrals along BA and C£ cancel on account of the periodicity 
of the integrand ; and as p—sao , the integrand on AB tends uniformly to I'i, 
while as p'-*co the integrand <m OD tends uniformly to — It; therefore 

j (!' + 1) ’-f{s) -f 2 Cr cot (a, - s). 

r*l 

* It any st ths pdss sis an s=t, shift ths rastaagts digfatly to the right; y, / sn to bs 
taksBsolsigsibat sti ot, ... a, sea insida the raotugla. 
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That ia to lay, we have the expansion 

/(*)"5(^'+0+ 2 c,oot(x-ar> 


StamfU 1. 


r-l 


aot(x-ei,)oot(x-at)...eot(«-aiO~ * oot((«,-a,)flot(»— o,)+(-)^", 

- X oot(ar-a,)„.*...oot(a,-a.)aot(c-a,), 

Moording u n is even or odd; the* means tiist the factor cot(ap->ar) omitted. 
Ex awf U S. Prove that 

»inJ*-4,^(*-4,)...sin(ar-&.) ian(o,-i,) ... ein (a,-6.) 

•in (jp-r o,) Bin (x-o,) . .. un (x-oj " nn(a,-a,)...^(a,.^ 

» in(o,-ft,)...»in(a,-iJ 


+ ooB (ai+c4+*>*'d'0|k‘~6i — — 6||). 


7 '& Bordet thBoreni\. 

m 

Let/Cx)^ be analytic when |x|«:r, bo that, by § S'SS, | a,r*|< 

where M is independent of n. 


Hence, if ^ (*) - ^ (*) 18 an integral fdnction, and 

l^(x)|< i = 

,-0 r* . n ! ’ 

and ainularly | (»)| < 

Now consider y, (*) •« f <r* ^ (*t) di ; this integral is an analytic function 

• t 

of X when | x | < r, by § 6-32. 

Also, if we integrate by parts, 

/. (*) -[-•-* * + X J%- 4>' (xf) dt 

(xt)j J + (xf) dt 

But lim (^^ 3» j when |x| <i*, limsr^^M(«^)aO. 

Therefore /(<)- S a«x" + fi„ 


t XcfMt ntr bi (triM A»«t»<a«a (IMl). P- M- Bt« alto th« SMSuits th«M ettid. 
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when 

» I jtT^ |“+*if {1 — I * I as n— »ao . 

Consequmtlif, when I s | < r, 

i <»«<*-/(*); 

mar# 

and so /(e) m f er*^(et)dt, 

’ d 

OD A • 

when <^(e)=‘'S, — j- ; ^ (s) is called BoreCe funeiton associated with 2 o»«". 

«-o « I K.a 

If Z a, and 4(()» Z and if we can aetabliah the relatioa F— / e~*A (t)ilL 
AnO A . J ^ 

the eeriae S ie eud (g 8'41) to be ‘ttunmahU (B)’-, so that ther theotun just proved 
shews that a Taylor’s aeries representing an analytic funotion is summabls (B). 

TBl. BonPt uUtffral and atuigtie eontMuottoa. 

We next obtain Borel's result that his integral represents an analytie funotion in 
a mote extended region than the interior of the circle I < | or. 



This extended region is obtained as follows : take the singularities a,h,e,...(d f{*) and 
through each of them draw a bne petpendiculu' to the line joming that singularity to the 
origin. The lines so drawn will divide the plans into regions of which one is a polygon 
with the origin inside it. 

Then BortBt integral repreeeau an analgtie fmction (which, by § S'5 and § 7*8, is 
^obviously that de6ned bv /(<) and its oontinuations) thronghout the interior of Me 
polggon. The reader will observe that this is the hrst actual formula obtained for the 
analytio oontinuation of a function, except the trivial one of § 6'6, example. 

For, take any point P with affix { inside the polygon ; then the cirols on OP as 
diameter has no singularity on or inside it*; and consequently we can draw a slightly 

* Tbs reader will see this ftom the figure; for if thereweiesoshaiiagolaritytbesomespond- 
uig aide of the polygon would pass between 0 asd P; i.a P wquld be ontaida the polygim. 
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larger oonoentric cinte* C with no singiihuity on or inside rt llien, lly 2 h'4| 

hot Z converges uniformly (§ S-34) on O sinoe /(r) is bounded and { s|>4 >0, 

where 9 is independent of s ; therefore, by § 4*7, 


and so, when ( is real, where F({) is bounded in any dosed region lying 

wholly flwfdr the polygon and m independent of / ; and \ is the greatest value of tbs 
real part of {/r on C. 


If we draw the circle traced out by the point t/C, we see that the real part of [/r is 
greatest when z is at the extremity of the diameter through f, and so the value of X is 

We can get a similar inequahty for and hence, by § 6'BS, j a~‘^ {(t) dt is 

analytic at { and is obviously a one-valued function of (. 

This IS the result stated above. 


7’82 Esipanaiona in aeriea ofinveraa factoriala. 

A mode of development of functions, which, after being used by Nicolef 
and Stirling^ in the eighteenth oentory; was systematically investigated by 
Schlomilch§ in 1863, is that of expansion in a series of inverse factorials. 

To obtain such an expansion of a function analytic when | s | > r, we let 

the /uQctioa be /(^)* 2 and use the formula /(^) « / 

•«o Jo 

«e 

where ^ (f) S <inF*/(n !) ; this result may be obtained in the same way as 

«|a0 

that of § 7'8. Modify this by writing e~' = I — ^(t) = F (f ) ; then 

/(r)=rs(l-{)->F(f)df. 

-'0 

Now if f = tt -f w and if f be confined to the strip — Tr<s<w, fisa one- 
valued function of ( and F(() is an analytic function of f ; and | is restricted 
so that — w-<arg(l— f)< w. Also the interior of the circle Ifli^leoneqioiidB 

* Ths diftstsocs of ths radii of ths eiralss bsmg, say, I. 

t JUm it VAead. da Sel, {Fads, 1717); aas Iwssdls, Pne. Bditii Jtatk. Bae. am. (1916). 
t Mathoda* D^tmUala (London, 1780). 

I Canftndtum dtr Mheren AmaiitU. Mon rsosat invastigations ais dns to Klnynr, Mialasn 
and Fiadierle. Bas Comptaa Bpedm, grrim. (1901). csmv. (1909), danolrt dt I'ieoU nerm. 
nf. (8), xrt., XXII., xxm., tanMeenti dei Linen, (5), xi. (1901), and Palermo i!«a<b«oad, xxxiv. 
(1919). PropartiM of ftm attwi s dsdnsd by ssnes of latsrss fliotoiialt hsvs bssn stndiad in an 
impaitant mamob by NOrlobldt jdeto MatA. xxxm. (1914), pp. 887-687. 



143 


7*82] TSUI BXPASatOK OT ItTKCTlONB IN UnrUllTE BEBIBB 

to the interior of the curve traced out by the point <■> — log^2ooe 
(writing f ■■ exp {« (fi +«-)}); and inside this curve 

|t|-iJ(t)<[(JJ(t)}*+ ir*]^ — R (()— *0, 

MR{t)~*9i. 

It follows that, when | | S'* |, where Jlf, is in- 

dependent of t ; and so J'(f) < Af, | (1 — f)-' |. 

Now suppose that 0<f<l; then, by |A’'“'(^|<Af,.nIp-», where 
Mt is the upper bound of |f(x)| on a circle with centre f and jndius 

Taking p « ^ (1 — f) and observing that* fl ^ n~*)* < s we find that 

ii-(si< jf. [i - (f jifiiep 

<Jf.«(n + l)r n!(l-f)-— . 

Bemembering that, by § 4'5, I means lim j , we have, by repeated 

JO t-^-hOJO 

integrations by parts, 

/(x)» lim r\i~(yF'(^d( 

0 L Jo Jo 


*•■*■«+ 1 (s + 1)(. + 2) + l)(s+ 2) ... (sH- n) + 

where 6* = lim (1 — (f)j 

if the real part of * + n — r — n > 0, Le. if N (s) > r ; further 

Af,e(n + 2)*’.al 

](» + l)(s + 2)...(s + n)|.Ji(»-r) 

, - Mi«(n + Sy.nl 

(r + 1 + 3) (r + 2 + 3) ... (t* + a + 3). 5 * 
where 8 — fl (s — r). 

* (!+«->)* iaenaoM with c; for 'dm |i<l, and lo log ( That ia to 

A ^ 1 \ 9/ 

•ay, potting g»tog(l+r‘*)olog(I+«^)~j:fj>*> 
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Now 




tends to a limit (§ 2'71) as n—»oo , and so 1 |-+0 if («.+ Zye 
to sero ; but 


-(r+^ai/m 


tends 




by S4‘48 (u), and (n + 2y(n+ when 8 >0, therefore 22* -*0 as 

n— »ao , and so, when A (a) > r, we have the convergent expansion 

H*) = *1. + - ■^(i’+T)(*T2) ...(*+ «) •••• 

J tx amf l * 1. ObUin the sam ezfMiauiii b; oaing the neulte 




(f+l)(*+a)...<*+a+l) 

Mm m mfilt 1. Obtem the azpaeeiou 

I ’ ot at 

where 

and diaouee the region in which it oonveigae. 


(Boblomilch ) 


REFEBZNCE8. 

E. Qoubsu, Court d’diudjfM (Peris, 1911), Cha zv, zvi. 

E. Bobil, Ltfon* tor la tiria diotrgmUa (Paris, 1901). 

T. J. I’a. Bbokwioh*, Huoiy of Infinite Sena (1908), Chs. vnt, z, zi. 

O. ScHiiOnum, Oompmdnm tier hokertn Analgtu, ii. (Dresden, 1874). 

t 

MlSClLLaSEOUB Examplis. 

1. If jr-«-^(3r)_0, where f is a given fiinotion of its eignment, obtain the 
expansion 

/(y)-/(*)+ J, i,{4(^i}-(i_ 

where f denotes an; analytic funotiou of lia aigunwnt, and discuae the range of its 
validity. (Levi.Civith, Stud, det Itruset, (6), xvi. (1907), p. 3.) 

A Obtain (from Uie tbmiula of Darboux or otherwise) the expansion 

/(.) -/(«)- {/«•' (•) - («» : 

find the remainder after n tatma, and diaouae the oonvergence of the aeries. 

* The azpansioiu eonsidend by Bromkh are ebtained by elemeniaiy l,s. wiUiont 

the nae of Oauahy'e theorem. 



THB EXPANSION OP FUNCTIONS IN INFINITB SERIES 


145 


3 Shew hhet 




where 


+(-)•*•+' (»+*<; dt, 


and shew that (x) is the eoeffioient of n ' <* m the expaneion of {(1 - tr) (I - (a)} ~ ^ in 
ascending powers of ( 

4 taking 

in the formula of Darboiu, shew that 

f{r+h)~/{T) a. ^ 

+(-)■*•** ♦(«)/<■+»> (x+*t)<fc, 

, 1— r , » , s» «» 

where -l_a, -+a, -a, +.„. 


a Shew that 


!-«-• “•si 

/(*)-/!(»)- (-)—• — {/>*"-•' (a)+/l*"-» («)} 
+ P ia+t(B-a)}dt, 


where 

6 Prove that 


/(*i)-/(»i)-t'’i (••-•i)/' (h)+c,(.H—i)T M-C , (*•) 

-C4(«,-*i)</»’(i,) + . J^|^(sWgech«)|^ ^/f+WCai+tf.-tei)*, 

in the senes plus signa and mums signs occur m pairs, and the last term before the 
integral is that ravolnag also C„ is the eoeffioient of a* in the expansion of 

cot in ascending powers of t (Tnnity, 1899 ) 

7 If Xi and X| are integers, and ^ (a) is a function which is analytic and^unded for 
all values of a such that X| < A (aX X|, shew (by integrating 

( »(»)«& 

wound indented rectangles whose cornen arexi, xy, Xa±coi, X| j;»t} that 
i^(*i)++ (*!+!)+♦ (*!+*)+ +^(^—l)+i^(*li) 

Hence, by apjdying the theorem 


W M A. 


10 
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whero B%y wo BemoiUli’s iHunb6iV| shftw 

(where C M a aonatant not involving «), provided that the last aeries oonvergea. 

(Thia important fonnula ie due to Plana, Mem. ddla R. Aeead. jii Torino, xxv. (1890), 
pp. 403-418 j a proof by means of contour integration was published by Eronedcer, 
Jottmai fur Math. cv. (1889), pp. S43-S4& For a detailed histoiT’, see IdadekU^ Ze Oaleul 
dot Ritidnt. Some applications of the formula are given in Chapter xil) 

8. Obtain the expansion 

9 »rt' ~ *! 9« 

for one root of the equation and shew that it converges so long as | w { < 1. 

O- If denote the sum of all combinations 'of the numbem 
1* 3>, 6*. ... (Sn-l)*, 

taken m at a time, shew that 

s oms^,i,(9a+g)! 1911+3 '**(«+Os*+l^“'^' 

(Teixeira.) 

10. If the function f(t) is analytic in the interior of that one of the ovals whose 
equation is | sin i|»C (where C<1), which includes the origin, shew that /(s) can, for all 
points s within thu oval, be expanded in the form 


/(*)-/(0)+ 3 




2n ! 


sin*s 


where 8 


. - /t*->i( 0 )+s'"^,/i*-»( 0 )+...+s|:v,r( 0 ) 
(an+l>l ' 

is the sum of all combinations of the numbers 
8«, 4«, 6«, ... (9»-9)*, 


taken m at a time, and denotes the sum of all combinations of the numbers 


taken m at a tima 

11. Shew that the two senee 


1>, 3*, 8»,...(8»-l)*, 


9r* 2(* 

®‘+p+ 


(Teixeira.) 


and 


fc 8 / 8» Y 1 ^ V 

!-*» 1.3> ■■■’ 


represent the snme function in a certain region of the t plane, and can be transformed 
into eacli other by Burmann’s theorem. 

(Kapteyn, Nienv Arduef, (9), nt (1897), p. 92A.) 

18 If a function f{t) is periodic, of period 9ir, and is anslytio at all points in the 
in6mte strip of the plane, included between the two btanebee of the curve {sinsj— C 
Iwheio C> 1), shew that at all points in Uie strip it can be expanded in an infinite series 
of the form 

/(s}>>A,+AiSins+...+A.sin*s+ 

+ cos s (Bj + Bj sin I + .. . + .^ ein*“* s + „ ; 

and find the ooeffieients A„ and 
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+ ...) 


13. If ^ aod y ore coaneoted b; the eqtution 
of whioh one root is a, shew that 

XI X* 1 I A' f*/" I X* 1 I ^ (.P^) 

x« 

the general term being (“)" jTjl — multiplied by a determinant in which 

the elemente of the finrt row are (^y, (^), ..., and each row » the 

differential coefficient of the preceding one with respect to a; and F, /, F", ... denote 
Fffl),f{a), F (a) 

(Wronski, Pkilotophu de la Teehrue, Soctiim IL p. 361. For proofe of the theorem 
see Cayley, (^uarterig Journal, xu. (1673), Traimoii, A^imr. Ann. do ~3latk. xiii. (1874;, and 
C. Lagrange^ Brux. Jfdn. Couronnlt, i", XLVii. (1886), no. 2.) 

14. If the function If (a, b, x) be deflned by the series 

. (a — b) (a — 8 i> 

1 


If(a,6,*)-*+^i«+' 


3! 


V+.., 


which converges so long as 


|i|< 


R* 


show that 
and shew that if 
then 

Examples of this function are 


^ ir(o, 6, *)<-l+(o-6) ir(a-6, 6, *)i 


IS. Prove that 


y» ir(a,&, »), 
x=ir(6,a,y). 

ir(l,0,x)=»*-l, 

lf(0,l,x)=log(l+x). 




(Jexek.) 


X a,4!» 

naO 


where 


Oh” 


2a, 

4a, 

6a, 


a, 

3ai 

Sa, 


0 

aoo 

4ai 


0 

0 

3<h 


(2i»-a)o._i i»-l)no 

(n-l)®.-! <»i 

^and ohtaiii a similar expression for 


16. Shew that 


1 


S OrU' 


(Mangeot, Ann. Jo I'JleaU norm. mp. (3), xiv.) 
,=cr+l ea, ’ 


10—2 
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when .SVis thesam of theiih poweis of thenmprooalaof ttie roots of tlw equation 

1 OrSfaaO. 

(Gamluoli, Bologna Momone, 188S.) 

17. If /, (*) denote the «th derivate of /{m), and if /-.(() denote that one of the nth 
integrals of f{z) whidi has an n-ple aero at s— 0, shew that if the series 

> /•{*)!-.(*) 

is oonvergent it repnsenta a fhnotion of m+* ; and if the domain of oonvetgeiioe indudes 
the origin in the x-plane, the series is equal to 


> /-.(*+■») F.(0)- 

Obtain Tailor's aeries from this result, b; putting J. (Ouicbsrd.) 

18. Shew that, if c be not an integer, 

2 2 - 0 

as »-•-« , provided that all terms for which m=« are omitted from the summation. 

(Math. Trip. 1896.) 

10. Sum the Series 




where the value R»0 is omitted, andp, q are positive integers to be inc r e a sed without 
liioit* 

(ICatfa. Tnp. 189&) 

20. If r{x) shew lhat 


/■(*)=«« 


iiHlr:! 


and that the function thus defined satisfies the relations 

Further, if 4'(*)“*+p + ^+—“- J^logO-O 

shew that /’(*)— e*****"*"*"”* ****^ 


81. Shew that 


11 |< 1 . 


(Trinity, 1898.) 


In' {1 - 8«-»f coe (*+ft)+»"*V}* - 8e-«*oos (w-/ai)+e-**»}* 

” 8**(l-ooe*)*-»-*'“'^ ’ 

i^«iBin^^j-iw, w, 

0<s<tr. 


where 

and 


(Mildner.) 
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Si If 1 4 1<1 and a 18 noift pontive iDtagar, ihe* that 


2iru* 




<ft. 


jo t-* 

trhan C u a ooatoar in the (-plane enaloeing the points 0, a 

(Lendl, Caupu, zxi (1898), pp. 66-88 ) 

88 If 01 (iX 0t(*)< . are any polynomials in s, snd if F{t) be any integnble 
function, and if 0i (*X 0) (*), • be polynomials defined by the equations 


/: 


shew that 


’* r(x) 0, (,) ^W . -^(f) ito,0,(,), 

/•*/'(*) do 0 i(») . 0t(») I 0 i(*) , 

}• •“* 0l(*) 0l(*)0l(») 0l(*)0t(*)0t(*) 

JV(*)0,(*)0,(»).. 0.(X)^^. 


0-(*) 


0lW0.W 0-(»)^0l(*)0,(*)..0.(«)J 


84 A system of fiinetions pt (^, p, (sX A(*)> defined by the equations 
F.«i(*)«{^+o.«+6«)ft(»X 

when a, and are given ftmctiona of a, which tend respectively to (he bmits 0 and > 1 
as n-e-oD. 

Shew that the region of oonverguiae of a eenee of the form S<hp,((), where Ci, ... 
are independent of s, is a Csanm’s oval with the foci +1, - 1 

Shew that every function/(eX which is analytic on and inside the oval, can, for pomts 
inside the oval, be espanded in a senes 

/(*)-»(<ti + *<!.')f>W(*X 

where 

j (».+*)?.(*)/(*)*. 

the integrals bemg taken round the boundary of the region, and the functions (s) being 
defined by the equations 

(Pincherle, Jbmf dei Ltnem, (4), v (1889), p. 8 ) 


86 Let C^he a contour enclceing the point a, and let 0(s) and/(() be analytic when 
f IS on or inside C Let | ( | be so small that 

|f0(*)l<l»-»l 

when t IS on the penpheiy of C. 


By expanding 


± f 

iSjc-'^'^-«-«0(*) 


in ascending powers of (, shew that it is equal to 
Hence, uamg §$ fi'S, 8 81, obtain Lagrange^ theorem. 
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ASYIIPTOTIC EXPANSIONS AND SUMMABLE SERIES 
8‘1. Simple example of an asymptotic expansion. 

Consider the function /(x)=J^ t~'e*~‘dt, where x is real and positive, 


and the path of integration is the real axis. 

Bv repeated integrations by parts, we obtain 


1 21 


(->-• (n-1) 






In connexion with the function f(x), we therefore consider the expression 


«*-i- 


(-)»-. (n- 1)1 


and we shall write 


».o <E »• ai* a?*+‘ ' 

Then we have as m— »ao. The series Sum m there- 

fore divergent for aU values of r. In spite of this, however, the senes can 
be used for the calculation of f(x), this can be seen in the following way. 

Take any fixed value for the number n, and calculate the value of S„ 
We have 

fix) - S. ix) - (-)-+> (n + D- J" , 

and therefore, since 51, • ' ^ < 

\fix) - S, (®) 1 - (a + 1)!/J ^5? < (" + ^)' / ■ 

For values of x which are sufficiently large, the right-hand member of this 
equation is very small. Thus, if we take x^2n, we have 

!/(*)-S»(®)I<2S^.. 

which for large values of n is very small. It follows therefore that the value 
of the function f{x) can be calculated tntk great accuracy for large values of x, 
by taking the sum of a suitable number of terms of the senes 

Taking vrm fiurly small values of « and n 

,9<(10}-00»16S, and U</(1V}-A(10)<0<XI01S. 
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8 - 1 - 8 - 21 ] 

The aeries is on this account said to be an aiymptoHc expennon of the 
function f{x). The jMWoise definition of an seymptotic eipansion will now 
be given. 

8*2. DefixatMn of an atymptotk expantion. 

A divergent series 



in<which the sum of the first (n + 1) terms is 8n (e), is said to be an atymptotie 
iopansion of a function /(r) for a given range of values of ttrgz, if the 
expression fi# (*)=*“{/(*)— Sa(*)j satisfies the condition. 

lim Rn(ji) » 0 In fixed), 
even though lim |ii„(«)| = <» (x fixed). 

When this is the case, we can make 

where e is arbitrarily small, by taking | x { sufficiently large. 

We denote the fact that the series is the asymptotic expansion of/(x) by 
writing 

f(x)~ i 
1»0 

The definition which has just been given is due to Poincard*. Special 
asymptotic expansions had, however, been discovered and used in the 
eighteenth centurv by Stirling, Maclaurin and Euler. Asymptotic expan- 
sions are of great importance in the theory of Linear Differential Equations, 
and in Dynamical Astronomy ; some applications will be given in subsequent 
obapters of the present work. 

The example discussed in § 8'1 clearly satisfies the definition just 
given : for, when x is positive, | ai“ {/(») — S, (a)) |<n!ar»— eOase— »«. 

For the sake of simplicity, in this chapter we shall for the most port consider 
asymptotic expansions only in .connexion with real positive values of the aifpiment. 
The theory for complex values of the argument may be discussed by an extension of the 
analysia 

* 8 21. Another example of an atymptotie expantion. 

As a second example, consider the function /(«), represented by the senes 

where X > 0 and 0 < e < 1. 


Aeta Matkemattea, vin. (188$), pp. 898-M4. 
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The ratio of the Mh term of this eeriaa to the (i-l)th ie leM than o, and oonnqaently 
the aenea convergea^for all poaitive ralnea at s. We ahall oonfliie qpr attenthm to poaitlTe 
Talueaof«. We have, 'w5en*>d, 

1 1 Jh ^ P t* 

*+i ” * ~ ~ e*~ ■ 

If, therefore, it were allowable* to expand eaoh fraction in thia way, and to 
reairange the aeriea for / («) in deacanding powera of c, we ahould obtain the formal aeriea 


where 




But this prooedufe is not legitimate, and in hei 1 diTeigsa* We can, however, 

ahew that it u an aaymptutio expanaion of /(*). 

For let 


Then 


ao that 


-iH-T) 


*) . 
^+1' 


S P-e* 

k«l 


Kow^ oonvuges for an; given value of n and is equal to Bay; and benoe 

!/(*)-«,(*) I 

Conaequently /(*)- * 

«a| 

BsampU. If /(x)^J «>*-'’ dt, where x ia poaitive and the path of integration ia the 
real axia, prove that 

+LJ_LJL®+ 

[In foot, it waa ahewn by Stokea in 1857 that 

/, (s - + ' 

the uf^wr or lower aign ia to be taken according aa -}ir<aigx<|fr or ^<argx <{*-.] 

8'S. Multiplication of acymptotic cxpantiont. 

We shall now shew that two asymptotic expansions, valid for a common 
range of values of aigs, can be multiplied together in the same way as 
ordinaiy series, the result being a new asymptotic expansion. 


For let 


/(»)-~ 2 ^(*)- 2 B^r^, 

m»9 »«• 


It ie not aUowaUa, aiaee i>x for all terms of the aeries attar aonm deflnite term. 
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and let Sn(t) and Tn(») be the eums of their first (a + 1) terms; so that, 
a being fixed, 

/(s)-S,(*) = t>(r-«X ^(*)-T,(x)-o(x-«). 

Then, if A,Bm + + ... + AmB,, it is obvions that* 

S.(*)r,(s)- 2 C,x-«‘ + o(s-). 

But f(s) ^ (s) = (S, (x) + 0 (x-»)} { T, (*) + 0 (*-")} 

= S,(x)3’,(x) + o(x-«) 

- 2 C«x— + o(r-). 

f)i»0 

This result being true for any fixed value of n, we see that 

/(x)^(x)~ 2 

••0 


8'31. Integration of aaymptotie ecejtantiont. 

We shall now shew that it is permissible to integrate an a^mptotic 
expansion term by term, the resulting series being the asymptotic expansion 
of the integral of the function represented by the original aeries. 

For let /(«)'»' 2 and let 5«(*)" 2 A^ar^. 

««*t 

Then, given any positive number €, we can find sach that 

when x>w„ 

and therefore 

11^ fix) dx-j S, («)<£« j « \fix) - Sn (x ) ' dx 


e 

■'(n-l)**-’’ 


But 


S,ix)dx = 



+ 


^5 

(n-l)*"-*’ 


and therefore I f(x)dx^ S 

On the other hand, it is not in general penuiseiblet to diSenntiato an asymptotic 
Apansion ; this may be seen by oonsidering sin <«*). 


8‘32. Umqueaeea of an asymptotic expansion. 

A question naturally suggests itself, as to whether a given series can be 


' See I I'll; weess o(s~*) to dsnotsesif (nnetlon i^(i) sash that s*^(x)-»0 as ls|*<s. 
t‘For a theorsm conettniBg dUteentiation of asymptotic expansions leiiisssiiliiig analytio 
fnnetions, see Bitt, ByXL Ameriemn Math. See. xxir. (lUt), pp. 3SS~nT. 
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the asymptotic expansion of several distinct functions. The answer to this 
is in the affirmative. To shew this, we first observe that there are functions 
L (x) which are represented asymptotically by a series all of whose terms are 
zero, i.e. functions such that Urn 2"£(a!)»0 for every fixed value of n. The 

function er* is such a function when x is positive. The asymptotic expansion * 
of a function J (a) is therefore also the asymptotic expansion of 

J(x) + L (x). 

On the other hand, a function cannot he represented by more than one distinct 
asymptotic expansion over the whole of a given range of values of t ; for, if 


then 


/(t)~ 2 /(«)- 2 

«»o mw>0 

.« (ii„+i‘+ - Bo -0, 

which can only bo if ... 

Important examples of asymptotic expansions will he discussed later, m connexion 
with the Oamma-fiinction (Chapter xii) and Bessel functions (Chapter xvri). 

8‘4. Metnods of ‘ summing ’ series. 

We have seen that it is possible to obtain a development of the form 

/(«)= 2 .il«a!-" + Ji,(ir), 

«»0 

where » oo as n— » oo , and the series 2 does not converge. 

mrO 

We now consider what meaning, if any, can be attached to the ' sum ’ of 

a non-conveigent senes. That is to say, given the numbers a,, a,, a, 

we wish to formulate definite rules by which we can obtam from them a 
« « 

number iS such that S= 2 a,, if 2 a* converges, and such that S exists 
when this series does not converge. * 

8'4J Borel’s\ meOutd of summation. 

We have seen (§ 7-81) that 


2 f «"‘4(f»)df, 

•=o ! 0 


where ^ 2 the equation certainly being true insidu the circle 

«-s 

IB 

of eonveigence of 2 a.z”. If die integral exists at points s outside this 

m 

circle, we define the ' Borel sum ’ of 2 UnS” to mean the integral 

* It hu ban shawa that wbn tte sseffioianta In tha axiianaion aatiafy aertaia inequalitiaa, 
than la only ona analytia fanatiaB addt that uymptotio axpamum. Baa Pfttl. Tram. 818, x 
(1811), Fp. 878-818. 

t Boral, Lafom mr la Sma Ihsslrgmta (1801), pp. 97-llB. 



8'4-8-48] 


StnOCABLK BEBIS8 


155 


Thus, whenever JS (<) < 1. the ' Bore) aum ’ of the series S e* is 


If the * Borel sum ' exists we say that the series is ' summable (B) ’ 


8*42. Eukr’a^ method of summation. 

A method, practically due to Euler, is suggested by the theorem of § 3‘71 ; 

«0 • 

the ‘sum’ of S a, may be defined as lim S a^ir”, when this limiii exists. 

IIkO 

Thus the ‘ sum ’ of the series 1 — 1 + 1 — 1 + ... would be _ 
lim (1 — « + 4s* — ...)= lim (l+®)“'»i. 


SAS. Cesdro'sf method of summatvm. 

Let s»«=a, + a 5 +...+an; then tf 8 — lim i (», + *,+ .., + »») exats, we 
« 

say that 2 a, is 'summable (Cl),’ and that its sum (Cl) is S. It is 

M-al 

necessary to establish the ‘ condition of consistency!’ namely that == 2 a. 

••1 

when this senes is convergent. 


• n 

To obtain the required result, let 2 Om = s, 2 Sn ’> 

«"1 m^l 


to prove that iSf,— »«. 

S Om < e for all values of p, and 
WSN+l I 
so 

Then, if v > n, we have 


=“*>+“« (i - (i ~ )+“»+> (l - (l ~ ^) • 

Since 1, 1 — v~', 1 — 2»“', ... is a positive decreasing sequence, it follows 
from Abel’s inequality (§ 2'301) that 

|«^(l-g + a,„(l-!^) + ... + «,(l-51^)|<(l-3a 

therefore 

I S.- !«, + «.(l - l) + ... + a.{l - I < (l - g.. 


* Zsftit. Cole. Dif. (ITtS). See Borel, lee. ett. Introdaotion. 
t BnUetin do Sowsen Jfotk. (8), ziv. (1890), p. 114. 

1 See the end of 1 8'4. 
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Making v— » oo , we see that, if 5 be any one of the limit points (§ 2*81) 
of 8,, then 

Therefore, since we hare 

liS-s|s2e. 

This inequality being true for every positive value of e we infer, as in § 2*21, 
that S>‘»; that is to say 3, has the uniqne limit s ; this is the theorem which 
had to be proved. 

XxtuHpU 1 Fnme a dafinition of ‘noifenn snmmability (C 1) of a asrica of variable 
terma.' 

ExampU S. If ^ ^ whan ii<v, and tt, when a nJlMcl, lim and 

if 2 a_°>a then lim i s o-A 
■1-1 .-•U-l '1 


8'43L Cuanft ffaiural mMed a/ tummatioe. 

• r 

A Mrm S Ob H uid to be ^aummeble (Or)’ if lim S exista» where 
e **® »»0 




It follows from § 6'i3 example 2 that the ‘eoodition of eoBaiatenoy ’ ia aatiaSed ; in 
fact it can be proved* that if a aenea is anmmable {Or ) it is alpo aummaUe (Or) when 
r > 1 ^; the oondition of oonaisteno; ia the particular case of this raault when r^-O 


S'dA The method of raatmahan of Ei'eaf 

A more extended method of ‘summing’ a aeries than the preceding is by means of 
lim 2 a.. 

m which X, ia any real function of n wbiidi tends to infinity with n. A series for which 
this limit exists is said to be ‘summable (Br) with sum-fimetion X,.’ 


8‘5. Habdt's^ convsboence thxokkm. 

Let 'S.^Onbea seriee whiek ie eummable (C 1). 7%sn if 
o,= 0(l/n), 

the series % converges. 


• Bromwieb, In/Mu Serif, 1 121. 
t Cbmpfw Emdiu, oxta. (1910), pp. 18-11. 

t Prac. London Moth, See. (1), vni. (191(9, Pe- >09-10*. For the proof hare given, m% aia 
indebtsl to Hr Uttlswood. 
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Let (.■•a, + ai+...+an; then since X a. is aummable (0 1), we have 

••1 

«, + e,+ ... + «,»nl* + o(l)), 

«D 

where « ie the earn (C 1) of X On- 

Let (m = 1, 2, ... n), 

and let ti + <,+ ... + t, = o-*. 

With this notation, it ie sufficient to shew that, if | | < Kn~', where K 

is independent of' n, and if o', n . o (1), then t, — > 0 as n — » oo . 

Suppose first that a,, a,, ... are real. Then, if t„ does not tend to zero, 
there is some positive number h such that there are an unlimited number of 
the numbers tn which satisfy either (i) i^>h or (ii) t,^<—h. We shall shew 
that either of these hypotheses implies a contradiction. Take the former*, 
and choose n so that <« > A. 

Then, when r = 0, 1 , 2, .... 

lo.+rK^’/n. 



Now plot the points Pr whose coordinates are (r, (n 4 .r) in a Cartesian 
diagram. Since -t^+r ~a»+T+ii the slope of the line PrPm is ioss 
than 0 ■■ arc tan {Kjn) 

Therefore the points P,, P„ P,, ... lie above the line y’^h — etaaS 
Let Ph be the last of the points P„ P,, ... which lie on the left of X’^hootd, 
so that A (Acot^. 

Draw rectangles ae shewn in the figure. The area of these rectangles 
exceeds the area of the triangle bounded by y«°A— «tan0 and the axes; 
thi^^ is to say 

O'li+S" + + ••• + *»+* 

> J A' cot — I A’jff'”**. 

* Tbs nadst viU hs that tbs latter bjrpottasuf IdtoItw a eoDtradietloii br oiiiig artnaisati 
of a pnaiMlj nmUaT obaraetsr to those vbioh will be smplagral in dealias vftb fba focnat 
bjpofbatie. 
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But I ~ I ^«44|4' I ) I 

-«(a + ^).o(l) + (ii- Ij.o(l) 

««n.o(l), 

since k < hnK~^, and h, K axe independent of n. 

Therefore, for a set of values of n tending to infinity, 

< n . 0 (1), 

which is impossible since ^h*K~' is not o (1) as n — » ao . 

This is the contradiction obtained on the hypothesis that hm ^ > 0 ; 
therefore lim $ 0. Similarly, by taking the corresponding case in which 
tn < — A, we arrive at the result 1^ > 0. Therefore since lim > lim 

we have lim t„ s 1. 1 = 0, 

and so t* — » 0. 

That is to say «n — » s, and so S m convergent and its mm is a. 

Hal 

Jf Os be complex, we consider R(am) and /(a,) separately, and find 

so « 

that S R(an) and S /(«■■) converge by the theorem just proved, and so 

Hsl Hal 

OB 

S OnConvergea 

The reader will see in Chapter ix that this result is of great importance 
in the modem theory of Fourier senes. 

CoFoUory. If a,{() be a fiuteam of f euoA that S a^[()u vmfomly tummtMe (C 1} 

Hal 

a domain of wiuos of and if ( a^{^) { r^oro K i$ tndependoni of 

m 

Z Oa (I) oonvorgoM unxfomdy throughout the domain, 

Hal 

For, letsmiog the notation ot the preceding section, if >,(() does not tend to sero 
uniformljr, we can find a positive number A independent oi n and ( such that an infimte 
aequenoe of values of n can be found for which or <•(£■)< - A for some point 

of the domain* , the value of £, depends on the value of n under consideration. 

We then find, as in the original theorem, 

for a set of values of « tending to infiiut;. The contradiction implied in the inequolttf 
shewsf that A does not exist, and so rs(f)-e-0 umfonul;. 

* It IS aasnmed that a, {Q is real; the extension to complex variables can be made as in the 
tamer theorem. II no sooh number A existed, wouM tend to eero onilbrmlr. 

t It is essential to observe that the oonstasts involved m the incqnabtp do not depend on 
For il, ear, tt depended on X"' would reallj bo a function of u and might be a (1) gus ftanetira 

of N, and the megnalitr would not Implj a oontradiotion. 
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Miscellaneous Examples. 

/’*' tf"** 1 2 ! 4 * 

I. Shew that I 34* -r-... when x ih real and po^tive. 


8. Duouaa the repreaentation of the flinction 

/(•»)“/]_^ + (<>e^<* 

(where r is gt-pposed real and poaitiTe, and ^ ig a function aubject to oertain general con- 
ditional by meana of the senee 

Shew that in oertain caaea (e.g. ^ (()_«w) the aeries ia absolutely convergent, and 
re pr o aeutg/(jr) for large positive values of s; but that in certain other oases tbe aeries is 
the asymptotic expansion of f(s). 


3. Shew that 

1 0-1 (o-l)(o-9)^ 

e^~*J €“•*•■* itr~j -P -p- -t-' '+... 

toe laige positive values of a 

(Legendre, Eseereute do Cole. Int. (1811), p. 340.) 

4. Show that if, when x > 0, 

/(«j-/" |log»-l.log(^)| a— 


Shew also that /(x) can be expanded into an abaolutely convergent seriee of the form 
-^<*>~i, <wH)(*4)-(x4.t )- ^Schtomilch.) 


5. Shew that if the aeries l-(-0-(-0-l4-04-l+0-t-0-l-t-..., in which two aeros 

precede each -1 and one aero preoedea each -<-l, be ‘summed’ CeaAro’s method, 
itsSum ia 4. (Euler, BoreL) 

6. Show that the aenes 1-814-41—... cannot be summed by Borel’s method, but the 
aeries I4-0-SI4-04-4t4-... can be so summed. 


* This paper ecotalns many nfeiences to recent derelopmenta of tbs enbjeet. 

t A bibliograpbT of the Uterators of sumiaable seriee will be found on p. 378 of this 



CHAPTER IX 

FOURIEB SERIES AKD TRIOOKOMETRICAL SERIES 


9'1. DefintHon of Ftya/ner terioi*. 

Series of the type 

Jo, + (oi cos « + ii sin «) + (a, cos 2« + ^ sin 2») + . . . 

m 

= Jn, V S (o» cos ne + 6, sin nae), 

i»b1 

where On, bn ere independent of x, ore of great importance in many investi- 
gations. They are called trigononiotrCeal series. 

If there is a function / (<) such that J f (<) dH exists as a Riemann integral 
or as an improper integral which converges absolutely, and such that 

iro« •= J /(<) cos ntdl, ir6» = J /(t) sin ntdt. 


then the trigonometrical series is called a Fawier series. 

Trigonometrical esriea first appeared in analysis in oonnexinn with the investigations 
of Daniel Bernoulli on vibrating etniigs ; d’Alembert had pravioaaly soIVed the equation of 

morion jr— a* ^ in the Jbrmy=| {/ { 1 .^ 01 )+/ {je~ at)), where y •/(!;) is the initial shi^ie 
of the string starting from rest ; and Bernoulli shewed that a formal solution is 


• . . »»x nwat 

y— Z 6,ain-7-coB— T-», 

«=i * ‘ 


the fixed ends of the string being (0, 0} and (I, 0} ; and he asserted that this was the meet 
general solution of the problem. This a^^ieared to d’Alembert and Euler to be impossible, 
since such a series, having period 21, could not poasibly rqnasent such a funorion ast 
eg(l-x) when r— Oi A oontrovemy arose between these mathemariciane, of which an 
aooount is given in Hobson’s jnuutioiu of a Beal YariabU. 


Rourier, in his TMorie Be la Chaleur, invsstigated a number of trigonometrical series 
and shewed that, in a large number of particular oases, a Fourier series actually eamerged 
to the sum /(«). Poisaon attempted a general proof of this theorem, Joamtd do Vjjkola 
jwlytecAnigss, zu. (1823), {ip. 404-606. Two proof) were given by Cauchy, Jfdm. Be 
FAcaB. S. das SoL vi. (1823, publi-hed 1826), 1 ^. 803-612 -(OsinTes, (1), tL pp 12-19} 
and Eatrolett Be Math. 11 . (1B2T), pp 341-376 (Oeuvm, (3), viL pp. 363-430) ; these proolh, 
which ore baaed on the theory of contour integration, are eoncemed with rather particular 
dsases of functions and one is invalid. The second proof has been investigated by 
Homack, Math. Ann. xxxu, (1888), pp. 176-202. 

* Tbiosgfaoat this chayfo (exeept in 1 6*U) U it tnppossd that all the nnmbets involved sis 
real. 

t This fitnerion givesa tunple foas to ti» initial shape of the etring. 
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91 , 9 * 11 ] 

In 1889^ DiiiciUet gnve title fint rigorous proof* tbst, for a genanl dsss of fiinotions, 
the Fourier aeriei^ defined as sbovs, does oonveiga to the simi /(«}. A modifiostion of this 
proof was giron later bj Bonnett. 

The result of Dirichlet is that J if /(<) is defined and hounded in the range ( - <r, ir) and 
if/(t) has ool/ a finite number of tnaiima and minima and a finite number of dis- 
oontinuities in this range and, further, if /(() is defined h; the aquation 

/(<+*,)-/(<) 

outside the range (~c, «-), tiien, prorided Uial 

iro,- /(fiooBntdt, /(Osmn(d(, 

m 

the series j|o,+ s (a,aos<ir+&.siiiiui) conrerges to the sum |{/(«+0)+/(«-0)}. 

»«! 

Later, Biemann and Cantor developed the theory of trigonometrical aeries generally, 
while still more reoently Hurwits, Fejdrand others have investigated properties Fourier 
series when the aeries does not necessarily converge. Thus Fejdr has proved the re- 
markable tiieorem that a Fourier aenea (even if not convergent) ia ‘summable (Cl)’ 
at all points at which f{ae±0) exist, and its sum (Cl) ia i{/(ir-(-0)+/(x-0)}, 

provided that j' /(() dt ia an absolutely convergent integral. One of the investigations 
of the convergence of Fourier aeries which we shall give later (§ 9'4S) is baaed on this result. 

For a fuller account of inveatigationa subsequent to Biemann, the reader is lefened to 
Hobson’s Fmutiafiu of a Rtal Faruiile, and to dr la Vallde Poussin’s Cesrt dAneiyte 
InfmiUtmul*. 

9'11. Ifature of th* rtgim within which a tngonomotnoal mria ooamrpea 
Consider the aeries 

1 * 

s(i,+ 2 (aa00s«+6,smns), 

a ••.1 

where r may be complex. If we wnte e*s>(, the senes becomes 

J<»,+ J^|i(a.-ajf+i(o,+f6,)r*| . 

This Laurent aeries will converge, if it converges at all, in a region in which a < | (| 
where a, i are positive constants. 

But, if ijf, I (i— <~i', and so we get, as the region of convergenoe of the trigono- 

metrical senes, tiie strip in the t plane defined by the inequality 

loga<-jr< logfi. 

The case which ia of tbs greatest importance in practice ia that in which a— I, and 
the strip eonsisto of a single line, namely the real axis. 

1. Let 

^ /(s)-ains-|siafif-l-|ain3>-^sin4e+..., 

where t^^a+ig. 

* JoanatJUr Math. iv. (IBM), pp. WJ-m. 

t tUnoira iM amantt dWeapere of the Belgian Aesdsmy, xxni. (1848-18S9). Bonnet em- 
ploys the sesond mean vatns thaosem direetly, while Dirielilst’s original j^roof makes use of 
argumsDts'pcesissly «m«iUr to those by whleh that tbeoiim is proved. See 1 9^ 

2 The eonditioDs postulated lor /(() ate known as IHriehkt’t sswiiMeae; as will he sewn in 
f| 9-9, 9>49, they am ennsesemrUy ab^^L 


W. M. a. 


11 



162 


THE FBOOEaSXa OF ANALYSIS 


[OHAP. nc 


Writing this in riie form 


/(»)• 




we noUoe tiiat the first series oonverges* only if y > 0, end the second only if y <0. 
Writing X in place of s (« being real), we see that by Abel’s theorem (§ 3‘7I), 

f{x)’m lim ^rsin*-gf*ema«+if*sin a*— 

" {-g i '*'**+§ 

+g*('^-g'*‘^+g''^-)} 

This is the limit of one of the saluee of 

-gt log(l+r«*>)+g«log (l+r«-“), 

and as r-»l (if -w<x<ir\ this tends to As, where k is some integer. 

Now X ^ — oonrerges uniformly (| S®! example 1) and is therefore oon- 

aMl a 

tinuoos in the range — s+fi<jr<r— ^ where A is say positire oonstant. 

Since is continuous, k hsa the same value wherever x hes in the range ; and putting 
xaO, we see that 1=0. 


Tkmfim, wiea — ir < x < ir, /(x}~gx. 

But, when r <x < 3r, 

/(*)“/(* (x-2x)»i.v-ir, 
and generally, if (Sa— l)x<x< (2n+l)e, 

/(x)-gx-air. 

We have thus arrived at so example in which /(x) is not repraseoted by a single 
analytical expression. 

It must be observed that ihis phenomenon can only oconr when the strip in which the 
Fourier seriee oonveiges is a single hn& For if the atrip is not of sero breadth, the 
associated Iiaorent series converges in an annulus of rmn-aero breadth and represents an 
analytic function of { in that annulus ; and, since ( is an sualytic function of i, the Fourier 
series represents an analytio function of x ; such a series is given by 
r sin X - gr* sin Sx+gr* sin 3x— ... , 


where 0<r < 1 ; its sum is arc tan ^ always r^resenting an angle 

betwemi ±gtr. 


Eatamiiti. When -ir^x^w, 

; (-)’■-« cos ax I 1 . 

«> 

The aeries converges only when x is real; by § 3’84 the convergeooe is then absolute 
and uniform. 

Since gxi=Binx-gain8r-f-gsin3x-...- (-ri-AtCx^s— 9, 3>0}, 
and this aeries convergef suifomily, we may integrate term-by-term from 0 to x (S 4'7}, 
and consequently i 

1 jj,' 2 , 
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Tbftt ia to tay, wbeo -ir+S<«<«r-d, 

c-l*.- i LrTl^, 

where C ia a oonatant, at preaent uDdetermined. 

But ainoe the aeriea on the right oonTergea UDiformly throughout the range - ir 
ita aum ia a continuoua hine^-ion of x in thia extended range ; and ao. proceeding to the 
limit when w-»- ± ir, we aee that the laat equation ia atill true when ± tt. 

To determine C, integrate each aide of the equation (§ 4*7) between toe limita -w, w; 
and we get 


Couaequently 


i 

tS 4 


1 


Sir<7-^ir»-0. 
(— )a~‘00B«g 


(-w<2<ir). 


Example 3. By writing r- Mir for x in example S, ahew that 


ein* nx {-^ix (w—x) 


.1 




(0<*<wX 

(— irlCx<ir). 


9 12. Values of the coefficients in terms of ike sum of a trigonometrical 
series. 

Let the trigonometrical aeriea (c. + S (Ck coa me + <2ii ain me) be uniformly 

convergent in the range (— w, w) and let ita aum be / («). TTaing the obviona 
reaulta 


/: 


j /=0 (mi^n), 

coamxcoenxax i , , n\ 

- l=7r (m = n^0), 


r« 


sin fTUJBin 




j dx = 27 r, 


(m >• n ^ 0), 

ce 

we hnd, on multiplying the equation ^c«+ £ ((!.ooame + d^Binme)»/(a;) 
by * COB me or by ain me and integrating term-by-termf (§ 4'7), 

rrCn = J f(fl!)coenxdsi, wd^’mj /(a;)8inmed2r. 

CoroBarp. A trigonometrical aeriea uniformly oonveigent in the range ( - w, w) ia a 
Fourier aeriea. 

Kotx. Lebeague haa given a proof (Sirise irigonomttriques, p. 1S4) of a theorem 
oommunioated to him by Fatou that the trigouometrioal aeriea S ain nxftog a, which con- 

ll«l 

vergaa for all real raloea of x {% !'3l example IX ia not a Fourier aenea. 

9‘2. On Diriokle^s conditione and Fourier’s theorem. 

A theorem, of the type described in § 9'1, concerning the expanaibility of 
a function of a real variable into a trigonometrical aeriea ia uaurily described 


* Holtiplytng by iheaa facton dose not deateoy thi oniformity of the oonvacganee. 
t Theae were given by Bulat (with limita 0 and Sw), Mona Aeta Bead. Petrop. zi. (1793). 

11—2 
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as Fovner's theorem. On account of the length and difficull^ of a foimal 
proof of the thecnrem (even when the function to be expanded la subjected to 
unnecessarily stnngent conditions), we defer the proof until §§ 9 42, 9 43. It is, 
however, convenient to state here certain euffioimt conditions under which 
a function can be expanded into a tangonometncal senes 

Xst /{t) be defined arbvtrardy when and defined* for all (Oker 

real valuee of thy means of Ike equation 

A« + 2w) =/(«), 

ao that f{t) M a pet iodic function wtth period 2ir 

Let f{t) he eutk that J f(t) dt eaneta , and if thie it an impropet integral, 
let It he abeolutely convergent 

Let On, bn be defined by the equcdionaf 

ira,=J f(t)ooantdt, w6»=J f{t)BUontdt («=0, 1, 2, ) 

Then, if a be an interior point of any interval (a, b) in which f(t) has 
limited total fluctuation, the aeries 

«D 

ia,+ 1 (an cos Rx -f sin me) 

««1 

le convergent, and ita aumi la J j/(* + 0) +/(a: — 0)) If f If) w contvmuna 
at t = a, this sum reduces to f{m) 

Thu theorem wiH be oaeamed in 8 81-9 32 , these aeitioiu deal with theorems ton 
coming Fourier eenee whiob are of some importance m practical applications It should 
be stated here that merj fnnction which Applied Matbematiuaos need to expand into 
Fourier senes satu&ee the conditions just impcmd on /(t), so that the analysis given later 
in tbu chapter establishes the validity of all the expansions into Fourier senes which are 
required in physical investigations 

The reader will observe that in the theorem just stated, /(t) is subject to leas stnngent 
conditions than those contemplated by Dinohlet, and thu decrease of stnngenoy is of 

«p 

considerable pmotical importance Thus, so simple a senes as X ( - (cos nx}/n u the 

expansion of the function^ loglScos^xl, and this function does not satufy Dinehlet’s 
condition of bonndedneas at ±ir 

8D 

It IS convenient to desenbe the senes ia,-t- S (anCOBnn+ b^amnn) as 
the Fourier aenea aaaooiated with /(t) Hus descnption must, howevei, be 

* Thu definition fiSHiiently resulti in /(() not being expieenMe by a single analytual ex- 
presoon tor all real valnes of t Cf 1 9 U example 1 

t The Bomben a,, b„ me sailed the Fmner eonituU of /(t), and the aymbds a„, will be 
used in thu sense tliiDii^i|g* M 6 2-9 d It may be shewn that the eonveigenee end abeolnte 
convergence of tiis integrals definuig the Fentisr oeiwtanta ate eonsagiieiMee of the eonvergeasa 

and dbsolata eonvergeiiee ^ /(>) dt Of N 9 32, < fi 

* Thehimta/(x±P) exfst, by | B <4 example B 

I Of. example 6 at the end of the chapter (p. 190). 
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taken aa implying nothing concerning the convergence of the series in 
question. 

921. The repreeenUUion of a function by Fourier eeriee for ranyea oAer 
than (— IT, it). 

Consider a function /(«) with an (absolutely) convergent integral, and 
with limited total fluctuation in the range a 

Write « — i(a + 6)— j(a— h)7r~*«^, f{x)=‘F{af). 

Then it is known (§ 9*2) that 

\{F{a! + 0) + F(*' — 0)}=io,+ S (a«ooefl«f + k,8inn®'), 

and so 


5(/(* + 0)+/(*-0)l 


>io.+ i f. 

* n-l ( 


aw(2x— a— 5) . , . neriix — a — hy 

a, cos — ■+o»8in 


b — a 


}■ 


where by an obvious transformation 


5 (h - a) a, =«= /*/(*) «» ~ ~ 

5 (6 - a) 6, » /(*) sin dx. 


922. The cosine series and the sine senes. 

Let /(«) be defined in the range (0, 1) and let it have an (absolutely) 
convergent integral and also let it have limited total fluctuation in that range. 
Dsjfvnefix) in the range (0, — 1) by the equation 

/{-*)-/(»). 

Then 

i {/(® + 0) +/(« - 0)} = I <*.+^2^ joi. cos - p + 6, sin , 

where, by § 921, 

/(<)*“» 

, J -I * 

so that when 

i l/(* + 0) +/(* -0)) - ia, + i^a,cos?p : 
this is called the oonne series. 

If, however, wn define /(«) in the range (0, — I) by the equation 

/(—)—/(-•). 
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we get, when 

J i/(« + 0) +f(x - 0)1 = f ^ 6, Bin 
where lbn^sj^/(t)Bin'‘J^dt; 


this is called the nns series. 
Thus the series 


1 * nira 

,a,+ i anC0S-|- 


2 . . mriv 

£ 5,Bm , 
•-1 t 


where 5 “/o dt, i <6, - /(*) sin dt, 

have the same sum when 0 <s; < 2 ; but their sums are numerically equal and 
opposite in sign when O^r^ — t. 

The coeiue aeries was given by dairaut, Bit. de PAead. &. dtt Sd. 1754 [published, 
1769], in a memoir dated July 9, 1757 ; the sine aeries was obtamed between 1762 and 
1766 by Lagrange, Oeuvret, i. p. 653. 

JSxamplt 1. Expand i(*-«)sin e in a eostne aeries in the range 0<«<fr. 

[We have, by the formula just obtained 

SB 

^(ir-r)siox»^+ 2 Oacoaiw, 

««i 

where iea,mj ^{w— ir)sin rcosKrito. 

But, integrating by parts, if a + 1, 

J* 2 (*■ -*] sin X ooe »i*dir 

— J’ («• -x) {sin (»+ 1) X - sin (a- 1) x} de 
/I 1 \ -2ir 

Wheteaaif a— 1, weget J*2(ir-x)sinxooax<to~4*. 

Tbetefore the required series is 


1 . 1 

j + jCOSS 


■O'"* -• 


It will be observed that it is only for values of x between 0 and ir that the sum of this 
series is proved to be ^(w-x)sinx ; thus for instance when x has a value between 0 and 
- w, the sum of the series is not 4 (« ~ir) sin x, but - ^ (<r+x) sinx ; when x has a value 
between ir and 2«, the sum et |lie aeries happens to be again j fw-x) sin x, but this is a 
mere coincidenoe arising freen the special function considered, and does not follow from 
the general theorem.] • 

Jimmple 2. Expand Jwx (w — x) in a sine series, valid when 0 < x < w. 

..M. sin 3x sin 5x 

[ITie ssnss is sin x+--i|, + — jj— +—•] 
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Sxamplt 3. Shew tlwt, when 

iir(ir-2j:)(«*+air*-2**)»oo»»+2^^ + 2?^®* +.... 

[Denoting the left-hand aide by /(*), we have, on integrating Iqr parte and obeerring 

J'/(«)oosW<i*-i|^/(4!)Bina*J'- i JV'(*)«in fucdac 

- ^ [/' <*) <=“ "'J' - it J’f" W 0“ 

« ^f" (j!)Binnj-J% ji j’/"'(x)^tudx 

Example 4. Shew that for values of x between 0 and w, <** can be expanded in the 


, oae2c , aoe4.r . 
e*-f4 ■‘■.•-ne'*' 


\ 2*/^ /aaxx . ooeto . \ 


and draw graphs of ths function e** and of the sum of the seriea. 

Exumplti Q. Shew that for values of x letvoen 0 and tr, the function |ir (ir - Sf) can 
be ex|)anded m the cosine senes 

cos.l^ . cos 6x 
cos X+-35-+-J, 

and draw graphs of the fbnotion ^ (ir - S«} and of the sum of the aeries. 

9'3. The nature of the coefwienU in a Fourier eeriee*. 

Suppose that (as in the numerical examples which have been discussed) 
the interval (— w, w) can be divided into a finite number of ranges 
(— w, A,), (le,, Ic,)... {kn, ir) such that throughout each range / (») and all its 
differential coefficients are continuous with limited total fluctuation and that 
they have limits on the right and on the left (§ 3'2) at the end points of these 
ranges. 

Then 

wo*= f ' /(t)ooBmldt + f*'/(t) 008 mtdt +... + [ /(t)coemtdt. 
Integrating by parts we get 

trOm = ^*n~*/(f) Bin mtj + |^TO~*/(f) sin ... + ^n»“*/(f) sin 

— m-' f ‘ /'(t)mnmtdt-m-'f '/' (t) sin mtdt ~m~'f /' (f) sin mf d(, 


so that 




* Ibe uudyiia of this section sad of |9'81 is oonteined in Stokes’ gnat memoir, Camt. Phil. 
lyoni. vni. (1849), pp. <88-888 [Ifatk. Pspcn, i. pp. 286-818]. 
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h _:®-4.5=! 
* m m ‘ 


where 2 8m»nl%.{/(ir— 0)“/(fe+0)j, 

r-l 

and 6m' is a Fourier constant of /'(«) 

Similarly 
where 

wSm •= — 2 cos mkr {/(K — 0) — /{k, + 0)} — COB mw {/(ir — 0) —/(— w + 0)), 

r-I 

and Om' IS a Fourier constant atf{x). 

Similarly, we get 

A„' ftm" Om" 

where Um", 6m” the Fourier constants 9 f/''(«) and 
w^m' = 2 sm m*, 1/' (fc, - 0) -/' (Iv + 0)]. 

r-l 


w£m' = - i COSlui, (/'(lv-0)-/'{*r + 0)} 
r«l 


Thereibre 


— cosMir {/'(w — 0)— /'(— w + 0)). 



Now as m— »oo , we see that 

J„' = 0(1), 5„' = 0(1), 

and, since the mtegrands involved in Om" and 6.” are bounded, it is evident 
that 

dm"- 0(1), 6„" = 0(1X 

Hence if ,dm»0, the Founer senes for /(») converges absolutely 

and uniformly, by § 3 34. 

The necessary and sufficient conditions that ilm '“B^’^0 for all values of 
m are that 

/(ir-0)=/(*r + 0), /(w-0)-/(-W + 0), 

that IB to say that*/(s) should be continuous for all values of x 


9*81. DxfferentwtMn of Fawner senes 
The result of differentiating 

« • 

*01+ 2 (OmOosime-i-hmainme;) 
term by term IS '* 2 {mhmcosnui — ffiOmSmsM;). 


* Of oontM/(s)llalso sabjset to tho eoadiUoas rtsM at tho begmoiog of tbs tsetion. 
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9-81-9-41 

With the notatioti of § 9‘3, this is the same as 

„ 0 ,' + £ (a« coe true + hj sin nue), 

* m-*! 

provided that and j /'(x)dx = 0; 

* —w 

these conditions are satisfied if / («) is continuous for all values of x. 

Consequently suflicient conditions for the legitimacy of differentiatmg 
a Fourier series term by term are that /(«) should be contmuous for all 
values of a and /' (x) should have only a finite number of points of discon- 
tinuity in the range (— ir, ir), both functions having limited total fluctuation 
throughout the range. 

9 32 /MertHtnatton of jmnU of litMORltitinly 

The ezpreesious for a. and which bare been found in § 9-3 can frequently he applied 
in practical examples to determine the points at which the sum ^ a given Fourier senes 
may be disoontmuous. Thus, let it be required to determine the places at which the sum 
of the senes 

sina+^ sln3ir4 )sin Sie+... 

IS discontinuous 

.deninus^ that the senes is a Founer senes and not ai^ tngonometnoal senes and 
obeemog that a.~0, (Sm)'-' (1 - cos nur), we get on considednng the formula found in 

S 9-3, 

Ba~i-}coSnlir, aM'wi|ri''=0. 

Hence if it|, h ^, . . are the places at which the analytic character of the sum is broken, 
wo have 

0=s'd.»[sin mil {/(*, - 0) -/(1-i-f 0)} +sin {/(i, -0) -/(tfbO)} -b ...]. 

Since this is tnie for all values of m, the numbers if|, kg, • must be multiples of ir ; but 
there is only one even multiple of w m the range — ir<4iCir, namely sero. So 
and it), it), ... do not exist. Substituting ii=0 m the equation H«>°|-ioos«ns, we have 
IT (J - toon me)- -[coo mw {/(w -0) -/( - w -bO)} +/ ( - 0) -/( + 0)]. 

Since this IS true for all values of m, we have 

is=/(+0)-/(-0), 4,-/(w-0)-/(r + 0). 

This shews that, if the senes is a Founer soies, f(x) has discontinuities at the points 
sir (s any integer), and since an'~i«'wO, we should expect* /(r) to be constant in the 
open range ( - ir, 0) uid to he another oonstsnt in the open range (0, w) 

9-4. FjsjBr’s theorbh. 

We now begin the discussion of the theoiy of Fourier series by proving 
the following theorem, due to Fej^rf, concerning the summabilily of the 
Courier series associated with on arbitraiy function, /(t); 

Lei f{t) be a function of the real variable t, defined arbitrarily when 
— w < t < W-, and defined by the equation 

/(t-b2w)-/(f) 

* In point of {Set /(e)=-|v (-■'<x<0); 

/(*)•** (0<*<»). 
t Umth. Ann. bvni. (1904), pp. 51-49. 
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fvr all oAer real vahiet oft; and let J* /(<) dt exist and (if it is an improper 

integral) let it be oibeohitely convergent 

Then the Fourier eeriee associated with the Junction f(t) is eummable* (Cl) 
at all points x at which the two limits f(x ± 0) exist. 

And tts sum (Cl) is 

i{f(x + 0)+f(x-0)]. 

Let Os, bn, (n^O, 1, 2, ...) denote the Fourier constants (§9'2) of f(t) 
and let 

m 

iOn’^Ai, ffl»ooen«i + 6i,8inn« = jln(®), S ii, (e) — S*, («). 

nsO 

Then we haTe to prove that 

lim — {j1, + S, (x) + S,(x) + ... +8^t (*)) « i {f(x + 0) + f(x — 0)), 

provided that the limits on the right exist. 

If we substitute for the Foiiner constants their values in the form of 
integrals (§ 9‘2), it is easy to verify thatf 

NI-1 

A,+ 2 S,(«) = mil. + (»n-l).d,(®) + (i»-2).4,(®)+ ..+jl*_,(ir) 

«l«t 

1 f* 

» - + (w — 1) cos (a? — i) + (w — 2) COB 2 (a? — <)+•• • 

wj 

+ 008(711— 1) (a! — 01/(0 

~2wj-, 8in4(®-t) 

8in«iw(®-t) , , 

8in«i(®-0 

the last step following from the periodicity of the integrand. 

If now we bisect the path of integration and write ® T 2tf m place of t in 
the two parts of the path, we get 

A, + *f ‘-Sf, (x) -If** * * /<x + 20) d0+^ - 20) d0. 

usai itJq 8m*9 ttJo Boru '' ' 

Consequently it ts sufficient to prove that, as m-eoo , then 


’-T 

2vj. 


* Sea 1 8-48. 

t It is obvions tbst, IFw smte X for a*****) m tbe seemid line, then 

*+(»- 1) (X+X-») + (iii-8)(X*+X-*)+ +(X"-i+Xi-") 

=(i-x)-Mx>-"+x*-«+ +x-i+i-x-x«- -x*} 

= (I - x)-* {X*-* - ax +x»*»} =(x*" - x"**^*/(x* - X"*)* 



lOUBIEB BERIKS 


171 


Now, if we integrate the equation 


= + + ... + oo82(m — l)tf, 

2 Bin'fl » ' ^ 


we find that 


I ,6 do = iwm, 

Jt Bin's * 


and BO we have to prove that 

1 /■I'flin'rfi^ - 
— I — 4^(p\d6^0 ft8 wi— 
otJo Bin'd ' 

where ^ (ff) stands in turn for each of the two functions 

/(* + 2tf)-/(-r + 0). /(®-2(9)-/(»-0). 

Now, given an arbitrary poeitive number e, we can choose S so that* 

whenever 0<ff^iS. This choice of S is obviously independent of m. 

Then 

a,, 

_1 » 

Now the convergence of J '/(i)i(U entails the convergence of 
' 0 

and so, given « (and therefore 5), we can make 

^wem sin’ 1 8 > f*' | A (ff) ) dff, 

'0 

by taking' m sufficiently large. 

Hence, by taking m sufficiently large, we can make 
11 f*'8in'TOfl .... 

* jmj. 

where c is an aidiitiaiy positive number ; that is to say, from the definition of 
a limit, 

and so Fqj^r's theorem is estabh'^ed. 

* On th* Mwimpfan tbat/(s±0) ulst. 
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bonllary I. Let T and Z be the upper and lower bounde of/(() in anj interval (a, b) 
wboee length does not eiujeed Sr, and let 

Then, tla+ti^x^b-ti, where e le any posittve number, we have 

i |d«+V-S’.(a;)}- < r+{l ri+Jdl/{mein»4,} 


so that 


Similarly 


i |d,+“s «.(x)| >Z-{|Zl+id>/{»rin*l,} 


Corollary 8. Let / (t) be oontinuoiu in tbe mterval a < t < 6 Since continuity implies 
uniformity of oontmiuty (§ 3 61), the cboice of 3 eoneeponding to any value of x in (a, 6) 
IS independent of x, and the upper bound of |/(x±0) {, i e of |/(x) |, is also mdependent 
of X, BO that 

I *' I ♦(«) I dd- |/(x±sd) -/('±0) I d 0 
«* f'j/«i«*+iw|/(x±o)|, 

and the upper bound of the last expression le mdependent of x. 

Hence the choice of ni, which makes 

I 1 /■*' sin'md I ^ 

Uj, -5J?d 

IS independent of x, and eotuajvmtly S 5»(x}|’ tench to the hmu /(x), « 

wu/omity tAnwpAost the tntenal a^x %b 


9*41. The Biemann-Lebeeffite lemmas. 

In order to be able to apply Hardy’s theorem (§ 8*5) to deduce the con- 
vergence of Founer senes from Fejdr’s theorem, we need the two following 
lemmas : 

(I) Lei [ •^{fi)dS eiBMt and {if it is tm improper intej^rol) let it be 

'a e 

absoluiettf convergent. Then,ae\-*ec, 

J*'^(ff)am{}J)M is o(l>. 

(II) If, fiirther, V' (0) has Umsted Mai fluctuation in tbe range (a, b) then, 
as X-eac, 

j*^^{0)nn{X0)i0 is 0(1/X). 
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Of theM rasults (I) waa atatad byW.R EEamiltoo* and hj Sramannf in the eaae of 
bounded fimotiona. The truth of (II) aeeiua to have been well known befiire ita unpwtance 
waa realiaed , it la a generahaation of a reault eatabliahed b; Dirkaent and Stokea 
(aee § 9*3} in the caae of fUnoboiis with a continuoua differential ooeflhnent. 

The reader ahould obeerve that the analysu of this section ramuns rahd when the 
ainea are replaced throughout bjr cosinea 

(1) It 18 convement§ to establish this lemma fiist m the case m which 
•<fr (6) 18 bounded in the range (a, b) In this case, let K be the upper bound 
of I (0) I, and let e be an arbitrai 7 positive number Divide the range (a, b) 
into n parts by the pomte x,, Xt, x^-i, and form the sums 8^, a» associated 
with the function ^(d) after the manner of §41. Take n so large that 
lifit — Sn < e , tins IS possible since (d) is integrable 

In the interval (av-i, Xr) write 

(d) - (x^i) + w, (d), 

so that I a>r (d) \%Ur— Lt, 

where Ur and Lr are the uppei and lower bounds of ^(d) in the mterval 

{Xr^l, Xr) 

It 18 then clear that 

=> I 2 ■+’r («T-i) [ “n (xd) dd + 2 f «r (d) Bin (Xd) dO I 

« 2 |-^,(av-i)| If Bin(Xd)dd|+ 2 [ |e»,{d)|dd 

r-l V*r-j I r=I '*,-1 

«nJf (2/X) + (S,-an) 

< (2nir/X) + « 

By taking X sufficiently large (n remaining fixed after e has been chosen), 
the last expression may be made less than 2e, so that 

ri 

lira I Yr(d)Bm(Xd)dd = 0, 
and this is the result stated 

When ^(d) IS unbounded, if it has an absolutely convergent integral, by 
^4 6, we may enclose the pomts at which it is unbounded m a finite|| number 

* ZVoM DhUhi Aead ta (1848), p 387. 

t Qti Math Werke, p 341. For Ijcb«sga«’i lOTMtigstion an his Sintt mgciumelnfua 
(1908), Ob lu. 

X JavmalJUr Math. tr. (1839), p 179 

I For thU proof we ore indebted to Mr Bordf; >t eeeme to be neater than Oa prooti given bjr 
other wilteia, e g ffe la YalUe Fonaem, C'ean d'AnalfU h^fimUnmalt, n. (1913), pp 149-141 
H The faattaeu of the number of intervale is aaenmed in the dellaition of am improper 
integral, |4 6 
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of intervals Si, S,, ... Sp such that 

rmiJlr 

If K denote the upper bound of |'^(0)| for values of 0 outside these 
intervals, and if 7,, 7,, ... 7^, denote the portions of the interval (a, b) which 
do not belong to fi,, S|, ... Sp we may prove as before that 

iKd)8in(Xtf)(W+ i f if-(tf)sin(Xd)<w| 

Wa I r^lJ 

<1*2 f •^(tf)8in(Xd)eitf 1+ 2 f |■^(tf)sin(\d)| dtf 

Ir-l./y, I r-lJtr 

< (inK/X) + it. 

Now the choice of t fixes n and K, so. that the last expression may be 
made less than 3e by taking V sufiSciently large. That is to say that, even 
if ^ (d) be unbounded, 

lim f ^(d)sin(Xd)dd = 0, 


provided that i/r (ff) has an (improper) integral which is absolutely convergent. 
The first lemma is therefore completely proved. 

(II) When ■>lrt(0) has limited total fluctuation in the range (a, i), by § 3*64 
example 2, we may write 

where Xi(fi), ^(fi) are positive increasing bounded functions. 

Then, by the' second mean-value theorem (§ 4T4) a number ( exists such 
that a < ( < 6 and 

j|^ Xi (0) sin(Xd) d0 j = jx,(6)'|^ sin (\0)d0 1 
<2 x.( 6)/A. 

If we treat Xi(^) a similar manner, it follows that 

[J ^(0)eaa(X0)d0 <jj + 1 J 

<2{xi(h) + x»(W^ 

-0(1/X), 

and the second lemma is established. 


CorcUarf. If /(r) be fmdi tbat j /(() exists and is an slfaeolutelj oonvergent 

integral, the Fooiier constants a., 6. of /(r) an o(l) as a-»n ; and if, fkirtber,/(<) has 
limited total fluctuation in tiie jange ( - v, v), the Fourier constants an 0 (Ifn). 

[Of course these nsults ate not sufficient to ensun the convergence uf the Fourier 
series associated irith/(() ; for a series, in which the terms an of the order of magnitude 
of the terms in the haxmonio aeries (g S*8), is not necessarily convergent.] 
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9-42] 

942. The fboof or FoxnoEa’s tbeoeeh. 

We shall now prove the theorem enoscisted in § 9'2, namely : 

IaA f{t) he a fimctUm defined arbitrarily when — w < t < w, and defined by 
the equation /(( + 2w) =/ (t) for aU other real valuet of t ; and let J /(t) dt 
eaiet and (if it ie an improper integral) let it be absolutely convergent. 

Let On. bn be defined by the ^uatione 

rron'^j f(t) 006 ntdl, irbn’^j f(t) sin ntdt. 

Then, if X be an interior point of any interval (a, 6) within which f(t) hoe 
limited total finctuation, tite series 

m 

^ 0 ,+ 2 (ok oos tuc + ha sin na) 

is convergent and its sum is i (/(a.t-0)+/(ic— 0)). 

It is convenient to give 'two proo&, one applicable to functions for which 
it is permissible to take the interval (a, h) to be the interval (— w + ir + x), 
the other applicable to functions for which it is not permissible. 

(I) 'h hen the interval (a, b) may be taken to be (— w + a:, w + s;), it follows 
from §9‘41 (II) that Oa cos lu; + h« sin ns; is 0(lln) asn— *co. Now by Fejhr’s 
theorem (§ 9'4) the series under consideration is summEble (Cl) and its sum 
(Cl) is* i {/(« + 0) +/(® — 0)). Therefore by Hardy’s convergence theorem 
(§ 8'6), the series under consideration is conveboent and its sum (by § 8'43) 
is il/(« + 0)+/(®“0)) 

(II) pven if it is not permissible to take the interval (a, h) to be the 
whole interval (— w + «, «■ + «), it is possible, by hypotbesL, to choose a 
positive number S, less than ir, such that f (t) has limited total fluctuation in 
the interval (x~S, x + S). We now define an auxiliary function g (t), which 
ie equal to f(t) when ®— + and which is equal to zero throughout 
the rest of the interval (—ir + x, n + x); and y(t + 2rr) is to be equal to g(t) 
for «dl real values of t. 

Then g(t) satisfies the conditions postulated for the functions under 
consideration in (I), namely that it has an integral which is absolutely 
convergent and it has limited total fluctuation in the interval (—ir + x,ir + x); 
and so, if a,"', bj‘> denote the Fourier constants of g(t), the arguments used 
in ^I) prove that the Fourier series associated with g (t), namely 

4a,‘”+ 2 (ffl»"’ooen» + 6,“'8in*M!), 

is convergent and has the sum i (p (® -I- 0) + y (® — 0)}, and this is equal to 
i {/(® + 0) +f(x - 0)}. 

« Tbs aiist, by 1 1’66 example 8. 
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Now let iS»(«) and Sm*” («} denote the sama of the fint m -f 1 ternu of 
the Foniier aeriee associated wiUi /(I) and g(f) respectively. Then it is 
easily seen that 

SmOc)^ — f {i + cos(»-t) + co82{*-t) + ... + oo8m(»-i)}/(<)dt 

irj 

If' 

2irJ_, 8in|(a — I) 


'+• «n(w+i)^) ^ 

+, 8inJ(*-0 


1 /•'+' 

irjo BiaO ' wJi 


'■Ji 

by steps analogous to thoee given in § S'A. 
In like manner 


**'8in (2i»-f l )d 
sin^ 




and so, using the definition of g (t), we have 

S,(*) - S»“’ (®) = “ /||^ 8in{2in+ d^ 

+i f*'sin(2w+l)d‘fc|®dd. 

wJh ' ' Bintf 

Sinoecoeec d is a continuous fiinction in the range (ifi, iw), it follows that 
/(« ± 2d) cosec d are integrable functions with absolutely convergent integrals, 
and so, by the Biemann-Lebesgue lemma of §9'41 (I), both the wtegraU on the 
right in the last equation tend to aero ae m—*ao . 

That is to say lim {8m (®) — 8^''’ (*)} =« 0. 

Hence, since lim l/(» + 0)+/(a— 0)), 

It follows also that 

limfiLC®) -i{/(*+0)+/(®-0)). 

We have therefore proved that the Fourier aeriee aeeoeiated with f(t), 
namely i<i, + S(a,cosn«-t-bnainna), *e convergent and ite eum ie 

il/(® + 0)+/(*-0)l- 


9'43. The DiritidM- Bonnet proof of Fourier' a theorem. 

It is of some interest to prove directly the theorem of § 9‘42, without 
making use of thdiiieoiy of summability ; accordingly we now give a proof 
which is on the Sit|S4 general lines as the proo6 due to Diiichlet and Bonnet. 



9'4!)] IDUHIKB BiitUXS 177 

Aa usaal we denote the eum of the fint m + 1 terms of the Fonrier series 
l>y Smim), and then, by the analysis of § 9'4S, we have 

irJo Sind ' wJo smd ' 

Again, on integrating the equation 


810(2^ + l)d ,„i^.2g(^2d+2oo8 4d+...+2cos2n»d, 
smd 


we have 
so that 


Je Sind * 


«-(®)-il/(* + 0)+/(a!-0)l-i 


1 /■t*8in(2m + l)d 


Bind 


{/(* + 2d)-/(a: + 0))rfd 




In order to prove that 

lim (a) - i {/(x + 0) +/(x - 0)1, 

it is therefore sufficient to prove that 

lim f‘''’'"<2.”’^i>%(d)rfd = 0, 
m-^Jt Sind 


where ^ (d) stands in turn for each of the functions 

/•(<® + 2d)-/(® + 0), /(<r-2d)-/(a-0). 

Now, by §3’64 example 4, d0(d) cosec d is a function with limited total 
fluctuation in an interval of which d = 0 is an end-point*; and so we may 
write 

d <l> (d) cosec d - Xi ~ X« (^)> 

where Xi (^h Xt (^) bounded positive increasing functions of d such that 
Xi(+0)-Xi(+0) = 0- 

Hence, given an arbitrary positive number e, we can choose a positive 
number S such that 

0<XiW<** 0Sjf.(d)<« 

whenever 0 d < i S. 

We now obtain inequalities satisfied by the three integrals on the right 
of the obvious equation 

♦ (o -/r™ <*“ + o » ■ Sn ■" 

* The other aid-polat » Sa|(t-s) or «ai4(«-a), soeoiding se repraienti one a 
other ol the too ftmettone. 


w. M. a. 


12 
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The mndulus of the fiist integral can be made leae than e by talriiig 
m sufiksiently large ; this follows &om § 9*41 (i) sinoe ^ (0) eosec 0 has an 
integral which converges absolutely in the interval (^S, (w). 

Next, from the second mean-value theorem, it follows that there is a 
number ^ between 0 and fi such that 


f** sin (2)u + 1) d 

lo 0 


X,(0)d0 




**sin(2m + l)d 


0 

(■(••■* H* gin M 


dO 


■+«t *» 


I 


1 /*(• 

Since J convergent, it follows that j J hgg gn upper 

bound* B which is independent of $, and it is then clear that 
I JH si n(2m-H)d ^ j ^ (*6) < 25*. 

On treating the third integral m a similar manner, we see that we can 
make 

1 /■** sin (2»i + l)d 1 

|J. Sind + 

by taking m sufficiently large ; and to we have proved that 

lijn f ”«»<^ - +i . ) . % (d)dd«0. 

Sind 


But it has been seen that this is a sufficient condition for the limit of S,a (o’) 
to be i{/(«!-(-0)-(-/(o!-0)}, and we have therefore established the con- 
vergence of a Fourier series in the circumstances enunciated in § 9-42. 

XoTB. The reader should ohaerve that id either proof of the convergence of a Founer 
senes the toond mean-value theorem is required , but to prove the summsbility of the 
aeries, the Jhvt mean-value theorem is adequate. It should also be observed that, while 
restnctioDS are laid upon /(<) throughout the range ( - v, w) in establishing the mmmabtlity 
at any point «, the only additional restnction necessaiy to ensure eoniurgence is a re- 
striction on the behaviour of the function in the immtdtait neighbourhood of the point x. 
The fact that the oonveigenoe depends only on the behaviour of the function in the 
immediate neighbourhood of x (provided that the flinotiosi has an integral which is 
alMolutely convergent) was uoticed by Biemann and has been emphasiaed by Lebeague, 
Sdna Trigonomitriguu, p. 60. 

It IS obvious that the condition T that x should be an interior point of an interval 
in which /(O has limited total fluctuation is merely a oufiaent condition for the oon- 
veigenoe of the Courier seHee ; and it may be replaoed by say condition which makes 


lim 


Jo Bind ' 


/* ainu 

* The leadff will find it mtsreating to prove that Hm j dBs|r. 

t Dae to dacdsa, Cempta Sauhu, xcn. (1881), p. 318. 



TOnBlSB SBBIB8 


179 


9 * 44 ] 

Jotdao’B oonditiao heiravar, a natiual XDodifioation of the Dmehlet oonditioii that 
the fiinotion f(t) iboold hare only a flute number of manma and minima, and it doee 
not loereaae the diffioulty ot the {nvof 

Another condition, with the eame eflhct is doe to Dim, Sopra It Sene A fbuntr 
(Plea, 16B0), namely that, if 

♦W-{/(»+8tf)+/(*-W>-/(»+0)-/(*-0)}/«. 

then / P(6)M should coUTeige abaoliitely for some positiTe Tslite of a 

Jo 

[If the eondition is satisfled, given « we can find t so that 

and then j ein (S»a + 1) d • (<) rfd j < !«•» , 

the proof that j j <« for suffimently Urge values of m fnllowB 

from the Biemann Lebeague lemma ] 

A more stringent condition than Dim’s is due to Lipschita, JounuU ftr Itatk Lxin 
(1864), p S96, namely | ^ (d) { < Cd*, where C and k are positive and independent of d 

For other conditions due to Leheqgue and to de la VaU4e Poussin, sm the latter's 
Court dAnalytt JnfiiutJatHaU, n (1018), pp 149-1&0 It should he noticed that Jordan’s 
condition diflera in character from Dim’s condition , the latter is a condition that the 
senes may converge at a pouu, the former that the senes may converge tkrougkout an, 
murtal 

941 Tht utttfotvu^ of tkt oonvtrgtnoe of Foorwr senes 

Let /(() satisfy the oonditions eniinowted in § 9 42, and further let it be conttmioiis 
(in addition to having limited total fluctuation) in an intenal (a, V) Then the Fotner 
tenet ateoeutted mth. ftf) eonverget uniformly to the mm f{s) at all fotnti e for tdack 
a+i^x^b-t, where t u angfoahee ntaiber 

Let A (() be an auxiliary diinotion defined to be equal to f(i) when a < ( < 6 and equal 
to xero for other values of ( in the range (-w, tr), and let a«, /S. denote the Founer 
oonstants of h (r). Also let <9{2^('>) denote the sum of the first 1 terms of the Founer 

senes aascoiated with A (() 

Then, by § 94 corollary 2, it follows that ^4- 8 (a.cosnir4-|S»Bmitx) is umformlg 

•ml 

summable tbroogbout the interval {a+t,b-b) , and suce 
I a* COS nx+fi, am ar I < (o,‘+ 

which IS independent of x and which, by § 9 41 (it), is Oilin'), it fidlows from § 66 
Odrollary that 

<0 

K+ 8 («• ooenx+AiSinnf) 

19*1 

converges umfotmly to the sum hix), which is equal to fix) 

Now, as m jj 9 49, 

^ ’}^pl^f(x+Sg)M+l f*’ !!^^-t^V(x-9d)iid. 

-W' ' mw wJut-X) amd ' wj*(»-e) »iud ' 

13—2 
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A* in § 9 41 we ohooae on orlntraTy positive number t and then endose the points at 

whioh /{<) IS unbounded in a set of intervals ft|, 4^ such that 2 | |/(0|<f(<< 

r»i J *r 

If A be the upper bound of \f(t) | outside these intervals, we then have, as in ^ 9 41, 

I I < (a^i + 8*) ooeof *, 

where the choice of • depends only on a and b and the form of tiie function /(<) Hence, 
by a choice of m indeptndeiU of x we can make 

1 5- I 

arbitrarily small, so that S^{x)~S'^{x) tends uniformly to sero Since i$***(xl ■#./(«) 
uniformly, it is then obvious that S^{x)-*~f(x) uniformly , and this is the result to be 
proved 

Nora It must be observed that no general statement can be made about uniformity 
or absoluteness of convergence of Fourier senes. Thus the senes of § 9 11 example 1 
converges uniformly except near j;=(2»+l)ir but oonverges absolutely only when 
whereas the senes of § 9 11 example 2 oonverges uniformly and absolutely for all real 
values of x 


JSxamplt 1 If ^ (d) aitisfiee suitable conditions m the range (0, w), shew that 

H«(w-0)} 

Urn d»-iecothi«. 

Sind XX 


—Jit {^(+0)+^(e-0)} 
Example 2 Prove that, if a>0, 


[Shew that 


(Hath Tnp 1894) 


/: 


sin (2n+l)d 

sin d 


-<<d= Inn 

m-'eje 

hm +e"e<*+“»>} dd 

smd * ' 


sin(2»+l)d e-e»d9 


sin d 




and use example 1 ] 

Example 3 Discuss the umformity of the eonveagenoe of Fourier senes 1^ means of 
the Duichlet Bonnet intagrals. without makiag use of the theory of summability 


9 5 l%e ffurwite-LuipouTMff* theorem oonoermng Fmirter omstante 
Let f(x) he bounded tn the interval (— w, vr) and let j f{x)dx exut, so 


* Jfstt .4sn LVU (1908), p. 426 Liapoenofl discovered the theorem m 1896 and published 
it m the JProeeednv «/ tbe Hath. Hoe ef the Ump ef Kbarkop See Ceeeptee Sendue, oxm 
(1868), p 1024 
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W+ 2 (o,* + 6,«) 


1 f’ 

is convergent and its sum ~ J 1/ (*))* ^ 


It will first be shewn that, with the notation of § 9‘4, 

lim f |/(«)-^ i S„(<r)l dr^O. 

1»»=0 ) 


Diride the interral (-r, w) into 4r parts, each of length i , let the upper and lower 
hounde of /(«) m the interval {(Sp~l)8-ir, (2p+3)A— w) be I7p, and let the upper 
bound of \ f(x) \ in the interval (- «r, w) be if Then, by ^ 9 4 coroU^' I, 


|/(*) 


-i"j' /?.(*) < f7,-I,+8/r/{msin»4i} 

in hbo 


< 2i-[l + l/{i>i 8in«{3}], 

when X lies between SpS and (8p4-S) 8 


Coo(,aquently, by the first mean-value theorem, 




Since/(x) eatiefiee the Riemann condition of mtegrability (§ 4 12), it folbws that both 
48 2 and 48 2 -Zn, 4 .i) can be made arbitrarily small by giving r a 

pe^O |>«>0 

sufficiently large lalue When r (and therefore also 8) has been given such a value, we 
may choose tn, so large that r/{m|Sin'|8) is arbitrarily small ‘Hist is to say, we can 
make the expression on the right of the last inequality arbitrarily amall by giving m any 
value greater than a determinate value m,. Hence the expression on the left of the 
inequality tends to zero as m-v-oo , 


But evidently 

r* ( m— 1 m-l M 'It 

= I /(«) - 2 A^{x) + (x)l dx 

«f — * i n»0 } 

+ 2 j/(®) - ’2 A. (*)} j]£‘ A, (*>1 dx 

“T ]/(«)- 2 4,(it)l diF-i-^, 2 n*(a«* + 6«'), 

r -■ 1 a«S j m ,|«e 


* Tbia integral exists by fi 4'13 example 1. A. proof of the theorem baa been given by de la 
ValUe Ponaain, in which the sole restnohona on /(x) are that the (improper) integrals of /(x) 
and {/(s)}< exist in the interval ( - v. w) Bee faia Conn d’dsatpaa Iii^aiWafauiie, n. (1812), 
pp. 16S-1S6. 
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since j /(x)Ar(»)d»'^j | 2^ 

when r=«0, 1, 2, — 1. 

Since the original integral tends to zero and since it has been proved 
equal to the sum of two positive expressions, it follows that each of these 
expressions tends to zero ; that is to say 

Now the expression <m the left is equal to 

- l/Ci-)}**!*- W j| o.* +]£](“.• + b-*)) . 

so that, as m—*ao , 

I - w ||a,' + *2 V* + 6.*) } -♦ 0. 

This is the theorem stated. 

ConUary. Pannaft thnnm* If/ (4?), .^(*) both utiafy the conditions laid on /(jr) 
at the beginning of this section, and if A., be the Fourier constants of F{x), it follows 
b; eabtractmg the pair of equations which msjr be combined in tbe one form 

that j’_^f{x)F(,s)dt^w (o,A,+6,A)| ■ 

9*6. JUemann’t theory of t/rigonomtinoal soriet. 

The theory of Dirichlet concerning Fourier series is devoted to series 
which represent given functions. Important advances in the theory were 
made by Biemann, who considered properties of functions defined by a senes 
, • 

of the typef |at-t 2 (a* cos lU! -i- ^ sin n«), where it is assumed that 

lim (a» cos fwr 4- b. sin nsr) — 0. We shall give the propositions leading up to 

• <«>« 

Riemann’s theoiem| that if two trigonometrical series oonveige and are equal 

* Mtm. par iittn umaa, j. (1808), pp. 689-M8. Psneval, of sonne, SHomed the penaissi- 
bilitr of integrating the trigonometrlaal senes term-bj-tenn. 

t Thron^ont H t-S-S'SSa the letteis a,, do not neeeeestily denote Fonrisr oonstante. 

$ The pnof given is dne to Q. Cantor, Josmot/Br Math, Lzsn. (IBTD), pp. 180-149. 
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at all points of the range (—ir, v) with the possible ezcepticai of a finite 
number of points, corresponding coefficients in the two series are equal. 

9*61. R%emann’a aaaooiated function 

Let the sum of the senes = 0 , + £ (a, cos n« + sm nx) ‘^A,+ S An (x), 

^ Hal 

at any point x where it converges, be denoted by f(x). 

Let A'(x) = \Ai,a^— 2 

Then, if the tenee defmxng f (x) convergee at all points of a xy firate interval, 
the senes defining F(x) converges for all real values of x. 

To obtain chis result we need the following Lemma due to Cantor . 

Cantor’s lemma* If lim Anf,x)’-:tifor ail values of x such that a^x^b, then a,-»0, 
i,-*0 

For take two points x, x+3 of the interval Then, given i, we can fand such thatt, 
when fl >No 

{ a, coo ti;r+ A.iMn I <v, | a,cuenix+tj+b, sin it (e+t) l<s. 

Therefore 

cosnt ( 0.008 lur+i. sin ni)(— a,Bm lu+o.oosnv) |<t. 

Since |co8»I(a,oos»j;+haiunitz)j <«, 

It follows that { wn »3 ( -u. am MS -l■^, cosier; <2e, 

and It IS obvious that Ism nt (a.coBnr+l.sin lu*)) <rSi 

Therefore, stjuaring and adding, 

(a,* + 4,*)f sm »4 1 < 2* ,/S. 

Now snppiNe that o., b, have not the unique limit 0 ; it will be shewn that this 
hypothesis inxilvee a rontradiction Fur, by this hypothesis, some positive uuihber 
exists such that there is an unending lucreasing sequence iti, At, of values of k, for 
which 

(».•+ V)* > 4f. 

Now let the range of values of d be called the interval /, of length Zj rai the real axis 

Take the ainallest of the integers if, such that b,' Z, > Sir ; then sm n,'y goes through 
all Its pliases in the interval /j , call /, that sub-interval { of /, in which sm n/y >liJS; 
its length is v/{Sn,')-,L, Next take nf the smallest of the integers a, (>»]') such that 
f4'Z,.>Sir, so that sm A,'y goes through all its phases m the interval fj, call 1^ that sub- 
interiull of /) in which siont'y> its length is w/{Sns)^is 4hus get a 

sequence of decreasing iutervals /„ . . each contained m all the previous ones It is 
obvious Arom the definition of an irrational number that there is a certain point a which 
il not outside any of these intervals, and mnna'^l/JS when b«*«,', Bj', . (n i > b,'). 
Forthesevaluesofii, (a.’+h.')^ ainna>2fg>^S. But it has been shewn that corresponding 

* BiamsDn ^qiesis to have regarded this rerolt as obvious. The proof hen given Is a 
modiileation of Cantor’s proof, ilatb. Ann tr, (1871), pp. 188-148, snd Jinmol fUr Hath, uxn. 
(1870), pp. 180-188. 

f The veins of Sg depends os x end on t. 

t U then ie men then one such snb-intervel, take thet which Use on the Mt. 
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to given numben a and r we oao dnd ng such that when n > n«, (aj+im^) ^ (ain na) < Sv ^/S ; 
aiiioe some viduea of n,' are greater than n,, the required oontradiotion hae beat obtained, 
becauae we may take c < <^ ; therefore a«-»0, 

Asanming that the series defining /(«) converges at all points of a certain 
interval of the real axis, we have just seen that On-eO, bn—*0. Then, for all 

teal values of a;, | On oos nic + &« sin tut | < (a,* + bn‘}i -tO, and so, by § 3'34, the 
80 

series S n~*An(a;)aa ^*( 0 !) converges absolutely and uniformly for all 

1»«1 

real values of « ; therefore, (§ 3'32X is continuous for all real values of x. 
9 ' 62 . Properties of Riemann’s assoeiated function; Riemann’s first lemma. 
It is now possible to prove Riemann’s first lemma that if 

, 

80 

then limO(x, a)=f(x), provided that 2 An(«) converges for the value of x 
»-»« «=(> 
under consideration. 


Since the series defining F{x), F{x±ia) converge absolutely, we may 
rearrange them ; and, observing that 

cos » (a: + 2a) + cos ti (x — 2a) — 2 coa nx = — tain' na coa it*, . 
sin t» (* + 2a) + ain n (* — 2a) — 2 sin n* = — 4 sin’ no sin nx, 
it is evident that 

G(*.a) = A.+ I (‘'^?“)*A„(*). 

»=t V na / 

It will now be shewn that this series converges uniformly with regard to 
a for all values of a, provided that S An(*) converges. The result required 

is then an immediate consequence of § 3'32 : for, if /«(a) — > (® 

and/,(0) = 1, then /n(a) is continuous for ‘all values of a, and so G(*, a) is a 

continuous function of a, and therefore, by § 3'2, 0(x,0} = lim G (*, a). 

«.»o 

To prove that the series defining 0{x, a) converges uniformly, we employ 
the test given in §3*35 example 2. The expression corresponding to m„(*) 
is fn (a), and it is obvious that If, (a) | < 1 ; it is therefore sufficient to shew 

«C 

that 2 \fn+, (a) — /n (a) { < K, where K ia independent of d. 

««i 


In fact*, if < be the integer sudi diat«|a|<w<(«+l) |a|, when a.^0 we have 


* l/v+i («)■ 


•■1 


sin’m 

■ "sr- 


* Sinoe c~* tin x dewaaim aa x inataaaea Aoin Q to x. 
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: 1^ ^/M r |(»in>)ia^l 1 . iun»)«a-»iii* 


-»iii*()>+l)o| 


•1/1 1 \ r |»ii>*»xi-*iii*(»+l)«| 

(»+lW'^.i+i (»+!)•«» 

^ ^ 4. ; iMP<«Bn(»»+l)a| 

' (.«+l)'a*'^ J5+1 (n*+l)««* 

- j I ; 1 

'(l*+l)*«*^ a* ,4„(» + l)* 


1 lainal 
^ir*+ a*“ 

<-^+ ' 




eU 

>+l)‘ 


Therefore 


a«^(.+l)|«|- 


S IZ-i (a) -/.(«)!« 


sm*a /sin*«a aiD*(f+l)a' 






(*+!)’' 


a* j + + a 




Since ihie exiireemon u independent of a, the result required has been obtained*. 

09 

Hence, if S (x) converges, the series defining 0 (x, ti) converges 

•sO 

uniformly with respect to a for all values of «, and, as stated above, 
lim (?(«, a) = tf f®, 0)*».<1,+ S il* («)=/(*). 

Exanvle. If H (*. a, (a^-?^-g.+rifrjL-« *ew 

4o3 

that S{x, a, when /(*) converges if a,$-^0 in such a way that o/S and S/a 

remain finite (Riemann.) 

9 621. Riemama’t second lemma. With the notation of 9’6-9‘62, if 

Oa, 6„-s0, then lira 1 ^ for all valuea of x. 

— a 4« j j 

For J«-‘ (iP'(®+ 2ei) + /’(«- 2a)- 2^'(®)) -i4o«+ ^ **“* 

by 8 9'1 1 example 3, if a > 0, 1 — j (w - a) ; and so, since 

»-i *1^ 

... 2 sin’na . , , 

(*) a + 2^ Jn (<r) 

e»d.(«)a+4(w-a)^,(®)+ 2 li(vr-a)- 2 (4,+,(«)-4,(*)j, 

a«I I w-l ) 

it follows irom § 3*36 example 2, that this series converges uniformly ■with 
regard to a for all values of a greater than, or equal to, zeiof. 


* Tbit ineqaality it obviou^y trot wbta •asO, 

f If «t define f«(t) by the equetuuie <«*-«)*- 2 (a^O)^ end y»(0)a^r, 

MMl * • 

then p^{k) it oootiiiueot when *>0, end d»^(e)<fi»(e)> 
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But Iim i«~‘>J'((r+2«)+y(»-2«) — 2F(®)} 

«.+o 

>- hm rj.|,(«)a + J(w-a)jl,(ir)+ S sr»(a){.4»H(«)-ii»(«)) , 

*•+0 L »“> J 

and this liimt is the value of the funotion when a •> 0, by § 3 32 , and this 
value 18 zero since hm By symmetry we see that lim » lim 

M'MS •♦+0 •■♦—0 

963 R\»mann‘s theorem* (m tngon(melin(tal senes 
Two trigcmometncal senes whtah converge and are equal at all pmnts of 
the range (— w, v), with the possible escepHon of a finite number of points, 
must have corresponding coefficients equal 

An immeduite deduction from this tbeoram » that a function of the type considered 
in 9 43 cannot he represented by auv tngonometnoal eeties m the range (-r, ir) other 
than the Fourier eenee This fact was first noticed hy Uu Bou Beymond 

We obaerve that it la certainly possible to have other expansions of (say) the form 
<• 

00+ Z (aa,ooBimf+/So,sin|nur), 
m-i 

which represent /(«) between -ir and r tor write s— Sf, and consider a ftinotion 
which 18 such that ^ (f)— /(Sf) when - }«-<!< Jr, and ^(f)=y(f) when -«•<(<: -i», 
and when where g(() is any function satisfying the conditions of § 9 43 

Then if we expand ^ (f ) in a Fourier senes of the form 

m 

00+ Z (onCusm(+j3„cos»if). 

this expansion npieeentB/(*; when -*<«<*, andcleaily by choosing the function p(f) 
in difiereut ways an unlimited number of such expansions can be obtained 

The question now at issue is, whether other series proceeding in sines and cosines of 
mtafral multiples of e exist, which differ from Fourier’s expansion and yet represent /(e) 
between - >r and ir 

If possible, let there be two trigonometrical senes satisfying the given 
conditions, and let their difierence be the tngonometneal senes 

.4,+ S A,,(je)=f(a) 

Then f(ic)<=0 at all pomts of the range (— w, w) with a finite number of 
exceptions , let be a consecutive pair of these exceptional pomts, and 
let F(x) be Bicmanns associated function We proceed to establish a 
lemma concerning the value of F{x) when fi<x<(, 

9'631 Schvmrti Ummat In tht rangt F(eXu a linear /mutton of s, 

%f \n ramg* 

For if 1 or if n - 1 

0 fy)- tf [fCit) {;>({,)_/>({,)) j_ j*» 

IS a oontmuons funotion of is m the range end ift (fi)*^ (£i)~0 

* The proo'we give is dns to b Cantor, JomrmUfltr Math Lxxn (1870), pp U9-148 
t QuotsdliyO Cantor Journal fur Hath izxn (1870) 
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9'6a-9-632] 

If tlieibst tarm of ^ («) is not sero thraugbont the Tange* there will he some punt 
amia St whioh it is not sera. Choose the sign of so that the fitet term is positive st o, 
and then choose h so small that ^ (e) is still positive. 

Since <ft (s) is cootinuoiM it sttsins its ujqier bound (§ 8'6S), and tius upper bound is 
positive since 0(o)>O. Let ^(«) attaon its upper bound at Ci, so that ei^>£j, ei4‘{a. 

Thai, by Biemann’s first lemma, . 

But ^ (e| 4-a} ^ - a) $ ^ (c,X so this limit must be uogative or aero. 

Hence, by supposing that the first term of ^ (a*) is not everywhere aero in the range 
(fly &)i 'TO iisve arrived at a contndiotion. Therefore it is sero ; and consequently ^(s) is 
a linear function of s in the rouge £i < s < £>. The lemma is tbeieforfr proved. 

9'632. Proof of Rtemann's Theorem. 

We Bee that, in the circumstances under consideration, the curve y •* F(ie) 
represents a series of segments of straight lines, the beginning and end of 
each line corresponding to an exceptional point ; and as F{x), being uniformly 
convergent, is a continuous function of x, these lines must be connected. 

But, by Riemann’s second lemma, even if f be an exceptional point, 

.*0 « 

Now the fraction involved in this limit is the difference of the slopes of 
the two segments which meet at that point whose abscissa is f ; therefore the 
two segments are continuous in direction, so the equation y a* F{x) represents 
a single line. If then we write F(fe)'=^cx + </, it follows that e and c' have 
the same values for ail values of x. Thus 

\At<if—cx—c'= S n~*.d„(a), 

•-1 

the right-hand side of this equation being periodic, with period 2w. 

The left-hand side of this equation must therefore be periodic, with period 
2w. Hence 

.d, = 0, c ■« 0, 

tm 

and — c'= 2 n~*d,(®). 

Now the right-hand side of this equation converges uniformly, so we can 
ipultiply by cos ns! or by sin nc and integrate. 

This process gives 

wn~*o,-i — c'J co6fl«(frr~0, 
wb~*6« ■ — o' ^ sin tmdx “ 0. 

* If It la sno thna^ont th« rongv, 7(c) la a finaar fonatimi of c. 
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Therefore all the coeflSciente vanieh, aitd therefore the two trigonomebno«J 

« 

seriee whose difference is ii, + S ^•(c) have corresponding coefficients equal 

•si 

This is the result stated in § 9*63. 

9'7. Fourier’s representoMon of a function by an integral* 

It follows from § 9‘43 that, if /(s;) be continnous except at a finite 
number of discontinaities and if it have limited total fluctuation in the 
range (— w , oo ), then, if « be any internal point of the range (— a, /3), 

lim"f /(<)dt = limi'7r^>ein9{/(a;+29)+/(4! — 2^)). 

{t — X) 

Now let A be any real number, and choose the integer tn so that 
X «= 2m + 1 + 2ij where 0 <'9 < 1. 

Then |8inX(t — x) — sin (2m + 1) (< — *))({ — «)“’/(<) dt 

= f 2 {cos (2m + 1 + ij) (t — «)} . [sin ij (f — «)) (t — «)"’/(<) dt 

J — « 

-*0, 

as m— >00 by § fi'il (ll), since (t — a!)~*/(f)8inij(t — as) has limited total 
fluctuation. 

Consequently, firom the proof of the Riemann-Lebeegue lemma of § 9*41, 

it is obvious that if | |/(t) 1 dt and j |/(t) | dt converge, thenf 
Jo • 


and so 


Urn j cosi«(t — ®)du|/(t)dt — Jw{/(« + 0)+/(® — 0)}. 


To obtain Fourier's result, we must reverse the order of integration in 
this repeated integral 

For any given value of X and any arbitrary value of e, there exists a 
number /3 such that 

fj/(t)|*<Je/X; 

* P 

* La TMont AnaUfiiqp^ de la Ckaleur^ Ob. is. Fcv roeenk work on Fottrior's in t egr n i and 
the modem theory of *Foiuw inneroniM/ Me Trtohmenh, Proe. Comk. PMl Soe. zu. (192S), 
pp. 463-478 and Proe, London Hath, Sac, (3)XKin. (1994), |ip. 979-989. 

/ means the dooble limit Um f . If this limit exlsta, it is eqwd to llm . 
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writing ooBu(t—«) u), we have* 

I C {/.^ * -) **} (ft -/*! fy (t. a) .il| du ^ 

"'*/ {/ |J ♦(<, «)<itt|(ft 

— J |J ^(t, u)(ft|(2u— J 1 1" ^ (t, ti) (2t| (2ul 

“ ! f 1 / ^ '^“1 f if ^ (^ **) <^*1 *^“1 

<f |f l ^(^. “) l <^“|< ft+J J l<^ (t, u)jdtdu 

< 2x[“|/<0|(it<e 

•f 0 

Since this is true for all values of c, no matter how small, we infer that 

/«7M.T> ““‘“'yrr =/7r 

Hence Jw{/(« + 0)4-/(je — 0)} = lim f f eoBu(t~a)/(t)dtdu 

=J I cos tt (t — «)/(<) (ft (itt 

This result is known as Founer s integnU tkeoremf 
^ JSxampU Venfy Founer's integral theorem directly (i) for the funotiOD 

/(*)_(««+;r*) i, 

(u) for the function defined ^ the equations 

/(*)“!. (-l<x<l), /(»)-0, (|»|>1) (Rayleigh) 

REFERENCES 

O F B RlBManM, Ow Jfa/A Wtrht, pp 213-800 

E. W Hobsoh, Fvnustunu of a Root FanaMe (1907), Ch vn 

H LnnacE, Lofota rar let S&ut Trtgonometnquat (Pans, 1908 ) 

C J VMhA. YailAb Poussin, Court d’AneUyie InRuubmalt, il (Louvam and Pans, 
1912), Cb IV 

H BoRKBaaOT, Snegdoplldte dor MoA. IPiw ii 1 (7) (Leipag, 1914 ) 

Q A. Caasi and Q Ssaaua, A oownt m Founa’t mtalgni and fonodagnun analytu 
(Eduboigh Math Tracts, Mo 4, 1915) 

* The equation J* = J* J* is easily Jaatifisd by 1 4 8, by eonsideting the laagaa within 
whiob/fa) IS eontinooos 

t For a proof of tbs theorem when /(a) u enhjeot to less stimgent leetneliaaB, eee 
Hobaon, Funetiout of a Real FanaMe, || 492-49B The reader ehould obasrve that, although 
f* 


iim r r 

/ fl 


cufti, the vqMfttad intacral / 


m : 


attu(t^s)du: 


}/w-« 


does not 
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MiSCBUASBOrS Eumples. 

1. Obtain tiie aqiannona 

(i) jlngCl-Srccaj+r*)—— l■oo8*-2r*casSf-^r>ooBat-,.., 

(e) aaretan ■ — rBin«+sf* 8in8n-sr*ain8«+..., 

1 ~ ^008 S S o 

(d) atctan^^^«>rainx+s'*ain3t-)-|r*ainSt+..., 

1 “f* 3 *> 

and abew tha^ when | r | < 1, tibey ue oonTaigent for all valuea of a in certain atripa 
parallel to the real aiia in the a-plane. 

S. Expand c* and x in Fourier aina aniea valid when -«'<a;<w; and hence find 

the value of the aum of the aeriea 

1 • » . 1 • . 1 
am « — p am Sar -I- p am 8a - p am 4f + . . . , 

for all valuea of a. (Jeaua, 1802.) 


a. Shew that the function of a repraeented by S •~>ainBaam'aa, la eonatant 

•"I 

(0 <-x < Se) and zero (Sa < a < w), and draw a graph of the fonction. 

(Pembroke, 1807.) 

A Find the coaine eeriee repreaenting /(a) when 

/(a)— aina+coea (0<aSiw)> 

/(a) ••aina- oca a (^$a<ir). (Peterhouaa, 1906.) 

A. Shew that 

, ainSva . ainSra , ain 7wx , • r i 

am*a+ — j — + — 5 — + — ^+.. .-*••[*]> 

where [a] denotea +1 or - 1 aeourding aa the integer next inferior to a ia even or uneven, 
and ia zero if a ia an integer. Comity, I88fi.) 

8. Shew Uiat the expanaiona 

log I Sooa|a|— ooaa-|coBSa+^ooaSa.., 


Iog| Srin^a |» -oOBa-|ooB2a-gOoe8a... 

are valid for all real valuaa of a, except multiplea of w. 

7. Obtain the expan^n 

(i;^5^||-(«»»+«>«to)Iog(*ooaia) +ia(ainaa+aina)-coaa, 


and find the range of valuea of a fbr which it ia appUcaUe. 
& Prove that, if 0<a<2v, dien 


(Trinity, 1898.) 


aina . 8ain2a . 3ainaa . iraiaba(n'-a) 
a*+l* a*+2* <**+8^ *" 8 amhow 


(IVimty, 1896.) 
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9. Shaw that between thfl values -vand 4- « of x the following expamione hold: 

/ ain* 2 Bin S» . 3 sin 3a \ 

Bin «a=;j Bin onr ^ j, 

_ 2 /I , mcoBx mooeSs mooeSa \ 

m 008 a , moos 2c mcos3a , 


« \,tm 


2»+m» ■^+m» 


+ ... 


Xiot a be a real mmable between 0 and 1, and let a be an odd number > 3. 

12-1 m. 

(—1)*—-+- 3 — tan — coeSflura, 
jr ' ' B va.im n 

a is not a multiple of where « ia the gfeatest int^ar contained in Wa; but 

.1,2:1. mw . 

Os--4-- Z —tan — ooegeura, 

a iTa.i m » 


if a 18 an integer multiple of 1/n. 

11 Shew that the sum of the aeriee 


(Berger.) 


Z m~>8in|fflroos£inira 

«•! 

is 1 when 0<a< J, and whan ||<a<l, and is -1 when l<a<|. (Trinity, 1901.) 


12. If 


«•-! ’ 


1 »! ' 


shew that, when — Ka < 1, 

_ coetva , coeOra 
COB 2irx4 




einiwa . sin6ira, , Z*’**’*’ v i \ 

sin£fra+ j»,+i + 3 Sii.»i +•••”■("“) 2nH-l' ••♦iW- 


(Math. Trip. 1890.) 


13. If m is an integer, shew that, for all real values of a, 

m(«t- 1) 


^ ,I.3.8...(2m-l) fl . m „ , 

-2.-4 . e . r am - ii 


l)(m + 2)' 


i4» 


.»(m-l)( m-8) 
+(m+l) (m+a)(m+S) 


, 4 9.4.e...(9m-a) (1 . 2m-l „ . (a«-l)(2m-.1) 

is + 5:r--, CM ■ Ak- ' oob4c+. 


"w 1.8.5. ..(2m-l) \2'*'S«i+l 


"(9m+l>(2»+3)” 




14. A point moves in a straight line with a velocity which u initially «, and which 
reoeiveB constant increments, each equal to «, at equal intervals r. Prove that the velocity 
aAaiiy time t after the beijinning of the motion ia 

a . u( , « t 1 . 2mir» 

= + — + - 3 -sm , 

a V w m T 
and that the distance traversed is 

al , »r ST : 1 9mir( 

S (<+^)+rg - T- • 


(Trinity, 1894.) 
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3^/3 ( . sin b; , Bill 7« sin Ilf . 1 


shewtiist /(+0)—/(«’— 0)— - Jr, 

sod /(Jr+0)-/(Jr-0) J«, /(|r+0)-/(|*-0)-Jr. 

Obsarriog tiist tbS last seriSH is 

6 * sin vain (Sm— l}f 

vj. (&I-I)* 

draw (be graph of /(fX (Math. Tnp It 

16. Sbev that, when O <c< v, 

/(*)**J^* ^ooa*-j00s5«+|ooB7«-jioo8ll»+...) 

•sin Sf+lsin 4*+isin 8br+gsm lQir+... 

where /(f)”!* (0<f<iv), 

/(f)>"0 (|v<«<|vX 

/(fj»-jv (|v<*<vX 

Find the sum of each senes when « =0, Jv, |v, v, and for all other ralues of jr. 

(Trinitr. 1308.) 

17. Prove that the locus represented b; 

• , 

3 ^ — T — Bin as Bin ay— 0 
s-i 

is two systems of lines at right angles, dividing the coordinate plane into squares of 
aiMtv’. (Hath. Trip. 180A} 

1& Shew that the equation 

J (-)»-'Bini^ooeaf ^^j 
a-l »* 

re p r e s e nts the lines y— ±siv, (maO, 1, S, ...} together with a set of arcs of eilipaes whose 
semi-axes are v and v/V3, the ares being placed in squares of area 2v*. Draw a diagram 
of the locus. (Trinity, 1903.) 

19. Shew that, if the point (x, jr, s) lies inside the octahedron bounded by the planes 
±a±y±**«r, then 

(Math. Trip. 1804.) 

, Cirdes of radius a are drawn having their oeotres at the sHaraate angular points 
MljgMgular hexagon of mde a. Shew that the equation of the trefoil formed by the outer 
. iMtas of the circles can be put in the farm 

the initial line being tskeu to paes throui^ the centre of one of the eirclee. 

(Pembroke, 1908.) 
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II. Dr»w the gnph rap w i o n t ed by 


when M la an integer 



mn 


s S* 


: 

sal 


(-)»ooe«in^ 
l-(nm)* J’ 


(Jesua^ 1906) 


SI With each vertex of a regular hexagon of aide So ae centre the arc of a circle of 
radiua 3a lying within the hexagon is drawn Shew that the equation of the Igute 
formed I 7 the six area is 


4a sal 


« -)»-■ 6+3>/8) 
(6R-l)(6fi+l) 


cosOad, 


the pnme vector bisecting a petal 


(Tnmty, 1806 ) 


S3. 


94 


36 


Shew that, if e> 0 , 


11- 

lim I a~**cotxain(8»-4-l)« etanh c<r 


Shew that 


, / 8in(2«+l)* dx 1 , 

lim I — ^ ■' ■ = . V noth 1 

s-asya am a l+x* 2 

Shew that, when - 1 <«< I and a la real, 


(Trmity, 1894 ) 

(Kmg’e, 1901 ) 



am (9«+ 1) d am (1 +x) S 
sind 



1 

8 


ai nhar 
ainh a 


(Hath Trip 1806) 


26 Aaaiunmg the poaaibiljty cd expanding /(«) in a unifbnnly oonveignit senes of 
the form 2d(aini«, where 1 la a root of the equation tcoaai+bsmaimO and the 

aumination la extended to all positive roots of this equation, determine the constants At 

(Math Tnp 1696} 

1 * 

S7 If /(j)-;<i<,+ 3 (o.coeiu+i.smitr) 

« tiwl 

18 « Founer oenes, shew that, if /(s) aatishes certain general oonditioos, 

4 f* 1 db A f* ^ 

a,--Pj^ /(0ooa«i<tan|<j, /(O em «t tan i “ 

(Beau) 

88 If S,{x)—2 S (-)’■■* j prove that the highest maximum of jS,i{*) m the 

ral 

mterval (0, tr) is at a— and prove that, os n-»oo , 

Deduoo that, os «-*>eo , the shape of the curve y ••5,(x) 111 the interval (0, v) tends to 
a]ipraxiiuate to the shape of the curve formed by die lincy»a, (O^x^ir) together with 
%he hue w, (0 <y < ^ where 

[Ilie foot that Qm9 704, . >* is known as OMd pHenomtnott , see IVadirs, LUX (1889), 
p 608 The phenomenoD is chamotenstic of a Founer senes m the neighbourhood of a 
point of ordinaiy disoontinnity of the iiinctiun wbioh it reiireaents For a foil discussion 
of the phenomenon, which was discovered by Wiltanbam, Chnii mul IhMui AfatA, Joarral, 
in (1848), pp 188-SOl, see Corslaw, Fovnei’t Senes and Integrals (1981), Ch ix ] 

W. ■. A. 13 



CHAPTER X 

LINEAR DIFFERENTIAL EQUATIONS 

lO'l. Linear DiferentuU Equationa*. Ordinary pointe and eingviwr points. 

In some of the later chapters of this work, we shall be concerned with the 
investigation of extensive and important classes of functions which satisfy 
linear differential equations of the second order. Accordingly, it is desirable 
that we should now establish some general results concerning solutions of 
such differential equations. 

The* standard form of the linear differential equation of the second order 
will be taken to be 

= 0 (AX 

and it will be assumed that there is a domain S in which both p (e), q (s) are 
analytic except at a finite number of poles. 

Any point of S at which p(t), q(e) are both analytic will be called an 
ordinary point of the equation ; other points of 8 will be called singular 
points. 

104. Solution^ of a differential equation valid in the vicinity of an 
ordinary point. 

'Xet 6 be an ordinary point of the differential equation, and let 8t be the 
domain formed by a circle of radius r», whose centre is b, and its interior, the 
radius of the circle being such that every pmnt of is a point of S, and is 
an ordinary point of the equation. 

Let a be a variable point of Si. 

In the equation write u^vexp and it becomes 

^ + /<s)c-0 (B), 

where .f (r) = 9 (») - j -\\p (»)}*. . 

* The analjBu eonUmed in dim ahiftsr is Daial; UiaontiM]; il oaniuta, for the most part, 
of axManoe dMoromi. It u assaiBod that U>e read» bar loine knowladge of praotMai matiioda 
of Bolviag diffomidal oqoationt; theae mothoda am girsn in works oxeloaiTsl; derotsd to the 
snbjeot, snob as Forsyth, JL Trtetitt on Vifermtiat EgsetUnu (lOU). 

t Thu method is appltcate pnly to oqnationa of the second order. For a method appUoabls 
to eqoaUoas of spy order, saiForti th. TDeoiy of Difemtial Sgaatiota, rr. (UQS), Ob. i. 
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It is easily seen (§ 622) that an ordinaiy point of equation (A) is also 
an ordimny point of equation (B). 

Nov consider the sequence of functions s« (s), analytic in St, defined by 
the equations 

K,(s) = a, + «,(«- 6), 

««W- f'(f-s)J-(£)s,_,(?)d?, (» = 1. 2.3, ...) 

where a,, a, are arbitrary constants. 

Let M, It be the upper bounds of \J(ji)\ and |se(r)j in the domain Sf 
Then at aU poinU of thi» domain 

I », (*) I < /iJf » I s - 6 l"/(n !). 

For this inequality is true vhenn>:0; if it is true when n = 0, 1, ... m — 1, 
we have, by taking the path of integration to be a straight line, 

I w 1 - |/'(f- ')«/■(?) j 

« J ^ ~ ' I • I ‘ f ~ ^ ^ • I I 

TO 1*^ ' ' 

Therefore, by induction, the inequality holds for all values of n. 

Also, since when r is in iS» and X ftSt'^t'"/{^-) con- 

Tl , HaO 

verges, it follows (§3'34) that S v^it) is a series of analytic functions 

n«0 

uniformly convergent in St', while, from the definition of 

(s) - -//(?) (?) (n = 1, 2, 3, . . .) 

^ c* ^ (s) »«-i (») ; 

hence it follows (§ 5*3) that 

<^(s) d*«>,(s) I dH r,(s) 

^ ds* ds* 

— y^(s)»(s). 

Tkerefon v{t) is a function of *, analytie in St, whsoh satisfss the 
differential aquation 

+ J(sl»U)-0, 


13—2 
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(md,/hm the value obtained /<^ ^ ^ evident that 

where a,, a, are arbitrary. 

1091. Uniquenee* of the eohUion. 

If there were two analytic solutiosa of the equation for «, say «, (*) and «i (s) 
such that Vt(b) = v,(b)miat, ti,'(6) — v,' (6) •• a„ then, writing w (») «= Vi (t) ~v,(e), 
we should have 

Differentiating this equation n - 2 times and putting t^b,yre get 
to<»' (6) + J(b)w«^ (b) + ^CtJ\b)w^ (6) + . . . + J<^ (6) w (b) - 0. 

Putting n=2, 3, 4, ... in succession, we see that all the differential coefficients 
of w («) vanish at b ; and so, by Taylor's theorem, w («) => 0 ; that is to say the 
two solutions Vi(j), ti^(s) are identical. 

Writing «(«)«» (s) exp g p (f ) , 

we infer without difficulty that tt(s) is the only analytic solution of (A) such 
that u(6) » u'(b) = A), where 

A.-o,, A, -d,- ip (6)0,. 

Now that we know that a solution of (A) exists which is analytic in St 
and such that u(b), u'(b) have the arbitrary values A,, A„ the simplest 
method of obtaining the solution in the form of a Taylor’s series is to assume 
• 

S An(e—b)’‘, substitute this series in the differential equation and 
««0 

equate coefficients of successive powers of s — 6 to zero (§ 3'73) to determine 
in order the values of A„ A„ ... in terms of A„ A,. 

[Nora. In praetioe, in carrying out this pro e o M of substitation, the reader will find 
it much more simple to have the equation 'cleared of firaotions’ rather than in the 
canonical form (A) of § 10-1. Thus the equations in examples 1 and 2 below should 
be treated in the form in which they stand ; the faotors 1 -i*, (a-2) (a— 3) ahould not be 
divided out. The same lemaik applies to the examples of g§ ICrS, lOllfi.] 

From the general the<»y of analytic continuation (§ 6'6) it follows that 
the solution obtained is analytic at all points of 3 except at singnlarities 
of the differential equation. The solution however is not, in general, 
‘ anslytic throughout S’ ($ 6‘2 cor. 2, footnote), except at these poin^ as it 
may not be one>valued; ie. it may not return to the same value when e 
describes a circuit suisounding one or more singnlarities of the equation. 
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fTbe property that the eolation of a linear differential equation is analytic 
except at eingnlaritiee of the coefficienta of the equation is common to linear 
equations of all orders.] 

When two particular solutions of an equation of the second order are not 
constant multiples of each other, they are said to form a fundamental eytdem. 

EmmpU 1. Shew that the equation 
has the fundamental tfatem at solutimu 

Detennine the general ooeffioiant in each seaae, and shew thA the radius of oon- 
vergenoe of each aeries is 1. 

BsanytU 8. Disouas the equation 

(«- 2) (f-3) *"-( 81 - 6 ) u'+Su-O 
in a manner similar to that of erample 1. 


10*3. PoiiUe which are regtdar for a diffiirential equation. 

Suppose that a point c of <8 is such that, although p (s) or q («) or both 
have poles at c, the poles are of such orders that (« — c)p(x), (s-e)*q(r) are 
analytic at c. Such a point is called a regular point* for the differential 
equation. Any poles of p (e) or'of q (e) which are not of this nature are called 
irregular pointe. The reason for making the distinction will become apparent 
in the course of this section. 

If c be a regular point, the equation may be writtenf 

(^-oy‘^ + {*-e)-P(»-e)^+Q{e-c)u=‘0, 


whefe P (a — c), Q (a — o) are analytic at c; hence, by Taylor’s theorem, 

P (a - c) - p, + p, (a - c) + p, (a - e)* + . . . , 

Q(a-c)-}, +q,(a-c)+ 5 b(a-c)*+..., 

where p„ p,, ..., q„ q,, ... are constants; and these series converge in the 
domain 8, formed by a circle of radius r (centre c) and its interior, where r is 
so small that c is the only singular point of the equation which is in 8,. 

, Let us assume as a formal solution of the equation 


where a, a,, a %, .. 


«»(a-c)‘^: 

I are constants to be determined. 


1+2 o»(a-c>» , 

a-l 


* Tha asm* ‘ngnUt pidnt' ii do* to Tbomt, /osnul /Hr JMk. uxt. (1B7S), p. SM. 
Foohi hod pcoTiooilj used the phrua 'point of determlaatauem.’ 
t nobauiua oallo tiiie the uoimsl ihtm of the equation. 
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SubTtituting in the differential equation (aasuming that the term-l^-tem 
differentia, .one and multiplications of seriee are legitimate) we get 

(e — e)* j^a (« — 1) + a.(a 4- n)(a + n — 1) (* — 'c)'*j 

+ («— e)*P(*-c). j^«+ 1 o«(o + n)(* — c)'*J 
+ (e-c)*Q(*-c> 1^1+ 

Substituting the series for P(t — e),Q{t— c), multiplying out and equating 
to zero the coefficients of snccessive powers of s — c, Me obtain the following 
sequence of equations - 

a''+(p#-l)a+5,= 0, 
a, ((o + l)^+(pk— l)(a + l> + g,} +api + ?i = 0, 
a, ((a + 2)* 4 (p,-l)(a4-2)4-9o}4-a,((a + l)jB. J-5,l4-ap,4-9, = 0, 


o, l(a4-n)*4-(p,-lU« + «) + 9ol 

H-I 

4- 2 a«_„;(a4-n-t»)p*4-9«}4-a;>n4-9, = 0 

The first of these equations, called the indieial equation*, determines two 
values (which may, however, be equal) for a. The reader will easily convince 
himself that if c had been an irregular point, the mdicial equation would have 
been (at most) of the first degree ; and he will now appreciate the distinction 
made between regular and irregular singular points. 

Let a « Pi, a •> /i, be the rootei* of the indieial equation 
F(a) = a* 4-(p,- l)a 4- 8, - 0 ; 

then the succeeding equations (when a has been chosen) determine Oi, a,, ..., 

in order, uniquely, provided that J’(a4-»)does not vanish when »“!. 2, 3 

that is to say, if a = p,, that p, is not one of the numbers p, + 1, pi 4- 2, . ; 
and, if a p,, that pi is not one of the numbers p, 4- 1, pi 4- 2 

Hence, if the difference of the exponents is not zero, or an integer, it is 
always possible to obtain two distinct series which formally satisfy the 
equation. 

SaoMfiU. Shew that if is is not woo or an integer, the equation 

...(ti'-i)... 


is formally satisfied by two senes whose leading terms am 

determine the coefficient of the genoal term m esoli series, and shew that the series 
converge for all values of a 


* The nsine is dne to Osylsjr. Qacrtertu Journal, n. (ISM), p. SSfi. 
t The mots ni pi of the IncUelal eqaatfos am oaU the esposmti of the dUtatsntial 
eqaetaon at the point e. 
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10*81. Oimv«rgme» of1h€ expansion <>/*§ ID'S. 

If the exponents p,, p, Are not equal, let pi be that one whose real part is 
not inferior to the real part of tho other, and let p, — p, - « ; then 
F(fii + n) = n(» + n). 

Now, by § 5'23,,we can find a positive namber M such that 

|p,i<Jfr-*, (y,|<Afr-», | p,p„ + 5, [ < lfr-» . . 

where M is independent of n ; it is convenient to take if > 1. 

Taking we see that 


I All’ 


Ipifi+gi! 


M 


M 

< — , 




since |« + 1{^1. 

If now we assume |Ofi|< i/“r^ when n— 1, 2, ... m — 1, we get 




1 «»-< {(pi + Tn-t)pt + q,) + p.p* + 5, 

' F\p,+ m) 

2 |oi*-/|.|pi^ + 9j| + |p,jp* + ?m|+ 2 (m~t)ja^t’ IPil 

t»l <»1 


«iif’"r~* + 


{"2 («-<)[ 


m I » + Jrt I 

if-V" 


m’ 1 1 + STO~‘ I 

Since j 1 + sm~' ( > 1, because B (#) is not negative, we get ‘ ' ' 

I o» I < ^— if"?^ < if’r-", 

and so, by induction, | o, | < if*r”“ fov all values of ». 

If the values of the ooefiScients corresponding to the exponent p, be 
a,', a,',... we should obtain, by a similar induction, 

where « is the upper bound of |1— sj"', |1 — i»r’, 1 1 — i* 1 "*, ... ; this 
bound exists when s is not a positive integer. 

We have thus obtained two formal series 


Wi(s)»(x-c)r' 1^1 + 2^a,(*- c)«j , 
u>t (s) j^l +^2 a,' (x- c)"j . 


The first, however, is a uniformly oonveigent aeries of analytic functions 
when |x — c|<rJlf'*>, as is also the aeocmd when |x — c| < provided 
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in each case that arg(« — c) ia restricted in each a way that the series am 
one*valaed; consequently, the formal substitution of these series into the 
left-hand side of the differential equation is justified, and each of the aeries is 
a solution of the equation; provided always that pi — pt is not a positive 
integer or sero*. 

With this exception, we have therefore obtained a fundamental system of 
solutions valid in the vicinity of a regular nngular point. And by the theory 
of analytic continuation, we see that if all the singularities in Sot the equation 
are regular points, each member of a pair of fiindamental solutions is analytic 
at all points of 8 except at the singularities of the equation, which are branch- 
points of the solution. 


WSfi. Derivation of a second eolation in the case when the difference 
of the exponente ie an integer or zero. 

In the case when pi - pi = e is a positive integer or zero, the solution 
Wt («) found in § lO'Sl may break downf or coincide with Wi (t). 

If we write u ^ io, (e) the equation to determine is 

))g-o. 

of which the general solution is 

^A+£ exp [-P. (* - c) - i p. (» - c)« - ...[ de 

A + B (z — c)-r>~*f^g (e) de. 


where A, .8 are arbitrary constante and gif) is analytic throughout the 
interior of any circle whose centre is c, which does not contain any singu- 
larities of P (* — c) or singularities or zeros of (# — c)*'* w, (s) ; also g (c) — 1. 


Let g(z)-l 2 g».(»-c)". 

fl«l 

Then, if sstQ, 


f 


= A B j* + i^gn (s -c)"| (* 

= A -t- 8 f - i (* - c)-^ - 's 


— cy^'d* 


(s-c)^+g,log(*-c) 


+ 


I Jn. 

■-»+l «“• 



* It n U a podtivt integer, e doee not eziei; if the two edatione are the same, 

t TIm eoeffldsnt a,' mi; be mdeterminate or it be inftnite ; in the former oaae W|(i) 
will be a idiiHon eontaining two azbitruy oonetanta ej end a,' ; Uie aeries of whldt a,' is a 
foetor wiU be a eonetant msltipls of Wi {>)• 
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Therefore the general solution of the differential equation, which is 
analytic at all points of 0 (e excepted), is 

Jw, (e) + B [y.w, (x) log (r - c) + w(r)], 


where, by § 2‘63, to(*) = (s — c) »• I — + S 


£^A«(s-c)»|, 


the coefficients hn being constants. 

When « >■ 0, the corresponding form of the solution is 

Aw,(e) + B ^«»i(x)log(s — c) + (r — e)^ 2 A«(* — e)*^ . 

The statement made at the end of § 10*31 is now seen to bold in the 
exceptional case when « is sero or a positive integer. 

In the special case when p,~0, the second solution does not involve 
a logarithm. 

The solutions obtained, which are valid in the vicinity of a regular point 
of the equation, are called regular integrals. 

Integrals of an equation valid near a regular point e may be obtained 
practically by first obtaining to, (x), and then determining tire coefficients in 
« 

a function iOi (x) = 2 6, (x — c)*>+», by substituting to, (x) log (x — c) + w, (x) in 

the left-hand side of the equation and equating to zero the coefficients of the 
various powers of x — c in the resulting expression. An alternative method 
due to Frobenius* is given by Forsy^ Treatise on Differential Equations, 
pp. 243-258. 

Example 1. Shew that integrala of the equation 


tegular near zsO are 


and 




Veriiy that theae aeries oonveige for all values of s. 
ExavepU 2. Shew that iutegtsla of the equation 


tegular near a»0 are 




and 


Verify that theae aeriea oonverge when t a | < 1 and obtain integrals regular near a» 1. 
* JimrmUfUr Math. bun. (1874), pp. U4-3M. 
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JBmmpU 3. Shew that th* b;pergeooMtr!c equation 

^+{e-(<i+»+l)*}5-a»ii-0 

la astisfled by the hjfetgeomatiie aariea of g S-aS. 

Obtain the complete eolution of tiie eqiutim when o— 1. 

10^ Sohitiont valid for large vaJuat o/ 1 a |. 

Let a>:l/a,; then a eolation of the differential equation ia said to be 
Valid for ‘ huge values of | a | * if it is valid for sufficiently small values of | a^ | ; 
and it is said that * the point at infinity is an ordinary (or regular or irregular) 
point of the equation ’ when the point ai •- 0 is an ordinary (or regular or 
irregular) point of the equation when it has been transformed so that Si is 
the independent variable. 

Since 


da* 




we see that the conditions that the point e=aD should be (i) an ordinary 
point, (ii) a regular point, are (i) that 2a — a*p (a), a*^ (a) should be analytic 
at infinity (§ 5'62) and (ii) that ap (aX a*; (a) should be analytic at infinity. 

jBxampU 1. Shew that merj point (mciadiug infinity) u either an ordinary point or 
a ngnlar pmnt for each of the equations 

whm a, 6) fl, n Sle'constanta 

&^'!XpU S. Shew that every point except infinity » either an ordinary point or a 
regnlar point for the equaticn 

• where a is a constant. 

JSxampl* 3. Shew that the eqnatioa 


has the two solutions 


j 1 1 . 8.41 . 3.4.5.61 , 

'“S’ 4.7. 9 


the latter converging when la |> 1. 


1<HS. Irregular einguleuitiee and oonflumoe. 

Near a point which is not a regular poiiit, an eqnatioa of the second order 
canniot have two tegular integrals, for the indici^ equation ia at most of 
tile first degree ; there may be one regnW integral or there may be none. 
We shall see later (ag. § Ifi-S) what is thd nature of tiie solutum near 
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aach points in some simple cases. A general investigation of snob solntions* 
is b^ond the scope of this book. 

It frequently happens that a differential equation may be derived from 
another d^erential equation by making two or more singularities of the 
latter tend to coincidence. Such a limiting process is called eonflumet; 
and the finmer equation is called a confluent form of the latter. It will be 
seen in § 10*6 that the singularities of the former equation may be of a more 
complicated nature than those of the latter. 


10^ The differential eqvodiona of mathematical physios. 


The most general differential equation of the second order which has 
every point except tii, a,, a,, a^ and <» as an ordinary point, these five points 
being regular points with exponents Or, /9r at Or (r == 1, 2, 3, 4) and exponents 
Itt at 00 , may be verifiedf to be 


d*u 

zLz + 


[v ^ (* Orfir ^ 2Bs+ C) 

Ul e-Or ids iZiis-Ory n (s - o,) ’ 


where A is such that^ and ft, are the roots of 

/**+/*! S (Sf + + S Or fir + A « 0, 

Irfcl ) r«l 

and B,C are constants. 


The remarkable theorem has been proved by E[lein§ and Bficher|| that 
all the linear differential equations which occur in certain branches of 
Mathematical Physics are confluent forms of the s^ial equation of this 
type in which the difference of the two exponents at each sinffularity is 
a brief investigation of these forms will now be given. 

If we put /3r »> a, + J, (r = 1, 2, 3, 4) and write f in place of s, the last 
written equation becomes 




+ (f-M* 


^ AP+2BC+C ; 

n(r-ar) ‘ 




0, 


* SosM slsmsntMy inwtigationi an giTOD id Fonrtb’a Di/irmtiat SqnaUoM (U14). 
Oomplats innatigatiDiM an given in iiit THeorf ^ HxgtnrUaX Stnationt, it. (IBOS). 

t Tha ooetteiviti of ^ ond v moit be ntaonal or tbor woald hove aa feentlel idngalMity 

w 

at flnaa goint; ibt danominaton of g(<), g(«) mnit ba n («-a,), □ (i-o,)* nqwelivdr; 

r»I r«l 

gntting g(f) and q (<) into partial fraotioiu and ranambaring that p(s)sO(r~>), g(<)sO(a~*) 
aa I a I -«> • > wa obtain tha ngnind raanlt withont dinaoltjr. 

t It will ba obaarvad that si, sa an oonhaotad bj tita lalation Mi+pta- Z (a,-t-A-)=S. 

I Dtbtr Untsrt DiftrenttalqUIehuMeeH dar waiter Orditanp (18S4), gL 40; aaa also rarlanaw 
Star iMmticksn PtmbNanan. 

I (Tatar dia ftatAananWiebatawpan dar Potawtiattkaaria (US4), p. ISB. 
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where (on accoont of the ccmdition 

^-(2 e,)’- 2 «,*-! i«r + -A'. 

\r^\ ’ r*l r»\ 

This differential equation is called the ffmeraUted Lami eguatum. 

It is evident, on writing Ot^ai throughout the equation, that the 
confluence of the two singularities a,, a, yields a singularity at which the 
exponents a, J9 are given by the equations 

ti + /S=‘S(at + a^ afi = a,(tti + i) + ek(a, + i) + A 
where D <= (Aa,* + SBo, + <7)/((o, — a,) (ui — o*)}. 

Therefore the exponent-difference at the confluent singularity m not 
but it may have any attigned value by evitable choice of B and C. In like 
manner, by the confluence of three or more singularities, we can obtain 
one irregular singularity. 

By suitable confluences of the five singularities at our disposal, we can 
obtain six types of equations, which may be classified according to (a) the 
number of their singularities with exponent-difference (6) the number of 
their other regular singularities, (e) the number of their irregular singu- 
larities, by means of the following scheme, which is easily seen to he 
exhaustive*: 



(•) 


(«) 



3 

1 

0 

Lnmd 

(It) 

s 

0 

1 

Unlhiaa 

(III) 

1 

s 

0 

Legendie 

(IV) 

0 

1 

1 

Beaael 


1 

0 

1 

Wsbar, Hermite 

(Vi) 

0 

0 

* 

Stokes t 


These equations are usually known by the names of the mathematidans 
in the last column. Speaking generally, the later an equation comes in 
this scheme, the Bsore simple are the properties of its solution. The 
solntions of are diKuased in Chapters xr-xix of this woik, andj 

of (I) in Chapter XXm. The derivation of the standard forms of the equations 
Grom the genetwlieBd Lamd equation is indicated by the following exunples : 

* For iBstsasoths amnssmant (o)S, (0)0^ (^1 u inadmiMible u it mmU nieeii i tsto tte 
iaitU siBsobiiHai 

t Tho aqostloB of tliif Ijft «M ooniidored tj Btokos in his rssmrnhiw on SUhnctioii, 
OSasA. Phil. Trmtei xs. (U66), pp. 18S-183; it Is, htnnim, stailr tansbraud into s paTtionlsr 
cost of Baiael’s sItsNon (oxon^ 6, btiow}. 

t For piopMlltS of afosttons of typo (I), mo lbs walks of Xkin and Foisyth otsd nt tbs 
and of this Mhtieji also Todhnntaa, The Ftmettam cj Iia/laae, Lome and Beittl (1876). 
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£>am|il« 1 Obtain tam^s equatum 


<?•* 


rael 

(when h and « are oonstanta) taking 


ap+1 * 

ostai 

SB— n(»+l)o4, tO^hOi, 


and making Oi -*- 00 

ExcanpU S Obtain the equation 

(where a and g are oonatants) by taking »>d making a,—at-^<o Denve 

Jdathiea’a equation (§ 19 1) 

^^+(o+iegcoa 2»)ti=0 

by the aubatitution eoe'c 

XtamfiU 3 Obtain the equation 

d*» . (i . 1 W« . 1 (*(«+!) *»M * 

fay taking 

Ui”*i’“l> 03"a4=(^ <it=oj“aj=0, a4>=^ 

Derive Legendre’a equation IS 13, IS 5} 

du. { wf|2 ) 

^ ^ ■ ®* £ + 1" " iT5l} “ “ ° 

by the eubstitution 

SxampU 4 By taking Ot—Oi^O, oi— atsiiB«a4*=0, and making o^-iar«-«, obtam 
the equation 

f ’ f ^ +i (f- «’) "“O 

Denve Beasel’a equation (§ 17 11) 

by the euhetitution (»(* 

SxampU 5 By taking ai>i0, a,»iit=ag— ao^O, aud making O)— ai=a 4 -»oo, obtam 
the equation 

C^+i^+i(»+i-K)*“0- 

Denve Weber’a equation (§169) 

</*u 

by the aubatitution {aif* 

SaiampU 6 By taking a,~0, and making a,-*-oo (r— 1, 3, 4), obtam the equation 

+ (Bif + (a) «— 0 

By takmg 

““(Bif+Ui)^*, Bif+Ci«(|Bi*)^, 

ahew that 

4*0 . dt 
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Bgam/it 7. Shew that the general torm of the generaliaed lajai equation ia iin- 
altered (i) by any homtqpsphio ohange of independent eatiable such that « ia a aingolar 
point of the trsnaformed equatioD, (ii) by any change of dependent variaUe of the type 

Bnanqi* 8. Deduce from example 7 that the Tanoua confluent forma of the 
generaliB^ Lamd equafeon may alwaya be reduced to the forma given -in examples 1-fl. 

[Hote that a suitable bomogiaphio change of vanabls will transform any three distinot 
points into the pmnte 0, 1, to.] 

107. Linear differential equoUone with three eitiffularitiee. 

Let ^+p(e)-^+q(e)u~0 


have three, and only three singularities*, a, b, c, let these points be regular 
points, the exponents thereat being a, a' ; j8, y, Y- 

Then p(s) is a rational function with simple poles at a, b, e, its residues at 
these poles b^g l — a — — 1— 7— 7'; and as p(*)—2s“‘ 

is Therefore 

1 -g-a' l-;9 ~^+ ^ ■-5'* 


p(s] = 


s- o 


s — b 


and^ s + fl + /5+i9^4*7 + 7*a»l. 

In a similar manner 


o i *1 = I — j a-e) . 00 '(h-e)(h-a) r/{c-a) (0 -b) | 

I «-a z-i r-c j 


and hence the differential equation is 


■(s-o)(*-b)(s-c)’ 


ds*"*" 




s — b 


du 

J3J 


ea* (g — b) (a- c) ^ 0 ff'{b — c)( b~ a) ^ r/'Jr - g)( c — 6) 


z — b 




^ {z--a){z-b){z-e)~ 

This equation was first given by Papperitz] 

To express the &et that u satisfies an equation of this type (which will be 
called Riemann's J*-eqnation), Riemann§ wrote 

t abs 

a k y t 

a' - 8 ' 7 ' 

* The poiiii at infinity is to bs an ordinary pdnl. 
t This ralatios mtlst bs aatirted ty tbs axponsnts. 
t Math, .daa.1^ (1888), p. SIS. 

S Abh. d. k. die, A IFiti. m OSttiayrn, vii. (1887). U will bs ssan from this msmoir iha^ 
alttraosh Bismaandidnot apparently eonetiaot tbs eqnatioii,bs must bass infomd its s xt a t sn e s 
hmn tbs bypsiga a msttle sqnstioa. * 
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10*7, 10*71] UNKAB OlFFaSBimAl. XQCATIONB 

The aiogulitf pointa of the equation are placed in the first row with the 
oonespcHiding ezponente directly beneath them, and the independent variable 
in placed in the fourth column. 


SaampU. %ew that the bypergeometrie equation 


ia de£ned by the acheme 


j' 0 * 1 

J>} 0 a 0 

U-o 4 e-a-b 


■} 


10‘71. Tratufformations of Riemann’t P-equation. 


The two traneformations which are typified 1^ the equations 



j o b c ' 

P|«+A fi — k — l y + l * 

[a' + k ^-k-l f+l J 


(II) P 


!a b c 
y 


\ (o, 6. 0. I 

a[=Pj« yS 7 a, I 
j W /S' 7' j 


(where a„ a,, 6,. c, are derived from a, a, b, e by the same homogiaphic 
transformation) are of great importance. They may be derived by direct 
transformation of the differential equation of Pappentz and Riemann by 
suitable changes in the dependent and independent variables respectively; 
but the truth of the results of the transformations may be seen intuitively 
when we consider that Riemann’s P-equation is determined uniquely by a 
knowledge of the three singularities and their exponents, and (I) that if 


fa 6 c ^ 

u-pja R y 

W y j 


then 111 — * differential equation of the second 

order with the same three singular points and exponents a-t-ifc, a'+zb; 
jSv- k — i, j3' — ib — 1 ; 7 + 1, 7' -t- 1 ; and that the sum of the exponents is 1. 


Also (U) if we write t equation in «, is a linear equation 

of the second order with singularities at the points derived fixim a, 6, 0 by this 
homogmphic transformation and exponents a, o', y9, j9 ; 7, y thereat. 
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10*72. oomumm of JUiemann’i P-equation vriA ^ hypetyeometrie 
iquatioti. 

Bj means of the results of § 10*71 it follows that 


[a b 0 

a fi y 

fl & 7 


b 


\a— « j8^ + o + y y— y 


where 


/• 0 so 11 

I 0 /8 + a + 7 0 

[a'-« P + a + y y -y j 
( t-a) (o-b) 

‘(s-6)(c-o)‘ 

Hence, by § 10*7 example, the solution of Riemann’s P-equation can 
always be obtained in terms of the solution of the hypeigeometric equation 

whose elements a,b,e,x are ci + fi + y, a + ff^ + y, 1 + a — o', ^ ^ 

{s-b)(c-a) 

respectively. 

10*8. Linear differential equations with two singularities. 

If, in § 10*7, wo make the point c an ordinary point, we must have 

, , „ / « j oo'(o — 6)(o-c) . BB'(jb — c)(b — a) . , 

1 - 7-7 "0, 77 ”0 ^ — -'4.!:=-^ if i must be 

divisible by s — c, in order that p(s) and q(s) may be analytic at c. 

Hence a + a' + /9 + /9'w0, = and the equation is 

d*« . f 1 — 0 — o' , 1 + e + o^ du . ad (o — Vfn 


s—b ) de (s — ay (s — by' 


( l-a-t 
dr* s — a 
of which the solution is 

that IS to say, the solution involves elementary functions only. 
When o w o', the solution is 


0 , 
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, MiaCBLLASXOUS Examfucs. 

1. Shew that two wlutioiu of the equation 

^ ‘f 

1 •»)<*+..., and inveitigate fcbe region of ounvergenoe of iheee seriei. 
Se Obtain integrals of the equation 


ithi 1 


regular near laO^ in the form 


*,-** |l+jg+ , 


3. Shew that the equation 


i«,-«,Iogr-jg+.... 


baa the eolutione 


dhi 

3? + 


(•+I-5-) 


u«0 


^ 2ft+l « , 4a*+4n+3 

1_ -^_^+ gg— 

< ^■H .3 I 4i«»+<«+7 . 

*■'^‘^+—480" 


IS 


and that theee eeries converge for all values of t. 
4. Shew that the equation 


where 


<fH» 

<fe> 


f- i-e,::!,!* a,/*, 5 AU.o, 

Ir-l »-Ot J <fo lr.l(*-0.)* 


3 (a,+fllr)-n-2, Z 0,-0, Z (a,Z>,+<i,ft.)-(^ Z (o,»Z),+8a,q,/S,)=^ 
r«l r*l r»l r«J 

is the most general equation for which all points (moluding co ), except Oi, Oii are 
ordinary points, and the points a, are regular points with exponents |8r respectively. 

(Klein.) 

6. Shew that, if lS+y+i9’+y»i, then 


ro « 1 1 f-j « 1 1 

/» r 4-^] r r 4- 
U y' i I y siy y J 


(BMmana) 


[The diUSwential equation in each oaae is 

ed. Shew that, if y+y—i and if WiW* are the oomplax cube roots of unity, then 


rO « 1 ) /!•••] 

’■{o 0 y r y »h- 

U j y i . ly y y i 


[ne difibrential equation in eaoh oaae is 


d*a. V *•. »yy«.„i 


W.U,A. 


(Biemum.) 


U 
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7. Show that the equation 

( 

is defined by the eobeme 


(1 - ^ - (So + 1) * ^ + » (» + So) «“0. 

r I • 1 

>1 0 -» 0 *1, 

[j-o n+So J-a J 


and that the equation 
may he obt^ed from it by taking a—l and changing the independent variable. 


0 +f *)*^+"(»+®)*=0 


8. Discuae the solutions of the equation 

valid near t=0 and those valid near i=oa. 


(Halm.) 


(Cunningham.) 


9. Discuss the solutions of the equation 

dht ill du du . , . . 

^ +-f a -** £+® (— m) ' i-O 

valid near j— 0 and those valid near s— c . 


Consider the following special oases ; 

(i) (m) («u) p+v-3. (Cureon.) 

10. Prove that the equation 

*(l-*)^ + g(l-S»)5+(o*+6)«“0 

has two particular integrals the product of which is a single-valued trsosoendental 
function. Under what circumstances are these two partioular integrals coincident? 
If their produot be .^(f), prove that the particular integrals are 

«,= {/'(.)}*. exp , 

where C is a determinate constant, (LindOnann ; see § lO'fi.) 


11. Prove that the general linear differential equation of the third order, whose 
singularities are 0, 1, « , which has all its integrals regular near each singularity (the 
exponents at each singularity being 1, 1, - 1), is 


dhi 

3? 



. 2 1 cl<tt (1 3 1 1 <fu 

■•■s-l/ (fr> (a-l)*) 3i 



where a may have any oomtant value. 


(Hatii. Trip. 1919.) 



CHAPTER XI 

INTEGRAL EQUATIONS 

11 1 Definthon of an xnUgral equation 

An integral equation is one which involves an unknown function under 
the sign of integration , and the process of determining the unknown function 
18 called solving the equation*. 

The introduction of integral equations into analysis is due to Laplace 
(1782) who considered ihe equations 

/(z) =je^<f,(t)dt, 9 (») = 

(where in each case ^ represents the unknown function), in connexion with 
the solution of differential equations The first integral equation of which 
a solution was obtained, was Founer’s equation 

cos {xt) (t) dt, 

J -oe 

of which, in certain circumstances, a solution isf 

2 7“ 

^ (a-) = - / cos (ti®) /(«) da, 
w/o 

f(x) being an even function of since cos (xt) is an even function 

Later, Abel| was led to an integral equation in connexion with a mechanical 
problem and obtained two solutions of it, after this, Liouville mvestigated an 
integ^ equation which arose in the course of his researches on differential 
equations and discovered an important method for solving mtegral equations §, 
which will be discussed ui § 11 4 

In recent years, the subject of integral equations has become of some 
importance in vanous branches of Mathematics, such equations (in ynysical 
problems) frequently involve repeated integrals and the investigation of them 
naturally presents greater difiSculties than do those elementary equations 
which will be treated m this chapter 

To render the analysis as ea^ as possible, we shall suppose throughout 
that the constants a, b and the variables w, y, { ore real and further that 

* Exaept m (he ea« ot Vomur's intasnl (| 9 7) we ptaebesUr olwapt need eendmiaw 
■olaboni of mtegial eqiiaboni 

t It ihu velne ot 9 be eabetataieS in. ttie e^nabon we obtain a reaoU whioh u, eflaebToly, that 
of §9 7. 

$ Egbbfoit di (netjiMf prebOaMi b I’oub d’wMpralea (1899) See Oramt, i pp U, 97 

I TbemunenealeompatabonofaelabonaotintagialeviaibaiiabaebeeninieatiBatedlieeeatlp 
bp TTfaittaker, Proe, Repot See xeir (b), (1918), pp. Ull-tSf 
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a<A!, y. also that the given iunotion* K (a, y), vmcb oe(m»\j9^ the 
integml sign in the majority of equationa ccoaidered, is a Teal fiihotion of 
c and y and either (i) it is a continnoos fimction of both variables in the 
range (a^se^h, a^y^b), or (ii) it is a oontinnous function of both variables 
in the range and K(ee, y)*°0 when y>a; in the latter case 

K (a, y) has its discontinuities regularly distribute and in either case it is 

easily proved that, if /(y) is contmuous when a <y < i, J /(y) K (a, y) dy is a 
continuous function of s when a < c < 6. 


11 'll. An a^fhmieaf lemma. 

Hie algebnuaal raault whioh win now be obtained is of great importanoe m Fredfaobn’B 
theiny of integral equations. 

1^ (sill yi, Si), («>. y>, <i)i ya, <a) he Oiree points at unit distanoe from the origin. 
The gieatest (numenoal) value of the volume of the parallelepiped, of wbioh the lines 
joining -the origin to these points are oonterminous edges, is +1, the edges then being 
perpendicular. Therefore, if s,'-i-yr*-t-ar'~l (r^l, t, 3), the upper and lower bounds of 
the determinant 

*1 yi *t 
ya h 
^ yt H 

are ±1. 


A lemma due to Hadsmardf generalises this result. 
Let 


SUf «Ui ••• “l» 
On, Oa, ... Oa, 


•A 


I 0.11 0.1? — <*1., 

m 

where <w is real and 3 (>’«r=l (s>~l> 3, ... n); let be the oofaotor at a^ vaDtaA 

t»i 

let A be the determinant whose elements are A^, so that, by a well-known Ibeoreml, 


Sinoe, D is a oontiniiooB ihnction of its elements and is obviously bounded, the 
ordinary theory <& maaima and minima is spplioaUei and if we oonaider variations in 

* 9Z> 

ai,(ml, 2, ... n) only, D is stationary for such variations if S 0^ where 3a,ri— 

« 

are vanaiions subject to the sole condition Z ai,tat.^^O ; tlistefineS 

•—I 

. 3Z> . 

A^~^-Xay,, 

n 

but 3 OirA^’^D, and so Xla’i,—/! ; therafore Ai|r. 

r.l 


* BAchst in his fanportant work on integral sqnstions (OasiS. Jfath. Tracu, Mo. KQ, always 
oonsidais the more gsnaml oass in whish X(a, f) has dlssontinnltiss rsyalariy dhlrttMsd, 
La tbs dissontinaitUs are of tbs naturs i W s cr i b sd In Obapter tv, aiample 11. The reader will 
see from that emmple that the issults of this ehapter can almost all be ganaralieed in this 
way. To make this chapter more simple we shall not eonelder sadh geaaraliaatioas. 

* SnlUUn ia Set. Math. (3), svn. (1893), p. 340. 

t Bamaide and Fanton, TAsary qf fgaotieu, n. p. 40. 

I By ttie oidinaiy fhsoty of nnaitsaiiiied msUipUste. 
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1. Shfiw thfttp in the omc of the equetion j^g thftt JD is stetionuy for 

— — *). Coniequetitiy 

/ Henee the msximum and minimum values ot Dm ±1. 


. and sulgaot only to the condition | \ < If, ainoe 


. a solution is 


. a nwuMwii iQ m , 

rat] 

SxampUi. Shewth(«™»’““»»l'»of|jD|“(**JO*-«*"-«*- 
* equation and ita tentative eolation. 

liCi^imponaiiii xv.i\'^gTaI equation of a general type is 

«(“ =/(*)+x JVc*. 

where /(x) is a given con/iinuous function, X is a parameter (in general 
complex) and IC(a, () is to the cond'tionsf laid down in § ll'l. 

f (x, {) is called the nucleus' '' Se equation. I 

This integral equation ivo fiinctio as Fredruilm'e Sq uation or the integral 
equation of the eetxmd ^hich observed by 'Volterra that an 

equatvoii of this type Coula be regarded as a limiting form of a system 
of linear equations. Fredholm's investigation involved the tentative carrying 
out of a similar limiting process, and justifying it by the reasoning given 
below in § 11'21. Hilbert (Gottinger Nook. 1904, pp. 49-91) justified the 
limiting process directly. 

We now proceed to write down the ^stem of linear equations in question, 
and shall then investigate Fredholm’s method of justifying the passage to 
the limit. 

The integnl equation is the limiting form (when ot the equation 

♦ (*)-/<») +X (x, (X,) », 

where x,-x,.|iad, a^aia, x,mb. 

Since this equation is to be true when a^xfk, it is true when x takes the valuee 
X|, xt, ...x^; and so 


-X» X K{v„ xj + (x,)+*(si,)-/(x„) 

g»l 


(p-1, a,...»). 


S * Fredholm’s first paper on ths subject appeared in the Qfvtniet of K. rttmsiapi-Akad, 
Wftoi<afapar(Btoekholm), Lvn. (1100), pp. 88-46. Hie ree a a t eb e e are also given in acta Hath. 
xxm. (IfiOS), pp. 868-890. 

t The reader will obeerve that if X(v, {)ae0 (t>x), the equation may be written 

♦ (*)-/(*)+ X A (s, ©♦ (t) 4£. 

niie ie caDsd an equation with sarisMe inwr iieiit. 

t Anothbr term ie heme) ; French neya*, Oetman Kan, 

I 

t 
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™. ^ ^ ' ri''^,<"nction*ir(«,yX wluchoociuwtisderthf 

This system of equations for (i — • i ^ t 

determinant formed by the coefficients of ^ (x^) does not*?P*®**' .** * •'®*‘ nlliction Of 

n /v^ , , x.ir, » \ of both variables in the 

2).(X)= i-X»X(i,.x,) -X»£-(x.,xi,)... ^tion <rf both variables 

. “ tl»e utter case 

X,) -\»K(x., X ,) ... 1 -x'J “ cnee it is 

= i-x5»X(x xi+- I f{y)K(x.y)dywA 


\s • 

“r- ^ t ** 


'^2!,^;Lr I 

K{x„x,) K(x„x^ X( 

JT (x„ Xp) X (*„ X,) S\ ^ I 

X(x„i^) X(x„.o,) ^ 


on expanding* in powers of X. ^ mfogrations. we are th.» ,ed to 

Making 8-*-0, n-«-(B , and writing the summations as • 
consider the series d**ii) 


i)(X) 




^(fii fi)‘ i+ 


Further, if f>.(Xp, x,) is the oofootor of 
the solution of the system of linear equatioi. 


* which involves Jr(x, 


V, x„), 


• 1 /) 


j , /(^i) ®p(*». *i)+./(*») '«)+ ••+.><*» -pi»«. ■»•,) 

* W“ 'Coo — ■ 

Ifow it is easily seen that the appropriate limiting form to be considered m association 
with D, (Xp, Xp) is i>(X) ; also that, if ii4^s. 


^pfXp, x^) — X8 


X(xp,x,)-X«2 i/**’*’^ 


1 


+^X*8« S 
* • P, ««* 


K{Xnf Xp) Xp) K {Xpf jTg) 

^ f ^»«) K {Xg f Xp) K (.Tg , 4?g) 

So that the limiting form for d*’ D {x^, x,) to be ooDHidered^ m 


D(Xp, X,-, X)=XX(xp, x,)-X«|^ I <ifi 


-.i-a: 




‘ 1 ^ (Xp. X,) X (Xp, f ,) A (Xp, f,) 

^(fi.xp) i-Cfi.fi) A(fc,f,) 

Consequently we are led to consider the possibility of the equation 
♦ (x)-/(x)+^-'j^|‘/>(x, f; X)/(f)<iJ 
giving the solution of the integral equation. 

* The lastorials appear becaase each detexminant of s rows and oolnmns oscnn < t timss as 
p, t; ... take all the values 1, S, ... n, whsiess it appears only ones in tbs original detsnainant 
forI>.(X). 

t The law of formation of eneoesaire terms is obrions from tX/ias written down. 
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EsKunflt 1. Shew that, in the oaee of the equetion 
<^(x)-x+X 

I>(X)-1-JX, X)-Xjy 
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have 

1 a eolation le 


*i*y~z=x- 


-we have 


Rtamfle S Shew that, in the case of the equation 

.1 

0(jr)«j,+X / 

Jo 7 

B(X)-l-^X-*X« / 

x)=>x(^+y‘)+x*((jy*-^*y-4i'*+iy^ 

and obtain a eolation of the equation j 

11‘21 Immtigatxon, of FredJwUn'g tohdion 

So far the conatruction of the aolotion has been purely tentative , we now 
start a6 mitio and venfy that we actually do get a solution of the equation , 
to do this we consider the two fhnctiuPo D (X), D(x,v, X' arrived at in § 11 2 

We wnte the senes, by which P"(X) was defined in § 11 2, in the form 

1 + i so that 

«»i « 

j: 




since IC («, y) is c# ,|,inuaus and therefore bounded, we have ) Z' (*, y) ] < Af, 
where Af is indep<^ lent of x and y , since K (x, y) is real, we may employ 

Hadamard’s lemm ) 11 11) and we see at once that 
O.X 


1 


la„l <«4"Af" (fe-a)». 


Wn^ (ft p ’ o)" = n 1 6„ , then 




oHl ' 

a 

hii 


The se ' » m therefore absolutely convergent for all values of X , 

and so (§ I ^ >(X)»l-AX, converges for all valuesof Xand there- 

avs ' ” • 

fore (§ S'fioon of tlw mqpandiag mtsgial Aion of X 
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Then, by Hadnmard’a lemnu (§ 1111 ), 

I «#_, (w, y) I < 

I V ^ • 

* ■ < Cn, where c» is independent of « and y and S ewX*^ u 

n ! ' K.g 

abaolutely convergent. 

Therefore D (a, y;\) is an integral fimetion of \ and the series for 
i) («, y ; X) — X£r («, y) is a uniformly convergent (§ S’ 84 ) series of continaoas’* 
fnnctionB of 0 and y when a<0$6, a^yCh. 

Now pick out the coefficient of K (a, y) in i) (0, y ; X) ; and we get 

D(x. y:X)-X2)(X)Z(0.y)+ 
h ' 

JaJ. •'-|jr(f..y). Z(t,ft), -ircfi.w 

I ^(f-. y). ft), f.). ... f.) 

Expanding in tninon of the first column, we get Q»(», y) equal to the 
integral of the sum of n determinants.; writing („ (», ... (, (m> fii-i 

in place of (a in the mth of <hem, we see that the integrals of all 

the determinantst are equal and so 

G«(*.y)“-"f f —f ^(^,y)Pnd('ie,...d(n~t, 

J a J a J a 

^ P,= K{x,U ...£■(«, fa-.) 

/f(f.,f). i^Cf-f.). ... .K'(f. V.) 


|Z(f,-.,t), /{-(fa-^f.), ... jr(fa jfa.,)| 

It follows at once that 

D{0,y;\) = \i)(X)Z{0,y)+xf I>(0,f-,X {f,y)df. 

Now take the equation 

* (« -/(« + X CkH y) ♦(y)(iy,.. 

' ,fejm 

multiply by D (0, f ; X) and integrate, and we get , ^ 

fV(f)i)(*.f;x)«Cf n* 

Jm * 

eh eh rh 

- f;x)df-x I v**?. 

the integrations in the repeated ini' •' 

* It i« ns; to vaify that ever; tsnr liaant of • 'owg sdA oolnmns osnin" !*(*>;: X) 
if ft fontuiaoQt fonotlo:^ un^tt « iI i^ypMr* only onae in the originaj 

t The oidar of 'tioo ia * * 

sot\ five terma if obrioiif from tft'Yie 



nrtBOBAX. BQTTiLTIONB 


217 


11 * 21 ] 

That is to aay 

!*/({) 

« xJ)(\) ■K’(«. y)^(y)dy 
(*(*)-/(*)}. 

in Tirtue of the given equation. 

Therefiwe if 2)(\) 4* 0 and if Fredholm's ^nation has a.solation it can be 
none other than 

4> (*) =/(*) + //(f) - d ( , 

and, by actual snbstitntion of this value Of ^(x) m the integral equation, 
we see that it actually is a solution 

This 18 , therefore, the unique continuous solution of the equation if 

i>(X)+0 


ConJUuy If we piit/(c)aO, ths ‘homogeneous’ equation 


del 

tuiuoua solatia I lept unless Z>(X)=0 

luc 

mpl* 1 By ezpa g the determinant mvolred in Q,(x, jr) in minors of its first 
new that J, 

Z)(*,y, ^ XDWS(x^+X pS(*, f)D(f,y, Xldf 


JBtamfie S By usm,^^ 

2)(X)-1+ 1 ®’^e 


nt t I 


Ry. X)-Xi)(X)£-(x,y)+_^S (-)’ 


). X»*'9.(x,y) 


-KidwthAt mberi X)d|— -X 

JCxamphS If ®*,yJWl <y<x), .ff(*,y)-0 (y>x), 

abewthat J>(X)»exp{~(6-a)X} 

& K 

jSMmpi04 She at, if jr(«, y}»/i(4r) /.(y), and if 
an 1 

S \ 

tbSEl ^ ^ • 

>(X)-l-dX, Z>(*,y.X)-X/.(x)/,(y>, 
re I 

and the solution of thr tReqMmdu^ integral equation w 

♦(x)-/(a)+^/y(«/.(f)de. 
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SttUHfte 6. Shew that, if 

then i)(X) and X) are quadratic in X; and, more generally, if 

Jf (*, y)- (y), 

than J)(X) and i>(«, jr, X) are polynomiala of degree a in X. 


11‘22. VoUerrd’s rteiprocal fimctions. 

Two functions K (x, y), k(x,y;X) are said to be reciprocal if they are 
bounded in the ranges a $ y $ 6, if any discontinuities they may have are 
regularly distributed (§ 11*1, footnote), and if 

We obeerva that, ainoe the nght-hand aide is oontinuous*, the sum of two reciprocal 
fonetiona is oontmuoaa 


Also, a function irCXiy) can only have one reciprocal if 7)(X)#0; for if there were two, 
their difference ii {x, y) would be a continuous solution of the homogeneons equation 

i, (*, y j X)=A j\ (*, £; X) X(£, y)<if. 

(where x is to he regarded as a parsmetM'), and by S 11 '81 corollary, the only continuous 
aointion of this equation is sem. 

By the use of reciprocal functions, Yoli ' e obtained an elegant 
reciprocal relation between pairs of equations '» v lolm’s type. 

We first observe, from the relation udin/®^ 

D(x,y ,\)~\D{\)K{x, y)+X 1 y)dl 

* ' (SJ 

proved in § 11'21, that the value of k(x, y ; the' ^ 


-D(x,y,X)nxDC 

* » » ^ 

and from § 11‘21 example 1, the equation 

i(x,y;X) + K(x,y)=xf K (x^ () k ((jf„ }d( 

J a j 

is evidently true. ’ *-• 

, } 

Then, if we take the integral equation t 

^(x)=/(x) + xf*jr(x, * 

when a ■SxKh, ■we have, on multiplying the equation I 




* By ssamide U at the end 


otObaptsriv. 


1 . 
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11*22, 11*23] 


by X) and integrating, 

J a 

'= f ib(®. f ;X)/(f)df +X f f fc(T. f ;X) K{1 

J n J 9 J a 

Bevereing the order of integration* in the repeated integral and making 
nee of the relation defining reciprocal functions, we get 

J it 

= f fc(», f ;X)/(f) d| + f.) + Jk(a, f.;X)} 

J a J 9 

and so X f * A: (x. f ; X)/(f) df — X f V (:r. f,) ^ (f. 1 if. 

'a 

=-^W+/(®V 

Hence /(ix) = 4>(^) + xf A:(ir, f ,X)/(f)(if ; 

similarly, from this ‘vmation we can denre the equation 

-Ax)+xf‘ir(x.e)^(f)df, 

/(xl. 

80 that either of thv juations with i*eciprocal nuclei may be regarded as 
the soiutioi, of the 0 ^**^® 

11'23. flbmoyen«®®f integral equations. 

The equation ^ (® X f Jf («, f) ^ (f ) df is called a homogeneous integral 

equation. We have seen (§ 11 21 corollary) that the only continuous solution 
of the homogeneous equation, when i){X)^s 0, is ^ (x) = 0. 

The roots of the equation D(X) = 0 are therefore of considerable 
importance in the t eoiy of the integral equation. They are called the 
characteristic numberi^ of the nucleus. 

It v;ill now be sh^wn that, when D (X) = 0, a solution which is not 
identically zero can b * obtained. 

LetJ X — X« b«* a • ^ot m times repeated of the equation D (X) = 0. 

^ Since 2>(X) is an integral function, we may expand it into the convergent 
series 

i> (X) « c» 'X -• X,)- + c„+, (X - X,)«+* + . . . (m > 0, c* + 0). 

* ^ks reader wiU have no difflonlty in exteodiog the reralt of § 4*8 to the Int^ral nitder 
eoniideration. 

t Frenoh valtun Germao Eigenverthi. 

t It will be proved inn, tV887)» nt* if K (f , y)Kdr (y; «), the egubtlon Z> (X) ssO baa at leaat one 
root. teriaslif 
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Similaily, since D(ie,y,\') is an integml function of Xi thoie exists 
a Taylor series of the form 

2,(*, (I >0. y,>0): 

hy § 3‘84 it is easily verified that the series defining y* («, y)> ^ •••) 

oonveages absolutely and uniformly when a<c<h, a^ff^b, aiid thence that 
the series fiw i)(*, y;X) converges absolutely and unifonnly “» tl»® 8*®« 
domain of values of a and y. 

But, by § 11*21 example 2, 

J‘2)(f,f,X)df=-X^>, 

now the right-hand aide has a aero of order m— 1 at X«, while the left-hand 
side has a zero of order at least I, and to wt have m— 1 >1. 

Subetitntmg the series just given for D (X) and i) (*, y , X) m the result of 
§ 11*21 example 1, via 

D(x, y,x)-xZ)(x)^(<e, y)-bx /*^(*. f)® (f. 

dixidin.} bij \if aad vaakiuij V we ** 

y« (®. y)-\f ^ (»« f)y« ■''* 

Ja %e^* f , 

Hence if y have any constant value, gj (a, y)\^afiBea the homogenroM 
integral equation, and any linear combination of sm^ solutions, obtained by 
giving y vsnous values, is a solution. ' ^ 

CoroUaty. I%« ^uatioo 

♦ (»)-/(*)+X, {)♦«)««« 

* / 

' has no solution or an infinite nninber For, if ^(») isasolnt m, so ia^(*)***J‘Wi(*t y), 
where c, may beany funetioo of jr. I 

Ssamfile 1 . Shew that solutions of I 

are ♦(ar)-oos(a-ar)s', and <>(*)»Bin(a-8r)*; where r aa^umes afi positiw integral 
valaiBt (cero indnded) not exoMdug 

1 

£kampl€ 2 tlint ^ 

^ (c}.X ooa» (w+f) ♦ ({) dj j 

haa the same aalattona aa thoae given m example ’ ’ •• p’ *•“* **“ oorreeponding 

valueeofXgiveantheroqtaoff>(X)»0. hapteriv.) 



INTHGRAL XQUATIONS 


221 


ll*8-ll-4] 

ll'S, latei^rttl tguatioru of the first and second kinds. 

Fredholm’s eqoation is sometimes called an integral equation of the second 
kind; while the equation 

is called the integral equation of the first kind. 

In the ease when K(te, ^=0 if f >«, we may write the equations of the 
first and second kinds in the respective forms 

f(n)-xjy(s,0^(f)di. 

4> (*) =/(*) + >• t) i>(OdS. - 

These are described as equations with vanahle upper limits. 
ll’Sl. VoUerra’s equation. 

The equation of the first kind with variable upper limit is frequently 
known as Volterra’s equation. The problem of solving it has been lednced 
by that writer to the solution of Fredholm’s equation. 

Assuming that £* (e, ^ is a contmuous function of both variables when 
I < a, we have 

The right-hand side has a differential coeflScieut (§ 4’2 example 1) if 

0ir ^ 

— exists and is continuous, and so 

f'{x)^XK{w, -r)^(x) + xjj 

This is an equation of Fredholm’s type. If we denote its solution by 
^ (a;), we get on integrating fiom a to 

/(«)-/(a)-x|‘ K(,x. 

and so the solution of the Fredholm «]uation gives a solution of Voltena’s 
equation if/(a) == 0. 

The solution of the equation of the first kind with constant upper limit 
can firequently be obtamed in the form of a series*. 

11'4. The LiouviUe-Neumann method of suoeessiee substitutions^. 

A method of solving the equation 

♦ («)-/(a) + x|* Jr(*, 

which is of historical importance, is due to Lionville. 

* B«e vssmjis 7, p, 881 ; a nlatran rsM nndet fwmr nstrieUont is glvan ty BSahnr. 

+ Jiwnwl Jt JTotX n. (U8T), m. (1S88). S. Heontsim^ infSstlgBtians wan Istar (187(9 • 
ns fab UmsnuelsHieeit Star Soa bfaricMaaka wwl Jfaaalaw’asta BamsIaL 
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It cotiaists in continually sulMtituting the value of ^(«) given by the 
right-hand side in the expression ^(() which occurs on the right-hand side. 
This procedure gives the series 

S(a)=/(s,)+x (* jr(®, f)/<t)dH i X- 2ir(«, f.) f* f.) 

Ja , Ja 

■■‘I* M/(MdU - dfi. 

Since ) JT (a, y) | and )/(*) j are bounded, let their upper bounds be Jlf, M'. 
Then the modulus of the general term of jthe series does not exceed 
(X|"*if"ilf'(6-a)“. 

The series for 8 (a) therefore converges uniformly when 
|X|< 

and, by actual substitution, it satisfies the integral equation. 

ff y)’=0 when y>a, we find by induotioo that the modulus of the genera] 
term in the senes for S(g) does not ezoeed 

X (a-o)«/(» ')«1X 1" <, 

and so the series converges uniformly Ibr off values of X ; and we infer that in this case 
Fredholm’s solution is an integral Amction of X 

It IS obvious from the form of the solution that when | X 1 < M~' (b — a)~\ 
the reciprocal frinction A (a, f ; X) may be wntten in the form 

A(a, f : X) a-(a, f)- I X»-> f* if (a, f) f ^(f., 

fii«>2 Ja Ja 

•••£ if (f— 1. f) dfi. 

for with this definition of A (a, f ; X), we see that 

5(*)=/(a; -x£ A(a, f ; X)/(t) df, 

80 _ that A (a, f;X) is a reciprocal frinction, and by § 11'22 there is only one 
reciprocal frinctioD if D (X) 0. 

Write 

■*!■(*.«- iri(w. f), j* if (a. r) Kn (r. i)dr = (®. 

and then we have 

while £ z.(a, riiwcr. a 

as may be seen at once on writing each side as an (m + n — l)-tnple integral. 
The frinetinu jr„ (a, Q are called iterated fonctions. 
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11-5. 11-51] 


ll'S. Symmatrie nutUei. 

Let y)s fi(y, «); then the nucleue jT (s, y) is said to be eymmetrtc. 
The iterated fonctions of such a nucleus are also • symmetric, i.e. 
Kn («> (yi values of »; for, if JS’. (a, y) is symmetric, then 

«)jrn(y. f)«if 

“ if-(y. x)di^K^,(s. *). 

and^the required result follows by induction. 

Also, none of the iterated functions are identically zero; Sat, if possible, let 
Kf(x, y)sO; let n be chosen so that 2^‘<p<2*, and, since Kf{x, y)sO, it 
follows that yy^ 0, from the recurrence formula. 

But then 0 - (*, x) = («, f ) (f, *) rff 

and so 0 = 0; continuing this argument, we find ultimately that 

Ki {r, y) = 0, and the integral equation is trivial. 


ll'Ol. Schmid£»* theorem that, if the nucleus is symmetric, the equation 
D(\) = 0 has at least one root 

To prove this theorem, let 

U»-j Kn{x,x)dx, 

BO that, when | \ | < if"' (6 — a)~', we have, by § 11*21 example 2 and § 11*41, 

1 dD(\) S 

D{\) dK ,r» • 

Now sinoe j j (/tiTw («' ^ + ^ni (*, f)}* > 0 

for all real valuec of ft, we have 

*4* ^ 0, 

and so Un^Xr^>U^, U^>0. 

Therefore Ut, U ,, ... are all positive, and if it follows, in- 
duction from the inequality > Uaf, that Uwml 7t > i^., 

m 

Therefore when |V|>ir‘, the terms of 2 V'n\’'~* do not tend to zero; 

ii«i 

and so, § 6*4, tiie function has a smgnlarity inside or (m the 

* The pieot sinK*|i do* to Tiimw, Psitrmo Bmdievari, zzn. (1906), p, 980. 
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cLrcle bat sinee D(\) is an in^gnJ fbnetion, tbe cnlypoeaible 

singularitieB of are at zeroe of JD(\); -therefore 1) (\) has a zero 

inside or on the orcle |X I » v~l. 


[Noia. ^7 § ll-Sl, Z> (X) is either am integrel fanotioa or else a ntere polynomial ; in 
the lattar oeae, it has a aero by g 6*31 example 1 ; the point of the theorem ia foat in 
the former oaae D (X) cannot be such a fonction aa which has no aerae.] 


11*8. Ortitogonal fwtcHona. 

The real continnous functions ^(«}, ^(«), ... are said to be orthogcmal 
and normal* for the range (a, h) if 

If we are given n real continnous linearly independent functions 
Uife;), Uafo;), ...Ua(s), we can form n. linear combinations of them which 
are orthogonal. 


For suppose we can construct m — 1 orthogonal functions , . . . such 
that is a linear combination of u,, v,, ... tt, (where p = 1, 2, ... m - 1); 
we sh^l now shew how to construct the function ^ such that ^ 

are all normad and orthogonal. 


Let - e,,« ^ («) + ^ (*)+..• + Cm~i (a) + B* (a), 

so that is a function of u^, u^. 


Then, multiplying by <pp and integrating, 

(«) ♦p («•) d» = Cp.« +/^ “» (®) ^ (*) ^ 
Hence J (a) ^ (a) da 0 

if ««(a)^(a)da; 


(p< to). 


a function (a), orthogonal to ^(a), ^(a), ... ^_,(a is therefore con- 
structed. 


Now choose a so that 


afj*{,^(a)}*da-l; 


'iH-l («. {), 


and take ^(a)»«.i^<a). 

Then |*^(a)^(a)daj“J 

We can thus obtain the functians ^ ... in order. 


• Theyaniaidtoheotthaeaiial if thearatasnation only Uat‘* ~ integral, 

of aach fonothaa ia 6« to Xoiphy, Ctmi. PM. Tmu. tr. (Ult; 

19- US-148, S1S-SS4. 
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The memben of a finite aet of orthogonal fonetionB aie linearly inde- 
pendent For, If 

«i*i (*) + (*) + + «•♦.(«) s 0, 

we ahould get, on multiplying hy ^(«) and integrating, therefore all 

the ooefficienta a, vaniah and the relation ia nugatory. 

It ia otnriona that a'~ lain ate forma aet of noimal orthogonal fonotiona 

for the range ( - ir, a). 

graaiph 1. Tiom the ftmotiona 1, x, a*, ... oonatmet the following aet of fonotiona 
wbioh are orthogonal (hat not normal) for the range ( - 1, 1} ; 

1. a, a*-J, 

Xmmflt 8. From the fonotiona 1, a, a*,... oonatruot a aet of fonotiona 

/, (*)./t(*)i/. 

which are orthogonal (but not normal) for the range (a, b ) ; where 

/.(*)- J.<(*-o)*(*-W 

[A aimilar inveatigation ia gsren in $ 15-lA] 

11*61. The eofmemon of orthogonal fmetiont witk homogeneoue integral 
eqwtHon*. 

Conaider the homogeneoue equation 

where X, is a real * charaoteristio number for Jr(», (); we have already seen how 
solutions of it may be oonstruoted ; let n linearly independent solutions be taken 
and oonstruot fi-om them » orthogonal and normal Amotions ... 

Then, since the functions ^ ore orthogimal and normal, 

/! [.2 [^(y) /*^(». f)^(f)df]*-iy. 

and it is easily seen that the expression on the right may be written in the 
form 

Imerfimning the integration with regard to y ; and this is the same as 

\ S fj:(«.y)^<y)clyf 

<1 walJa Jm 

Vrefore, if we write E tar K («, y) and A for 


M looD hpiasdiataly that tbo ohanotorMio ansihors of a rraimstrie aaalm* aio all 
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we have 

j Ehdy, 

ft ft ft 

and so j 

Therefore 

1 A*d»"j E‘dy-J (/T-A/dy. 

ri 

' ^E(x. y))*dy. 

and so 

X,- i {^(x))*«f*(if(x,y)}«dy. 

Integrating, we get 

^ n S X,‘ {E(x, y)l*dydx. 


This formula gives ou upper limit to the number, n, of orthogonal fuDctions 
corresponding to any eharacteristio number X*. 


These n orthogonal functions are called chartuterMio fitnetuma (or auto- 
funetiona) corresponding to \,. 

Now let (x), (x) be characteristic functions correspondmg to 

different characteristic numbers Xi- 

Hen (*) (*) » \ij* E(x, f) (x) (f) df, 

and so 

I* (x) (x)dx-X, [* J* Kix, 0 (x) (f)dfdx ...(1). 

and similarly 

j* (x)dx-X.J‘ j* K{x, (f)^« (x)dfdx 

if{f, x)^*'(x)«W(f)dx«if ...(2). 

on interchanging x and 

We infer from (1) and (2) that if X, ^ X, and if K(x, = K ({, x), 

j (x) (x) dx «• 0, 

and so the fonctiiHiB (x), (x) are mutually orthogonid. 

If therefore the auefout 6s eymmttrio and if, ooireqionding to each 
chanctmistio number, we construct the complete system of orthogonal 
functions, oU the Wmtions so obtained will be orthogonal. 

Farther, if the nncleus be symmetric all the charaeterietio numiere are 
real; for if X,, X, be eoigugate complex roots and if* ti,(x)» v(x)+*w(x) be 

* «(s) aad «<*) btiBg nsL 
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11-73. 

a solution for the characteristic number X,, then is 

a solution for the characteristic number X,; replacing [u the 

equation 

by s («) + »»(«), »(®) — tw(«). (which is obviously permissible), we get 

[(«(«)}*+ jw («))•] (ie = 0, 

which implies « («) s wlx) 3 0 , so that the integral equation has no solution 
except zero corresponding to the characteristic numbers X,, X,; this is 
conteary to § 11*23; hence, if the nucleus be symmetric, the characteristic 
numbers are real. * 

11*7. The development* of a symmetric nucleus. 

Let ^1 (x), ^ (x), (x), ... be a complete set of orthogonal functions 

satisfying the homogeneous integral equation with symmetric nucleus 

the corresponding characteristic numbers beingt X,, X,, X 

Now eupposei that the series S M uniformly convergent 

when 6. a<y<&. Then it will be sheum that 

K(x,y)^ S 

For consider the ^mmetnc nucleus 

H (X. y) = K (X. y)-i . 

If this nucleus is not identically zero, it will possess (§ 11*51) at least one 
characteristic number p. 

Let ^(iv) be any solution of the equatirm 

■>lr{x)=pj^S (a, f ) ijr (f ) df , 

which does not vanish identically. 

Multiply by ^ (e) and integrate and we get 

/V (*)«»(*)<**-#*/* 

* This inratigatfam to do* to Sohmidt, tlio nralt to Hilbert. 

f These aombere ue not ell dilteent if there is more then one orthogenel tnnotion to seeli 
ehirastartotie anmber. 

$ The enpposition of eoorse, e matter (or Tsrilaation with any parttonlar efnation. 

16—3 
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nnoe the series oonverges nnifonnljr. we may integiate term by term and get 

- 0 . 

Theiefine ‘^(w) is orthogonal to snd so taking the 

equation 

t(a)-p/* [ k { z . ft- 
we have = 

Therefore /i is a characteristic number of K (a, y), and so ^ (a) must be 
a linear combination of the (finite number of) functions ^ (a) corresponding 
to this number ; let 

V<-(a)- 2 ii*^(a). 

m 

Multiply by ^ (a) and integrate ; then since ^ (a) is orthogonal to all the 
functions ^ (a), we see that a. <« 0 , so, contrary to hypothesis, ^ (a) s 0 . 

The contradiction implies that the nucleus H (a, y) must be identically 
zero ; that is to say, K (a, y) can be expanded in the given series, if it is 
uniformly convergent. 

ExamfU. Shew that, if Ag be a chaiacterietio mnber, the equation 

♦ W-/(a)+X, /* «-(r, ©♦ (€) 

oertainly has no eolution when the nucleus is symmetric, unless /(a) is orthogonal to all 
the chaiaoteristic functions coneeponding to X«. 

IITI. Tht tohtion of Fredholm’t equation by a eoriee. 

Retaining the notation of § 11'7, consider the integral equation 

t (B)-/(a)+ \J‘ i:(a, {)♦ (Rdf, 
where K (a, {) is symmetria 

If we assume that can be expanded into a unifirrmly convergent 
series S a^^iS), we have 

• Ml 

2 o«^(a)>/(a>'4- X ^a, 4 »(a). 
so that /(a) can be expanded in the series 

2 a,^=^^(a). 

•*S1 An 

Hence if fhe fwMtion /(«) oan be expanded into the convergent eeriee 

m • \ 

X 6 a 5 ^>(a), then the eeriee X .r ^^(a), if it ooneergee uniformly in 

uml »»1 An— A. 

the range (a, b), it (he eolution of Fredholm! e equation. 
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To detennine the coefficients we observe that 2 bn^ (^) converges uni- 
formly § 8‘85*; then, multiplying by ^ {x) and integrating, we get 
6.-J ^{x)f{x)dx. 


11*8. Salntum of AisTt iuigrol oguatioo. 

This eqnstioD is of the fhnn 

/(*)=■ 

where/' (j;) is oontinooos aDd/(a)»0; we proceed to find a continuous solution 


het^(,x)^‘j «(£)<{{, and take the tbnnulat 

sin /iir ” (*-*)*■<• (ar- fy * 

multipl; by u (£) and integrate, and we get, <m using Dirichlef a formula 

»v. I* 

^f’dxf 


_ f /<*)d* 


4*91 corollary). 


Since the origmal expreaaian has a continuous deriTate, so has the final one ; therefore the 
oonthraous solution, if it txitt, can be none other than 


•(») 


sinyw rf f* f{x)dx 
w SiJtit-xy-o’ 


and it can be rerified by aubstitotionl that this Amotion actually w a solution. 


11 * 81 . &Mtaai(ek’sj| ioUgnU oqwMtian. 

Litf{,x)iax»aamtiK»ooMdifirtKaalmfamuixhm -w^xiw. Thxo tho otpoatim 

Aa* one wlution mti a eoHlinmoia ti^omuial eo^fiaioot itim -ir<x<», mmsfy 

♦ (*)>»/(0)+* J^/'(xBind)(W. 

From g 4*8 it follows that 

/'(*)»* J^'rind^'(xaind)cM 
(So that we hare ^ (0)-/(0), (0)- Jw/' ( 0 )). 


* Bfaiae the nnmben 1, an all laal we anj anange tham in two sets, one negatiTs the 
oHwarpoaitiTS, the msabsH m sash sat baiag In order of magnitude; than, whan |h.|>X, it is 
eaidsat Siat Xa/(Xa-X) la a moaotonis sagnenca in the aaaa of sitber act. 

t TUatoUonafinmlfi-fMtiamplal, by writing (a -«)/(«-{) in |daas of z. 
t For fha dalatta wn rslat to Bdshar’a tcaot 

I XoUeohr^ftr Itotk, wed Phga. n. (18ST). Tbs isadsr will aaailj aaa that this is ndnaibts 
to a caas of TdtSRa’s aqnatSon with a diaaon t innona nnalaaa 
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Write xanilrtarx, uid we have on miiltipljiDg bjr s and integrating 

■» j* /'(*“n+)<*+“^J^U^*'eind^'(«aiudain+)rfs|<l^. 

Cihange the order of integration in the repeated integral ($ 4-3) and take a new TariaUe x 
in place of defined b; the equation rin ;(aRin d ain 


Then 


* [*’/• (« ain <i^= ?f P I r* “?! 

/« » /« U« cosy j 

Changiiig the order of int^fntion egun (§ 4*51), 


"i It* 

But 
and ao 


/, 


t» aind<fd 
X s^(coa‘x-ooB* 


j"(T$nnifr)J^—xj^ ^'(saDx)coai>Jx 


<Sinoe ^ (0) /(O), we muat have 

^ (*)=/(<>)+•* s 

and it can be verified by aubstitution that thii function actually la a aolution. 
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Misoellameous Examples. 

1. Shew that if the time of deaoent of a partiele down a ameoth ourve to ita lowaat 
point ia independent of the atarting-point (die partide atarting from rest) the curve la a 
oydmd. (Abel.) 

* The reader will find a mna eompleta HbUograd»J in thia Bqiort than it ia poiaiUe to give 
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S Shew tbet, if f{x) u coDtinuoiu, the eolution of 


♦ coe(24»)^(«)* 

f(x)+xf /(•)<x»{ixt)dt 
A. Jo 


aaauming the legitimeo; of a oertam ohange of order of lotegiation 

3 Shew that the Weher Hermite fuactioDS 

aatiafy ^(j:)=X 

for the oharaotenatie ealuea of X (A Milne ) 

4 Shew that even penodic aolutiooe (with period Sr) of the differential equation 

^^^+(<»*+i*oo»* t) ^(j)=0 


eatiefy the integral equation 


^ (*)-X «*<»»*•«•• ^ (,) tb (Whittaker, eee § IS 21 ) 


S Shew that the characteristic functions of the equation 


^ (*)-X IT y)* - g I » -y l| ♦ (y) <fy 


4>{x)=^<xnmx, sinnui, 


when X— m* and m is any integer 
6 Shew that « 


♦ W-JV-f ♦(«)(/{ 


has the discontinuous solution (Bdcher) 

7 Shew that a solution of the integral equation with a syminetnc nudens 


/(x)~£s(s,t)<l>({)d{ 


IB ^(*)- 5 a,x,^(if), 

provided thftt thia lenas ooDTei^ uniforvaljp wltafe As, ^ (jr) are tha ohantotenatic 

• 

numbers and funotionB of A (n, £) and 2 a,^(x) is the expansion otf(x) 

mrnl 

8 Shew that, if | A | < 1, the ofaaractenstio funotioiu of the equation 

ese 1, oosmc, em ms, the oonesponding oharactenstie numben being 1, l/A", l/A*, where 
m talma all positiTe integral ealuea 




PART II 

THE TRANSCENDENTAL FUNCTIONS 




CHAPTER XII 


THE OAMUA FDNCTION 


12'1. DefinUicmi of the Oamma-funotion, The WeieratPOseian product 

Historically, the Ghunma-function* r(s) was first defined by Euler as the 
limit of a product (§ 12*11) from whicb'can be derived tbs infinite integral 

I ff~'e~‘dt-, but in developing the theory of the function, it is more con- 

venient to define it by means of an infinite product of Weierstrass’ canonical 
form. 


Consider the product ee^’ H 

ll^l 

where = lim j ? +5 + ... + i - log ml = 0*6772157.... 

fliHpiae (X « fA } 

[The oonetsDt y is known os Eoier’e or Mascheroni’n onnsUnt , to prove that it 
eiieta we observe that, if 



/' < j. 1 1 »+l 


*. is poeitive and leas than 


f'dt 

i.Si' 


^ ; therefore Z u. converges, and 


lim lY + S+ '+i"***”}" J*™ I * ^ 

j II**! ^ * ii«l 

The velue of y hae been oakulated by J. C. Adaise to 260 places of deoimals.] 

The product under consideration represents an analytic function of s, for 
all values of t ; for, if JV be an integer such that | s | ^ fiT, we havef, if n > A', 




«’ I I "I » I J 

.l^*h+l+i+ 

^4 n* i*^2^2'^ ■■■J n* • 


Since the series S ooaYorgea, it follows that, when | * | < i JIf, 

s-nr+i 


* The notation r(r} was introdoeed bj Lcgsndie in 1814. 

t Taking the prindpalvalaeef log (l+s/s)> 
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S ~ n| ^ absolately and unifonnly convergent series 

of analytic functions, and so it is an analytic function ($ 5‘3); con- 
sequently its exponential U |^l-t-^js~^i8an analytic function, and 


BO te'i* n 1^1 analytic function when where N is 

any integer ; that is to say, the product is analytic for all finite values of s. 
The Oamma-fiinction was defined hy Weierstrass* by the equation 


1 

r(s) 


1(^+3* ""I* 


from this equation ^ m appartKl iKat r(s) it atudytie eacept of the pomtt 
sa>0, - 1, — 2, .... inhere it hat simple polei. 


Procfs hare bno pnUiafaad tij Holderf, Hooraj, and Bameag of a tbeoram known to 
Woentnuw that the Oamma-ftmotion does not aatiafy an; diiiarential aquation with 
rational ooeffieienta. 

JBeamfU 1. Pram that 

r(i)-i. ra)--;, 

whm y la Eulai'a oonatant. 


[Justify diflhmtiating loganthmioalfy the aqnation 


by g 4*7, and put s—1 altar the di&rentiationa hare bean parfemiad.] 
JSheampU 8. Shew that 

and hence that Enlerti orastant y is given l>y|| 


JBxampU S. Shew that 




* Joamst/Br ITaCk. u.(188S). This ioninia far had bean (ditainad from Enlei'sfiinniU 
(|lS-U)inl848tiy V.W. Hewan, Ommkrieft s ed Ja Ml a Jfet*. /eumel, m. (1B48), p. SB. 
t Jratk. dim. xxTm. (1887), pp. I-IS. 

X Umth. Aim. sunn. (ISVT)^ pp. 70-74. 

I Mtntneer lUth. ua. (1900), pp. 190-198. 

n The leader will in later (i 194 emmpie 4) that this Until may be wiittan 

d» [• r*» 
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1211, 12*12] 

12*11. Sul0t'tf<njnvlafor the 0<mmarfwuiion. 

By the definition of an infinite ptoduet we have 

8 1(, .£).-;(] 

..fa [«-S_(i+J)] 

Thu formula u due to Euler* ; it u valid except when x >» 0, — 1, — 2, .... 


Heaa^t. Prove that 


Pf*)- lim 7—; — 


(Euler.) 


12*12. 7A« d^erenee equation eatiefied by the Gamma-Junction. 

We shall now shew that the function Ffx) satisfies the difierence equation 

r(* + l)-*r(*). 

For, by Euler's ibmiala, if x is not a neigative integer, 

1\ 


r(*+i)/r(x)-^-^ 


-(i + T 

lim n - 


1 + 


x+1 


U.ntE 

S iafa« a»l 


1 +- 


Jim II 
* "h 1 »fa« »-i 


x-l-n + 1 j 


> X lim 


wt + 1 


Ufa's X + m + 1 

(Htis is one of the most important properties of the Qamma-ionction. 
Since F (1) « 1, it follows that, if x is a positive integer, F (x) » (x — 1) !. 
* It me given la 1739 in a letter to QoUbaeli, printed in Pnee’ Gemtf. Hath. 
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JEcampk. Prove Unit 

1 , 1 , 1 , 11,11 

r(*+i) fTi+s)'^r(f+3) ■ r(»)i* n*.+i'^8i*+s 

[Conaider the exfw aoD 

1.1. 1 I . , 1 


m A 

It COD be expreaaed in partial ftaetuma in the form S 7 ^' where 

T, prove that Z ^ Z Al-^O a* 
..0 »l *+« \i-«-»+ir'f 


Noting that Z — ttt 

m-»« when « la not a negative integer.] 


12'1S. The evalvaiion of a general ekus^f infinite products. 

By meeoa of the Gamma-function, it is possible to evaluate the general 
class of infinite products of the form 


ntf. 

ft«l 

where Ua is any rational function of the index n. 

For, resolving u. mto its factors, we can write the product in the form 

.“r (n -'6.) 67) r 


and it is supposed that no fiictor in the denominator vanishes. 


In order that this product may converge, the number of factors in the 
numerator must clearly be the same as the number of factors in the 
denommator, and also ri — 1 , for, otherwise, the general &ctor of tbe product 
would not tend to tbe value unity os n tends to infinity. 

We have therefore it » 1, and, denoting tbe product by P, we may write 


P=. n K”-Oi)— 

«.i ((» - 6,) ... (n i*)| ■ 

The general term in this product can be written 

Off Ui-h ~ ^ ~ • 


• 1 -: 


..-bt 




where .An is 0 (n"*) when n is large. 

In order that the infinite produst may be absolutely omivergent, it is 
therefore necessary further (§ 2^) that 

Oi + .-.+a* — 
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We out theiefbre inttodaoe the iMtor 


exp {»-• (o, + ... + a* - fc, - ... - 6*)} 


into the genera] factor of the prodnct, withont altering its ralue ; and thus 
we have 


n 

«-i 


(‘-5 

)*•( 


* / 
sV..( 

^ Ji) 

-\ 

«* 

( 

1-^ 

n 

)ir 


)s» 


But it is obvious fri>m the Weieistrassian definition of the Gamma- 
ftinction that 

1 


and BO 


Oi r(— a,) ... a* r (—a*) 


,.,r(i-««)’ 


a fonnula which expresses the general infinite product P in terms of the 
Gamma-function. 


ExamfU 1. Prove tbat 

• *(jL+6+f) r(a-Hirct+i) 
^•I(«+*)(t+«) r(a+i+J) 

Example Shew that, if a— coe(Sir/ff)-l-t eu> (2tr/n^ then 

/ \ / \ * * I 


1214. Connexion between the Qamma-Jkmctwn and the oiroular Jvnctione. 

We now proceed to establish another meet important property of the 
Gamma-function, expressed by the equation 

r(x)r(l-»)--^. 

^ ^ ' an WM 

We fiave, by the definition of Weierstraas (§ 12'!), 

rwr(-.)—lfi((i+3.-=)-n {(!-:) -if 

— w 

ssin wx’ 

by § 7'6 examine 1. Since, by § 1212, 

r(l-x)^ xr(-#) 


we have the result stated. 
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CvnOaryl. H iieMiign to » tU fomak •, 

the fonnuk of Ww ni 'g tny, r (}) k pooitin, «e hov* 

r(i)-**. 

CanOarg 1 If ^(<)-r (O/TCA ttao f (1 -*)-4p(»)-iroot «. 

12'IS. Tk» muft^toifMto-Awrmi of Oatm* and Ltffmdre. 

We shall next obtain the result 

r (*) r (* + i) r (a + 1) ... r (a + - (a»)* <- »* n* - " r(na). 


For let 


*(a). 




»ii'(na) 


Then we have, by Euler's formula (§ 1211 example), 

1.2...(in-l).m»*^/* 


• -1 
n** n lim 


♦ (') = 




n lim 


TTT. 




, na (na H- 1) ... (aa + nm — 1) 

U„ K— 


(nm — 1)! 

It is evident firom this last equation that ^ (a) is independent of a. 
Thus ^ (a) is equal to the value which it has when a •> - ; and so 

■iimfc™ {♦oi-’n jrg)r(i-3j 


(a--l)w a 


. w . 2ir 
on ~ BIQ ••• 81 D 

n n 11 




Thus, since ^ ^a~‘) is positive, 

^<a)-( 2 r)' 

i.e. r (a) r (a + i) ... r(a + - «*-'“(2w)*<*-^>r(aa). 

OonOarg. Taldii( »«a, we have 

r (a) r (t+i)- »* r (to). 

This is railed the digflioahoo farwaUa. 

* Wait, m. p. US. The sees la tddek «xt was (iieD by Lsgodis. 
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_ B(.p,q)B (p+1, ^ ... b(p+^, 9 ^ 

*”* B(q,q)h{iq,g)...Ji{in-l)q,g\ '' 


B(np, 

12'1& Expafoamu for tkt {ojaritAmtc denvatn of ikt Oamma-fmetwo. 


We have 


{r(e+i))“'-«’’*n 




+.... 


Pifierentuting logaritbmioally (§ 4'7X tfaia gim 

i- I » I 

Therefore, eioce log r (»+ l)«-logi+r(j), WB have 

Diflerentiatmg agaie, ^ log r (. + 1) = ^ + 8 (. + S) + • } 

(r+l)* + (*+S)*+-- 

Theae eipaoaions are occasionally uaed ui ap{>Iioattons of the theory 
12'2. Euler’s expression of F (a) as an infinite ieiegral. 

The infioite integral represents an analytic function of a when* 

the real part of x is positive (§ 5'32); it .is called the Eulerian Integral of the 
Second Kxndf. It will now be shewn that, when R (a) > 0, the integral is 
equal to F (a). Denoting the real part of a by x, we have x>0. Now, if { 


we have 


n(a,fl)=j]‘(l-^)V-*. 

n (a, «) m »* r (1 — T)*T*“*(iT, 
Jo 


if we write tv nr; it is easily shewn by repeated integrations by parts that, 
when a > 0 and n is a positive integer, 

|\l - T)»T*-‘<iT - T*(l - T)*j‘ + j |‘(1 - T)»-'T*dT 


sad BO 


a(a + l)...(a + n- 1)J# 
n(a, n)» 




rll*. 


a(a+ 1) ... (a + ») 

Hence, by the example of § 12'11, n(a, n) -vF(a) as n-^oo 


* U tbs reel pert of > is not positive the mtsgrsl does not eanrerge on aaeonnt of the siaga- 
Isnty of the integrand st (bO. 

t Tbs name was given hr Iisgendie ; ess fil'd for the Bolstisa Integral of the First XiaA 
$ The maay.vslnsd fonoUon i*~> is made piesiee liy the eqestiaa !'*■ vsl^i)ns<, log t lieing 
pat^ teal. 


W.ll. A 


16 
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Cmaequently r(c)a>lim 

And so, if P, (*) — J* 

we hsTO 

r, (s) - r(»> - lim I* |e-* _ _ lyj p-i* + 1 * j . 

How lim f 

since J e~*^'dt converges. 

To shew that sero is the limit of the first of the tsro integrsk in the 
fomtala fi>r P, (s) — P (s) we observe that 






[To eStaUiih them uieqiulitiei, m proceed u follows : when 0 < jr < 1, 
from the aeries for s* and (l—y)*‘. Wnriog I/s for y, are have 

and so (I--') 

Now, if 0<a<l, (l-a)*>l-na by induotion when sa<l and obviously when 
ia>l ; and, writing I'/n* for a, are get 

andao* <»-‘l*/s, 

whidi is tbesequired result] 

From the ineqnalities, it follows at once that 

as n •» 00 , since the last integral converges. 

* TUs aaalyaia is a nwdiSaatien of that givan hr Soh llV isflefa, Cat^iMtm itr Uhem 
dsaiyeii, n. p. Stt. A ainqls mailiad of obtsinfaie a Isis pssias in^wdity (whish is snflMent 
for tbs objaet reqniied) is given by Btonnrtdi, Infinite Aer<sf,'p. 4tS. 
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ConaequeQtly Fi (t) F («) when the integral, by which F, (z) la defined, 
converges, that is to say that, when the real part qf s is positive. 


F(/)-f" 

Jit 




And so, when the real part of t is positive, F (5) may be defined either by 
this integral or by the Weieistiassian product 

EaxmfU 1 Prove that, when R (i) ic {loaitive, 

r(j)-J^'^iogiy ‘<fc 

EMamplt 2 Prove that, R{t)>0 and R («) >0, 


/: 


oti— 


r(.) 


ExampUi Prove that, if £(<)>0 and £(*>>1, 
1 . 1 .) 

• ••* a- 

r 


i_ 

'(•)U «*'i 

ExampU 4 From ^121 example 2, by using the inequality 


(r + !)•■*■(»+ 2)* ■'■(r+3)*'*' 


0$< 


deduce that 


■/; 


C'^n, 


-dt 


12 21 Eximnm of the infiiate vntegral to the caee tn v/ach the argununt of the 
Oammorfunetum ii neqtUvoe 

The formula of the last article is no longer applicable when the real part of « is 
negativa Cauchy* and Saalecbutzl- have shewn, however, that, for negative argumenta, 
an analogoua theorem exists 1 hia can be obtained in the following way 
Consider the function 

r,(*)>-j’‘c-‘(«--l+r-^,+ +(-r>p)*, 

where k is the integer so chosen that —k>x>~k-l, x being the real part of t 
By partial integration we have, when a < — 1, 

+(-)*** r.)I 

The integrated part tends to aero at each limit, since w-fi is negative and w+il-l-l is 
positive so we have 

ri(*)-ir,(x+i) 

The same proof apphes when x lies between 0 and —1, and leads to the result 

r(s+l)-fr,(f) (0>x>-l) 

^le last equation shews that, between the values 0 and - 1 of «, 

r,(a)-r(x) 


* Sxenteee ie Math. a. (1827), pp 91-81 
t Zeiieehri/t fltr Math, end Phpe xxxiL (1887), xxxm (1888) 


16—2 



244 


THE rBAKSCENOENTAL EUNCTIONS 


[OHAP. SIl 


The pteoeding equation th«i shews thst rt(z) is the some ss r(<) fiir sU ue^itiTe 
values of It (>) len than — 1. .Thus, for all negative vslnes of S (c), tie have the zesvlt of 
Cauchy and Saalschuts 

<* <*> 




.Trr'M- (Ssalschiits.) 


r (*)= f-t 1 +» - ...+(-)*+ 

where t is the integer next lees than - R («). 

JSxamph. If a fhnotion P(/i} be such that for positive values of we have 

and if for negative values of /i we define Pi (ft) by the equation 

P, (ft)- x**-' ^e-«-l+x- ...+(-)*♦> dx, 
where t is the integer next less than -/i, shew that 

12*22. HankePs expreatiop, of F (x) os a contour integral. 

The integrals obtained for r(x) m §§ 12*2, 12*21 are members of a large 
class of definite integrals by which the Gamma-function can be defined. 
The most general integral of the class in question is due to Haukel*, this 
integral will now be investigated. 

Let D be a contour which starts firom a point p on the real axis, encircles 
♦he origin once counter-clockwise and returns to p. 

Consider j" (— when the real part of t is positive and x-is not 
an integer. 

The many-valued function (— is to be made definite by the convention 
that (— ty~' = e'‘~" '* and log (— <) is purely real when t is on the negative 
part of the real axis, so that, on Z), — w* S arg (— t) S ir. 

The integrand is not analytic inside 2), but, by § 5*2 corollary 1 , the path 
of integration may be deformed (without affecting the value of the integral) 
into the path of integration which starts from p, proceeds along the real axis 
to S, describes a circlp of radius S counter-clockwise round the origin and 
returns to p along the real axis. 

On the real axis in the first part of this new path we have arg {—t) — — w, 
so that*£— (where logf is purely real); and on the last 
part of the new path (- t)*"* P"*. 

On the circle we write — f «■ Se'*; then we get 

f (~ty-’er‘dtm 

Jj> If ! -w 

= - 2 i sin (wx) J' r" tr*dt + 18 * j’ ««*+*«»• 

* Ztiuthrift ftir Math, wid Phyt. ix, (1864), p. 7. 


C 
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12 * 22 ] 

This is true for all positive values of S^p; now make £ 0 , then •« 0 , 
and j’ ^d0 since the integrand tends to its limit 

nniformly. ^ 

We oonsequantltf infer that 

f (- e~' (It ^~2i sin (we) rt^‘e-‘dt. 

Jo Jd 

This is true for all positive values of p ; make p-^x , and let C be the 
limit of the contour D. 


Then 

Therefore 



Now, since the contour C does not pass through the point t ■= 0, there 
is no need longer to stipulate that the real part of z is positive; and 

I (—ty~'e~‘dt is a one- valued analytic function of z for all values of z. 
J c 

Hence, by § S'3, the equettion, juzt proved when the real part of z is poextive, 

persists for all values of z with the exception of the values 0, ±1, ±2 

Consequently, for all except integer values of z, 


r(e)=.-_.-^ — f (-ty-'e-^dt. 
' ' 2» Bin wz 'c 


This is Hankel’s formula; if we write 1 — e for r smd make use of § 12T4. 
we get the further result that 


/■<•+) f 

We shall write / for j , ineaQtng thereby that the path of inte- 
• • ^ 

gration starts at ‘infinity’ on the real axis, encircles the origin in the positive 
direction and returns to the starting point. 

£mimple 1. Shew that, if the real part of s be positive and if <t be any positive 
constant, y(-()~*e~'th tends to zero as p-^oo, when the path of int^pntion is either of 

the qusdimnts of droles of radius p+a with uentres at - a, the end pomts of one quadrant 
being p and — a+t(p+a), and of the other p and -a-t(p+a). 
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Deduce tiiat lim f * lim f 

and hence, hj writing -a-iu, shew that 

[Tbie fermula was ffvea bf Laplace^ TMerie Aitalj/Uque dtt Probability p. 13^ 
and it ia substantiallf equivaient to Hanlcel'a formula involving a contour integraL] 

EaamfU 8. B; taking asl, and putting !•> - 1 4.1 tan $ in example 1, shew that 

= — f*'oo8(tand-rfl)co8’'*d(M. 

r(«) 

EjeampU A By taking as contour of integration a parabola whose focns is the origin, 
shew that, if a > 0, then 

r(s)-=- ^ ** [ e"**'(l+<*)''*eo8{2or+(Si-l)arctanrt<ft. 
sixiirzjn 

(Bourguet, Aela Mitth. i.) 

Example 4. Investigate the values of x for which the integral 
- I r*~*sin<<ft 

ran verges; for such values of x express it in terms of Oamma-functions, and thence shew 
that It IS equal to 

(St John's, 1902.) 

Exampk 6. Prove that j (logty*^^ it converges when »i>0, and, by means 
of example 4, evaluate it when mol and when iaa«8. (St John’s, 1908.) 


12'3. Gaua$’ exprestion for ih« logarithmic derivate of the Oammorf unction 
an an infinite integrai*. 

We shall now express the function ^ log T (*) = “* infinite 

integral when the real part of x is positive; the function in question is 
frequently written vfr (»). We first need a new formula for 7 . 

Take the formula ($ 18'8 example 4) 

,-»-0a8 4-»0. 


where a=l-s-4 gjnge 


/•»*_ 
Ja t 


» 


Writing twl -e~v in the first of these integrals and then replacing a by ( we have 

This is the formula for 7 vriiioh was required. 


Werte, m. p. U9. 



THE OAKICA FCHCnOST 


To get Gaow’ formula, take the equation (| 18*16) 

T(») ^ a •-»■«-! Vw * + »»/ 

1 

and write — — = | «-*(»+*>«&, 

t + mJt 

this 18 permissible when m > 0, 1, 2, .. if the real part of « is poaitiTe. 
It follows that 

= ~ 7 — f «^<ft+lim f S («■**-«*■••+*>•)€& 

^ {^) J9 Jo m*! 

riFi 

- f * (t - r * 

lo \« .*«Jo i-«^ 


Now, when 0<f <1, j ~j j w a bounded funotion of / whose limit as ^-►Om fimte, 

«>d when r > 1 , I I < . 


Therafoie we oan find a number JP independent of ( mich that, on the path of integration, 

andao j j < JT a» »-«-® 

We have thus proved the fomnla 

1»^W“£logr{r)-/^ 

which IS Qauss’ ezpteeaion of '^(r) as an infinite integral It may be 
remarked that this is the first integral which we have encountered connected 
with the Qamma-fiinotion m which the mtegrand is a single-valued function 
Wntmg (wilog (1 -t-x) in Gauae’ reenlt, we get, if a«^- 1, 

amoe 0 <J^ ij- y—log^^^-^as 8-»0. 


aa equation due to ]>iaoUat* 


rw-rw/; {.— 


Wtrki.t f 97S. 
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Bxampli 1 Prove that, it ti>e ml part of « it poutive, 

XmopltA Shew that (Diriohlet.) 


1231. Bineit jbrri exprcMton far log F (<) in terms of an infinite inUgrod. 

Binet* has given two ezpreaaioDa for Iogr(«) which are of great 
importance aa shewing the way in which log F (r) behaves as j s | -^ oo . To 
obtain the first of these ezpressionB, we observe that, when the real part of 
s is positive, 

F'(* + l) f-fe- 

r(rny=it iT-e‘-ir’ 

writing s 1 for s in § 12'3. 


Now, § 6*222 extunple 6, we have 

€L:^dt. 

f" 1 

and so, since (2r)~' — J dt, 

we have 

S’ofifF (s+ 1) - i + logs-/J| - i e"* dt. 

The integrand in the last integral is continuous as t-»0; and since 

g j + "T^ “ bounded as f oo , it follows without diflBculty that the 

integral converges uniformly when the real part of e is poeitive *, we may 
oonsequently integrate &om 1 to s under the sign of integration (§ 4*44) and 
we get*!* 

Since ~ | + ' j l j “ continuous as < 0 by § 7.*2, and since 


we have 


log F(s + 1)- log* + log F (s). 


iogr(.)-{.-|)i.«.- .+ 


• Atmul 4e VieaU PoIgteeMru, xn. (18M), pp, ISS-US. . 

t Ijosr(f4-l) DMSBi dM tom of fha prinolpal valom of Um logaiUhnu in tho faoton of 
tht WaianrtmatUn pnduot 
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To eviluate tiie second of these integrals, let* 

80 that» taking in the last expression for logr(f), we get 

J log I, 

G - f •» JCy) '"T 


And so 


■i+ilogj. 

/=l-tlog(8,). 


dl 


Consequently 

We therefore have Binet’s result that, when the real part of e is positive, 
log r(e) = (e - i) loge-e + 1 log(2w) + g - i + 

If es>a;+ty, weaee that, it the upper bound of | ^r~l) jl ®’*^*^* 

values of t is JT, then 

jlogr(*)-^r-|jloge-t'*-|log(27r) < ^ «"*** 

™Kar^, 

so that, when » is large, the terms ^ logs - s + 1 log (2vr) furnish an 
approximate expression for log T 
gewapts 1. Prove that, when A (s) >(^ 

logr(s)- ^ (MalmsMn.) 

ExamfiU A Prove that, when R (s) >0, 
logrw-/; 


This artiiloe is due to Fringafada, ifatA dns. xzxl (1868), p. 47A 
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JbomfrfaS. Fi«iatbefonini]«(rfJlS-14,«hswthat,if0<«<l, 

E 'qg f («)- log ir-f log tin «x- **) '"‘It* 

(Kttmmtr.) 

Xxamph 4. By expanding iinh(i— «)< 1— in Fourier nne eeriea, the* tram 

example 3 that, if 0<z<l, 

logr(z)««ilflgir-^logeinvZ-)-S 3 o^einSitvSi 

t+*^V~K?}T- 

Dedoee fivm example S of § !>■> that 

(y+log Sir+Iog «). 

(Kammer, Jotmal fkr MatK zszv. (1847), p. 1.) 

12*32. Binet't ncond etepreuion for log F (c) tn teriM of an mfinite 
inttgrai. 

CoDBider the application of example 7 of Chapter Tii (p. 146) to the 
equation (§ 12*16) 

The oonditione there etated aa suflScient for the transformation of a 
series into integrals are obviously satisfied by the function ^(0^ 
if the real part of s be positive; and we have 


where 7iq{i)m - — . 

Since {g(t, s*l-n)| is easily seen to be less than jr,t/n, where Kj is inde> 
pendent of t and n, it follows that the limit of the last integral is sera 
xT-_-. 1 . 1 . f- 4te dt 


Hence + 


I 2s 

Since j ^'p j exceed JT (where K depends only on 6) when the 

real part of s exceeds 8, the integral converges ttnifennly and we may 
integrate under the integral sign (§ 4*44) from 1 to s. 

We get 

^iogr(s)— ^+iog.+a-2/^ 
where C is a constant. Integrating again, 

log r (s) - ( * - i) log s + (0 - 1 ) s + 0' + 2 dt 

whme C' is a constant. 
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12-82, 12-83] 

Now, if « is real, 0 < arc tan tjt $ tjt, 

and so 

logrW-(s-l)logs-(C-l)s-(7'|<?|"^dt. 

But it has been shewn in § 12-31 that 

logr(s)-^«-i]log* + s-ilog(27r) —0, 

os « 00 through real values. Comparing these results we see that C » 0, 

C"=|log(2,r). 

Henc^for all values of z whose real part is positive, 

log r (r) = ( r - I) log « - s + I log (2ir) + 2 ^ 

where arc tan u is defined by the equation 

f* dt 

arc tan u = f • 

in which the path of integration is a straight line. 

This is Binet’s second expression for log F (x). 

£mmpU. Justify differentiating with regard to t under the sign of integration, so as 
to get the equation . 

i-s r_i*_ 

rw ^ a* Jo («>+*»)(<!*'* -!)■ 


12-33. The asymptotic expansion of the logarithm of the Qamma- 
FUNCTioN (Stirling’s series). 

We can now obtain an expansion which represents the function log F (s) 
asymptotically (§ 8-2) for large values of ,xl, and which is used in the 
calculation of the Gannna-fiinction. 

Let us assume that, if z’=x + ig, then ic ^ > 0 ; and we have, by Binet’s 
second formula, 

log F (s) - ( * - I) log X - X + 1 log (2w) + ^ (*), 


where 

Now 

arc tan (tjz) 1 


IP ( -)»-» f«-» (-)» ft vf^du 

*" ■'■2n— 1 z^'’^ z*-' Jo «>+£•' 


Substituting and remembering d 7*2) that 


r“ t^‘dt Bn 
0 s»^-l“4n’ 
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when Bi, B„ ... are Bernoulli's numbers, we have 

s-^* l» tl»u>s*Js“-l 




Let the upper bound* of 


for positive values of « be K,. 


Then 




Hence 


*4(» + l)(2n + l)|*r 


| a(-) * r ( dt ■ K.B^^, 

I J. U,»‘+s*l 2(« + l)(8n + l)|«r«’ 

and it is obvious that this tends to zero uniformly as {z{ oo if larg s{ < — A, 

where Jr > A >0, so that cosec 2A. 

Also it is clear that if | arg z | < (so that K,^l) the error in taking the 

first ft terms of the senes 

I JL 

4i2r(2r-l)«*-> 

as an approxiibation to ^ (z) is numerically less than the (n + l)th term. 
Since, if |argz| <^ir — A, 

k ' {♦<'>-,!. ^:^)1 

- 0 , 

as z 00 , it is clear that 

-A_ ft , B, 

1.2.z"3 4.z*‘^6.6.z*" "• 
is the asymptotic expansiont (| 8'2) of ^(z). 

We see therefore that the series 


(z - ^) log,-z + i log(2w) + 2r 
is the a83rmptotic expansion of log F (z) when | arg z | ^ w — A. 

* Ai"* to tbs lowat boooi of and to ooiusqiiaatlr equal to 

1 “ »*>»*• 

t Tha doralapiDaiit to asrnptotu; for if it oouTaigsd wlian |r| b; | S-S ve oonM find S, 
auoh that B,<(Sa-l)9ii£'^; lad than tha aariaa Z would dadaa aa utagral 

■Ml 

fimstioa ; tfaia to eonttaiy to | T*S. 
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This is gen^r^Uy known as ieries> In § 13*6 it will be estab- 
lished over the extended range [ args | — A. 

In particular when x is positive (>= a), we have 



Hence, when x>0, the value of ^(x) dlwaye liet between the man of 
n terms and the sum ofn+1 terms of the series for aU values of n. 

B 0 

In particular 0 < ^ (a) < 22« 0 < < 1. 

Hence r(*) = ^r*" ^ (Sw)* 


Also, taking the exponential of Stirling’s series, we get 


r(®)=« 






28&C* 


139 

51840:e* 


671 

2488320:1^ 


+ 0 



This is an asymptotic formula for the Oamma function. In conjunction 
with the formula r(«4 l) = ar(i), it is very useful for the purpose of com- 
puting the numerical value of the function for real values of x. 

Tables of tiie function log|«r {x\ coirect to IS decimal places, for values of s between 
1 and 2, were constructed iii this way by L^iidte, and pubbshed in his £xercuxt d» 
Catcid Integral, n. p HA, in 1817, and bis Traits dee fonetione ellipliguee (18S6), p. 489. 

It may be observed that r(.r) has oiie minimum for positive values of x, when 
r=:I 4C16321..., the value of log,ur(ji; then fasiiig f '9472391.... 

Example. Obtain the expansion, convergent when R {i) > 0, 

log, rf»)-(«- J) log, s-s+1 log, {in)+J (»), 

where 

(»)-* + 2 (,+i‘^(,+s) + 3(,+i)(*+g)(,+8j ■*■•••}’ 

in which 

, „ «i’=i> «i=i. e«=H, et=W. 

and gencially 

Cl,— f (x+lJ(x+2)...(4:+n-l)(2*-l)»i)i*. (Binet.) 


12'4. The Eulerian Integral of the First Kind. 

The name Eulerian Integral of the First Kind was given by Legendre to 
the integral 

9)=f xf-'(l-x)^‘da!, 

Jo 

which was hnt studied by Euler and Legendre*. In this integral, the real 
parts of p and g are supposed to be positive; and (1 — are to be 
understood to mean those values of «<»-•)•"* and which correspond 

to the real determinations of the logaritbma 


Euler, Wee. Comt. Petrep. xvi. (1772); I^gendrs, Exoriers, i. p. SSI. 
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With these stipulations, it is easily sera that B {p, q) exists, as a (poesibly 
improper) integral (§ 4'5 example 2), 

We have, on writing (1 — x) for x, 

B(j>.q)^B(q,p). 

Also, integrating by parts, 

-^)>dx^ + S£*r(l 

so that B(p, q-hl)^^B(p+l, q). 

BxampU 1. Shew that 

B{p,q)-B(p+\,q)+B{f,q¥\) 

Sxample %, Deduce from example 1 that 


BaampU 3. 

JSmtmpIt 4 
BaampU 5. 



12'41. Exprvttion of the Eulenan Integral of the First K\nd tn terms of 
the Qanma-fuxotion. 

We shall now establish the important theorem that 

' ’ ' r(OT + n) 

First let the real parts of m and n exceed } , then 


r(m)r(n)-|“ 


e~*s^'dx X 


f <r*y^'dy. 

J 0 


On writing ^ for x, and y* for jr, this gives 


r(m)r(n)»"4Jim j r^a^'dxx j e-^tf^^dy 


Now, for tile values of m and n under consideration, the integrand is 
continuous over the range of integration, and so the integral may be con- 
sidered as a double integral taken over a square Stt- Calling the integrand 



TU OAIOCA rCNOTIDM 


Z55 


l2-il] 


f(jt, y), and wiling Qg the quadraat with centee at the origin and radius R, 
we hare, if be the part of 8m outside Qm, 

}f)daidy-jj^f(*. y)d^dy 


•»Oaa iZ-^x, 

since |^(c, y)| dedy converges to a limit, namely 

aj e-» |y^'|<^y 

Urn (f /(*, «)d»dy “ lim // /(ai, y)dxdi/. 


Therefore 


Changing to polar* coordinates (gmreoa$, y^rsind), we have 
y)dedy- J*|*'s-**(rcoBd)-->(rsind)»->rdrdd. 


Hence 


r(ro)r(a)-4j e-^i^("*^>-^drj^ cost'd sin*"* 

ft*’ 

- ar (m + n) j cos*"-* dsin"-* ddd. 


Writing coe^d« u we at once get 

r(TO) r{»)«r(«» + n). B(m, n). 

This has only been proved when the real parts of m and n exceed ) ; but 
it can ohrioasly be deduced when these are less than } by § 12*4 example S. 

This result, diseoveied by Ekiler, connects the Eulerian Integral of the 
First Kind with the Gamma-functioa 


JStampU 1. Shew that 

/-. -a)*-'-!*-****-’ . 

* ItisMrilr pioTCakrtlatautlwdt oi fS-UthstthsiMasaM.* oC 1 4-S MSi not te mt- 
ani^ ytoriaid saly that tiulr gnatast dhaatos «b to nail aibitno^ saatt kj taUag flu 
BUiksr at aimt mlHtimtlj laqe; so tha anta wuf to takao to to flu taghwa tonadad 
tgr radii aaa to wa aad aliaalar ank. 
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S^umfUt X SbflW that, if 
1 1 


. »(y-l) I y(»-l>(y-2) 1 


+ ...1 


then 


/(*vy)-;-yi+i+^ i+i 8! »+8 

/(*.y)-/(y+ii*-U 

where X end y here euoh T^uee that the seriee an eonveigent (Jesua, 1901.) 

Sxamfile 8. Prove that 

(Math, Trip. 1884.) 


12'48. Eoaluation of trigonometrioal integraU tn term* of the Oamma- 
fanetion. 

We can now evaluate the integral j coB'*~*iE8in"~‘*;ii«, where m and n 
are not restricted to be integers, bnt have their real parts positive. 

For, writing coc^s • t, we have, as in § 12*41, 



co8*~*» sin*'** d* 


i r(im)r(in) 
2 r(im + in) 


The well-known elementary formulae for the cases in which m aird n are 
integers can be at once derived from this result 

ExtmpU. Prove that, when | i | < 1, 

fU ooa'«8ain»8<te ^ r(^m4-^ r( ^»t+4) fix oo«r***9«te 

Jo (l-*Bin»«)i “ r(Jm+l»+J)Vw J» (1-i sin* »)*•+♦■ 

(Trinity, 189a) 

1243. Pochhammer’e* s*ten*um of tie Eulerian Integral of the First 
Kind. 

Yfe have seen in § 12*22 that it is possible to replace the second Eulerian 
integlai far F (s) by a contour int^^ral which converges for all values of s. 
A similar process has been carried out by Pochhammer for Eulerian integrals 
of the first kind. 

Let P be any point cm the real asia between 0 and 1; consider the 
integral 

r(i+,v+,i-,e-) 

t‘-‘(l-tf->df‘xela,/9). 

The notation employed is that introduced at the end of § 12*22 and 
means that the path of integjration starts from P, endnsles the point 1 in the 
positive (counter-dockwiae) direction and retnnu to P, then endrolaa the 
origin in the positive direction and returns to P, and so on. 


’ jraSk. Jim. zuv. (1890), p. 498. Xha nw of tin dooblo oiieait iatteisls of Ikui Molioa 
B to to dm to dotdaa, Cmrr d’J mtf t, id. (1887). 
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12*42, 12*48] 

At the starting-point the arguments of t and 1 — t are both zero; after 
the circuit (1 +) they are 0 and iir ; after the circuit (0 -I-) they are 2ir and 
2ir ; after the circuit (1 — ) they are 2rr and 0 and after the circuit (0 — ) they 
are both zero, so that the final value of the integrand is the same as the 
initial value. 

It is easily seen that, since the path of integration may be deformed in 
any way so long as it does not pass over the branch points 0, 1 of the 
integrand, the path may be taken to be that shewn in the fig^ure, wherein 
the four parallel lines are supposed to coincide with the real axia 



If the real parts of a and /9 are positive the integrals round the circles 
tend to zero as the radii of the circles tend to zero* ; the integrands on the 
paths marked a, i, c, d are 

f—>(l 


(1 - (1 _ 

respectively, the arguments of t and 1 — f now being zero in each ease. 

Hence we may write e (a, 0) as the sum of four (possibly improper) 
integrals, thus ; 

® r f* f® 

e (a, 0) - «-»>(•+') (1 _ t/-idt + j «*-’<!- tf-' dt 


Hence 


+ f— ■ (1 - tf-' ««<*+*> dt + I'f— ' (1 - dtj . 

E (a. 0) = ( 1 - «•"•) (l-e^)f't-’(l- if-’ dt 

J» 


= - 4 sin (air) sin (0v) 


r(a^r(/9J 
r(a + ;8) 


— 4ir* 

” r(i-a)r(i-/ii)r(u.+ /8) • 


Now e (a, 0) and this last expression are analytic functions of a and of 0 
for all values of a and 0. So, by the tbeoiy of analytic continuation, this 
equality, proved when the real parts of a- and 0 are positive, holds for all 
values of a and 0. Mence for all values of a and 0 we have proved that 


«(«. /3) 


— 4ir* 

l'(l -a) r(l-/tf) !’(«+#<)' 


* Tb« re»der oo^t to hftTO do difioaltj is pnrrisg tbits 


17 
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18 ‘ 6 . Dirichlet's mtegrai*. 

We shall now shew how the repeated integnl 

/- t,+ ... + dtn 

may be reduced to a simple integral, where/is continuous, a, > 0 (ri>l, 2 , ... n) 
and the integration u extended over all positive values of the variables such 
that ti + t,+ ... 

rl-x n-x-T 


To simplify f + 2*+ X) t— * T^-'dtdT 
Jo Jo 

(where we have written t, T, a, for U, a„ a, and X for ^ + <4 + ... +t«), 
put ( K 2* (1 — «)/« , the integral becomes (if X ^ 0) 

r /(X + T/v)(l-v)—‘p-‘-‘T‘**-'iivdT. 

Jo Jr/(i-x) 

Changing the order of integration (§ 4‘51), the integral becomes 

n (l-A)» 

/(X + T/v)(l- T‘+*->dTdv. 

Putting T=‘Vt„ the integral becomes 
j j /(X + T,) (1 — dr, dv 


1= 


Hence 
r (a.) r (a.) , 


r ( alveif jj • • j + ‘i + — + *») • • • <n-"' dr,dt, ...dtn, 

the integration being extended over all positive values of the variables such 
that T, + 1, + ... + 1„ « 1. 

Contmually reducing in this way we get 

r(a4+a,+ ... + a,) 
which is Dinchlet’s result. 

Example 1. Beduoe 

to a simple integral; the range of integration bemg extended over all positive values 
of the variables snob that 

it being sasamed that a, b, c, a, $, y, p, q, r an poeitiva 
* ITsrte, I. pp. m, SSl. 


(Dinchlet.) 
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EmmfU 2. Sviluate J j drify, 

m and n being poeitive end 

y>0, ®"+y*<l. (Pembroke, 1907.) 

• EiMmplt 3. Shew that the moment of inertia of a homogeneoiu ellipeoid of unit 
density, taken about the axis of s, is 

A{a*+6*)ira6c, 

where a,b,c are the semi-axes. 

ExatHflt 4. Shew that the area of the epicycloid is }irP. 
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Hj. Meluh, Math. Ann. Lxrm. (1910), pp. 305-337. 


MlSCEUiANBOUS EXAMPLES. 


1 . 


3. 


3. 


4. 


6. 


Shew that 


(1 



1 

r(i-f4s)r(l-j.)- 








(Trinity, 

1887.) 

Shew that 


1 1 1 
i+x i-i-jx i-t-jx' 

l + ix 




bm 

■-•hflr 

(Tnmty, 

1885) 

Prove that 









r'(i) 

r(f)~ 


(Jesus, 

1903.) 

Shew that 








16iH 

Jfl 5»- 
“^-l" 6> 

■1 7* 9»-l 11* 

7*-l’ 9» ’ll*-! 

(Trinity, 

1891.) 

Shew that 








6. Shew that 




-sin(eir)fl(S,y). 

(Trinity, 1905.) 
(Peterbouse, 1906.) 


7. Shew that, if ewi{ where ( is real, then 

8. When x is positive, shew thatt 

rfx)r(i) “ 8 b_! ]_ 

r(.r+l) ”»-« 2*». »i n ! x+b' 


iTrimty, 1904.) 


(Math. Tnp. 1897.) 


* This work eontains a complete bibliography. 

t This and some other examples ace most easily proved by tbs result o{ J 14-11. 

17—2 
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9. If a u poative, shew that 

r(*)r(o+lj ; (-)«a(a-l)(g-8)...(a-») -1 
r(j+a) “,*» *! *+«■ 


IOl If«>0and 




1 11 1 1 1 1 . 
PW-- - J-| *+1 + 8 • *+2 ^ 8 ! X+3+"” 
i 

P{x+1)=-xP{x)-e-\ 

11 Shew that rfX>0, *>0, “I* then 

/ (>-i <-A<gw« cos (XlsiDa) dt~\~‘T(,x) eoxax, 

J (*->e-A<<ra««am (X<ama)<b-X~*r(«} onox. 
IS. Prove that, if 6 >0, then, whan 0<»< 2, 


(Euler ) 


and, when 0 < z < 1, 


J" d*-ie6-' ooaec (iw.)/r (z). 


> a • * Bee ( Jir*)/r (t) 


13. If 0<n<l, prove that 

(1 +*)•-> ooeir«/x.= r (») |oos (j-l)- + " "j • 

(Peterhouw, 1895 ) 

14. By taking as contour of integration a parabola with its vertex at the origin, derive 
from the formula 


1 


the reeult 

r(«)«i — ^ — f «~**x*“‘(l+*')**r3KinJjr+oe*ecot(-*)) 

' Seinow/t > I 

•f«n {x + (a - 2) ara oot ( - «)}] etc, 

the arc cot denoting an obtoee angle. 

(Boiirguet, Acta Math. i. p. 367.) 

16. Shew that, if the reel part of a, la poeitive and Z l/o.* ii convergent, then 

Hal 




i« conveigent when ni>S, where l68P(z)i 


(Math. Trip. 1907.) 


16. Prove that 


it }v 1-e-* 

=r((i+.)-*-(i+.)-}^-, 

J9 O 

/'■x-'-I . 

» I , ox— y. 

/, X-1 ^ 


(liigendte.) 
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17. Pt«v« that, when R (z) > 0, 

18. Prove that, for all valuee of z except negative real valuee, 

log r (z) — (z - ^) log z - z + i log (Sir) 

f l • 1 S “ 1 _3_ “1 \ 

S . 3 r2i (*+r)* ^3 4 r«i (*+r)’^4. 8 r-i (z+r)*^ J 

19 Prove that, when R (z) >0, 

|logriz)-logz-JJ^^^J^(l-*+l.«zi}. 


so. Prove that, when R (z) > 0, 


shew that 


f’, (“xe-^dx 

ylogr{z)-J^ l-e-*- 

j lagr(()(ft>K, 


Aad deduce (torn § 1 S 33 that, for all valuee of z except motive real vaiu^ 
u *=* log i -»+ J log (Sir). 

\%aa!be, Jownw^ ^ 

22. Prove that, for all valuee of z exoept negative real valuee, 


logr(z)-(z-i)logz-z+ilog(8ir)+ S f ~ 

•■ 1/0 »+f TMr 

23 Prove that 

S(p, p) fiCp+i-p+D-gSTTp- 

st. Prove that, when -l<r<(, 

26 Prove that, when ; > 1, 

^(Pi 9) + ®(P + l» 9)+®(p+S, j) + ...—B(p, j-1) 
36. Prove that, when p- a >0, 

J(P-<».g) ,, , <»9 , g(g+l) g(g+l) 

^iP>S) P+J 1 S.(p+g)(p+j+l)'*""“ 


37. Prom that 


J* (P, 9) B {p+9, r)-B (g, r) B (g+r, p). 


88. Shew that 


l^x-Hl-xp-t- 


<*«• _ r (o) r (6) 1 

x+pp** r(a+8) (l+jz)*^’ 


(Bourguet* ). 


if a>(^ b>0,p>0. 


(Trinity, 1908.) 


* This malt is stMhiitel to Booiguet by JinirMi d« Jfelit. (8), v, p, 488. 
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S8. 9hew that, if 111 >(^ «>0, then 

n (1 (1 r . (« ) r (a ) . 

y_, (!+*»)-♦• " ^ r(»+») ■ 

and deduce that, when a ie real and not an integer multiple of I*, 


/‘ 


t* / ooe d+«in d N*”** _ ir _ 

^Vcoad-eindy '~2Bin(irooe'a)' 


(St Jobn’a, 1804.) 


and 


30. Shew that, if a>0, 0, 

7. (i+t)logt“ “*r(io)r(i+ij9)- 

31. Shew that, if a> 0, <i + h>0, 

f (a) rw . r_(a±j)_r (»)| 1) _ ^ 

/, i-j; «-«lr(o+»i r(o+i+«); VW- 

Deduce that, if in addition a+OO, a+3-t-e>0. 


(Kummer.) 


jf-Hlj^Xl-^) r(o^(o+6+c) 

ar ‘OS f, I 


/o ' (l-j:)(-logx) ‘“~‘“*r(o+5)r(o+c)' 

32. Shew that, if a, 6, e be such that the integral conveiges, 

/■‘(i-^)0-*‘)(i--»‘) 1 - r(i+c+i)r(«+o+i)r(a+J+i) 

/o (l-*)(-log*) *r(a + l)r(6+l)r(e+l)r(a+t+c+l)' 

33. B; the Hufaetitution 008 d^l -Stan shew that 

/' (St John’s, 1896.) 

Jo (3-ooe8}i 

34. Evaluate in tenna of Gamuu-fonctione the integral * ds, when ji ie a 


fraction graater than unity whose numerator and denominator are both odd integera 
[Shew that the integral j six’ * 

Sfi. Shew that 


(Clare, 1898.) 


(1 - 1 ein* *)*“* lie* 


« I 

rmtSr 




36. Prove that 


(Euler.) 


log ji(p, ,)=iog (e±s) 

37. Prove that, if p> 0^/1+ OO, then 

olp,p+i) V V^2(^+l)^8.4.(^+l)(^+3)^"7 • 

38. The curve v^^S***** o'* ooe ind is composed of m equal closed loopa Shewthat 
the length of the arc of half of one of the loops is 


Slid benoe that the total perimeter of the curve is 
' a 


— -1 

oosn)* dx, 


■Ha’A©- 
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3B. Di»w the straight line joining the points ±i, and the aemidtcls of { < {»! whioh 
lies on the tight of this line, liet 0 be the contour formed bj indenting this figure at 

-1,0, i. By oonmderingy (i+r"')®**-**, show that, if p+j>l, j <1, 

/**coe'’**~’doos(»-j)d<W», — ;• 

Jo ^ {p+g~^)»*^ ' B ip, g) 

Prore that the result ia true for all rallies of p and q such that p+g> 1 


(Cauchy.) 


40 If < is positive (not neoeaaarily integral), and - ^ $ |ir, shew that 

and draw graphs of the senes and of the function oos*«. 


41. Obtain the expansion 

_* “ r cosoi cosSoc "1 

“2-' ‘ lr(ls+io+i)r(is-i«+i)'^r(4»+io+i)r(i.-}«+i)+ ”J’ 

and find the values of x for which it is applicable. (Cauchy.) 


42. Prove that, if p > j, 

r(2p)- {r<p)}*[j^^l {*+2(2p+3) + 2.4.(8p+S)(ap+6) + -}]*- 

(Binet.) 

43. Shewthat, if v<,0, a+s>0, then 


r(-^ 

r(») 



(-j))(i-g) 
«(!+*) ^ 


(-j)(X-w)(2-x) ■ 

*(l+t)(2+.) 


and deduce that, when a+O 0, 


d 

£ 


loe£i?+<'^ 
^ r(f) 


£ 1 *(*-I)(*-8) 

s~*s(s+l)'^* »(.+l)(s+8) 


44. Using the result of example 43, prove that 
log r (t + o) = log r (s) + o log t - 


. o IJt (1 - 1) (8 - 1) ... (n- 0 <* -y’% (1 - 1) (8 - 1) ... (n - 0 «ft 

—* («+l)s(s+l<(s+8)...(f+n) > 

investigating the ngkm of oonvergence of the series. 

(Binet, Journal do Vioato polptoehniqut, xvx. (1838), p. SB6.) 


46. Prove that, ifp>0^;>0^ then 


Bipiiy 


VP+,)S+«-» 


(Sr)* 
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y (Pi ' 


>**-l \P9iP+9V 

and ^-P*+}*+P?- 

46. If r-a**/r(i-i«),. r-a**/r(4-iir), 

and if the function F{x) be defined by the equation 




V'z^L - r* 

dx dx 


)■ 


ehew (1) that F(x) aatiefiee the equation 

(S) that, for all poeitire integral valuea of r, 

jp(x)-r(*), 

<a) that /*(«) IS analytic for all finite values of x, 

(4)th.t 
47 Expand 

{r («)}-• 

as a seriea of aecending povers of a. 

(Vanous evaluations of the coefiSoienta in this expansion have been given by Bourguet, 
SulL du Sm. Math. ▼. (1881), p. 43; Bourguet, Aeta Math. II (1883), p 861 , Sohlomiloh, 
Znfehrifi fair Math anid Ph^. xiT. (1880), pp 3S, 331.) 

48. Prove that the (7-fiinction, defined by the equation 

is an integral (unction which satiefies the relations 

<?(.+l)-r(s)G'(.), (7(1)=1, 

(n I)»/(7 (»+ 1)- 1‘ . 8» . 3» ... n*. (Alexeiewsky.) 

(The most impoitant properties of the ff-fiinotion are discussed in Barnes’ memoir, 
Quarlerljf JounuU, uxi.) 


40. Shew that 
and deduce that 


SOl Shew that 


£(£±J) 

0(t+l) 


.jicg(aw)+i-.+.^>. 


log ^ woot ir*dx-i log(ftr). 


J*logr«+l)«ft-tflog(8ir)-is(s+l)+slogr(s+l)-log<!'(s+l). 



CHAPTER XIII 

THE ZETA FUNCTIOK OF BIElfAHH 


IS'l. Definition of the Zeta-fimotion. 

Let « <• o- + t't where a- and ( are real*; then, if S > 0, the aeries 


f(*)- 


“ 1 
«>in* 


is a anifonnly oonrei^nt aeries of analytic (unctions (§§ 2*33, 3*34) in any 
domain in which w ^ 1 + 8 ; and consequently the series is an analytic function 
of 8 in such a domain. The function is called the Zeta-fimction ; although 
It was known to Eulerf , its most remarkable properties were not discovered 
before Riemann| who discussed it in his memoir on prime numbers ; it has 
since proved to be of fundamental importance, not only in the Theory of 
Prime Numbers, but also in the higher theory of the Qamma-function and 
allied (unctions. 


13*11. The generalited Zeta-fimction^ 

Many of the properties possessed by the Zeta-function are particular cases 
of properties possessed by a more general function defined, when <r > 1 + 8, 
by the equation 


{■(8.0)= 2 


v(a + n)'’ 


where a is a constant. For simplicity, we shall supposejl that 0 < a 1, and 
then we take arg (a + n) » 0. It is evident that ^ (e, 1) = ( (e) 


13*12. The eepreeeion of ((s, a) as an infinite integral. 

Since (a + n)~’r(s)^ f when arg*«0 and o*>0 (and 

J 0 

a fortiori when <r > 1 + 8), we have, when cr > 1 -f 8, 

P (*)?{*.«)■• lim 2 [ 

= Um 

jv— « Wo 1-r** .'o l-« ■ J 


* Tho lottan r, I will be nood in thio ooim throoglunit tbs shnptor. 

^ CtmmaUatmm AeaS. Sn. lay. PtlrofoUtsuat, a. (17S7), gp. 180-188. 

^erliiwr JfonaloierieMe, USD, pp. 871-880. On. Wtrhs (1876), pp. 188-144. 

I Tho daflnition of thio fonotion sppou* to be doe to Hoiwits, Zntteknfi fUr Matt, tad 
Pkpt. rnn. (1888), pp. 88-101. 

H WboB • bos fbie tutgt of ealwee, Ibe prepertlsa of tbe fbaetiao an, in pnieial. anob 
■implsr than flia eomspondlag propartiaa (or otber Talnes <A a. Tba nmlta of J 1S’14 ace troa 
(or all valnaa of o (aegatin iDteger valnaa ezeeptad); and tbe nenlta of H U'lD, 18'IS, U*t an 
tna wban lt(s)>0. 
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Now, when « > 0, e* > 1 + «, and ao the modnlns of the eecond of these 
integrals does not exceed 

f ■« (N f a)*~'r (<r — 1), 

Jo 

which (when w > 1 + 8) tends to 0 as N oo , 

Hence, when <r > 1 + 8 and axgw • 0, 

this formula corresponds in some respects to Euler's integral for the Qamins- 
functioa 


IS’lS. The exjpresrion* of ^(a, a) as a contour vaegml. 

When O' > 1 -f 8, consider 

I, !-«-• 

the contour of integration being of Hankel’s type (§ 12*22) and not containing 
the points 1 2nwt(n — 1, 2, 3, ...) which are poles of the integrand; it is 
sui^poeed (as in § 12*22) that { aig (— x) | $ w. 

It is legitimate to modify the contour, precisely as in § 12*22, when'f 
0^1 + S', and we get 




Therefore 


25S“I 1-^“*^' 


Now this last integral is a one-valned analytic function of a for M values 
of a. Hence the only possible singularities of (T {a, a) are at the singularities 
of r(l— «), i.e. at ^e points 1, 2, S, ..., and, with the exception of these 
points, the integral affords a representation of (T (*, <*) valid over the whole 
plane. The result obtained corresponds to Hankel’s integral for the Qamma- 
fiinction. Also, we have seen that {^(s, a) is analytic when w > 1 + 8, and 
so the only singularity of f (a, a) is at the point « « 1. Writing s » 1 in the 
integral, we get 

1 /■( 0 +) ^ 

2wtJ, 1— «*■• ’ 

which is the residue at s •< 0 of the integrand, and tnis residue is 1. f 
Hence lim 1. 


* Oivan Igr TUmiwin tot fba otdinaiy Zata-taMtion. 

t If 1, tbs iaisgrtlttlMB sloag oar strsigbt Use op to tbs orlgiD doss not aonwes, 
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Since F (1 — «) has a single pole at • ~ 1 with residne - 1, it follows that 
the only singularity of {; («. a) is a simple pole with residue + 1 at t m 1. 

Bxampk 1. Shew that, when JR (<) > 0, 


1 /“ *•-* . 
"r(.)/o 

Examplt S. Shew that, when R(t)>\, 

W -1) {{•)-[(•, i) 

-Jlf 
rwj, 


eW-1 


da. 

t'Wjt • — 1 

JErampU 3. Shew that 

.. 2>-ro-e) 

where the contour does not include any of the pointa ±ini, ±3iri, ±hiit:, ... . 


13*14. VeUties of ^ («, a) for special valiiss of *. 

In the special case when a is an integer (positive or negative), ^ , *'• 

18 a one-valued function of a. We may consequently apply Cauchy’s theorem, 
80 that g — — r, *8 residue of the integrand at * » 0, that 

is to say, it is the coefficient of *-• in • 


To obtam this coefficient we differentiate the expansion (§ 7*2) 

■ * — -1 |{-)«^(o)s- 

“■'s-'-l ,Zi n! 

tenn-by-tenn with regard to a, where ^(a) denotes the Beraoullian poly- 
nomial. 

(This is obviously h^tiniate, by g 4*7, when |s|<Sir, since ^ can be expanded 
luto a power series in t uniformly convergent with respeot to a.) 


Then 


er>-l «I 


Tksrefore if sis tsro or a negative integer (■■ — m), we have 

f 1- «»,«)-- ^ ■+#(«)/(("» -bl) («» + 2)}. 

In the special case when a — 1, if #» — m, then {(s) is the eoeffideiit 
of r**-* in the expansion of . 
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Hence, by § 7'2, 

?(- 2m) - 0. fa - 2m) - (-)*B^(2m) (m - 1. 2, 8, ...). 
These equations give the value of f («) when sis a negative integer or sero. 


13*16. The formula* of Hurwits fur f (*, o) when o* < 0. 


1 [ (—sy~‘e~*’ 

Conuder taken round a contour C consisting of 

a (large) circle of radius (23’'+1 )t, (Jf an integer), starting at the point 
(2^ + l)ir and encircling the origin in the positive direction, arg (— s) being 
zero at s ~ — (2iV + 1) ir. 


In the region between C and tlie contour (8iir7r+ir; 0+), of which the 
contour of § 18*13 is the limiting form, (— sy-'f" (1 — e~‘)~‘ is analytic and 
one-valned except at the simple poles 1 2wi, f 4nrt, ..., ± 2jVirt. 


SmJc 1— «' ^i'*J(ur+i)w 1— s*^ s.i 

where JZ«, JRn' are the residues of the integrand at 2nwi, — 2mr> respectively. 
At the pomt at which — s « 2nirs ' i**, the residue is 
(2nw)*-^S-*"<*-l>s-»«'*, 

and hence B. + Ji»' «■ (2wir)^* 2 sin Q err + 2Tron^ 

Hence 

__!_/•(•+) 

2ir»i(ijr+i)» 1— «“* 


2sm^«w £ coe(2iraR) 2coB^S7r ^ sin(2iran) 
' ■(2w)-- .t, >i>- (2w)>'=^nri 


_ J_ r (s)- 

2sriJc 1 — 




dz. 


I C s — g~* 

Now, since 0 < a < 1, it is easy to see that we can find a number K 
independent of N such that | «“"(1 — e"*)"* j < K when z is on C. 


<Z((22ir + l)w)'«ri»l 
-»0asJ\r-»« if a <0. 


ZtUstkrVtfS/r Math, m* PSyt. xzvn. (1880), p. 96. 
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Making N w obtain the reaalt of Hnrwitz that, if o- < 0, 

, ar (!-«)( . /I ^ 5 0 OB( 2 iran) . fl \ ^ 8in(2ira«)) 

each of these series being convergent. 


13 161. Riemana’i reliUion betwmn ^(t) and f(l — «). 

If we write a « 1 in the formula of Hnrwitz given in $ 13'16, and employ 
§ 12'14, we get the remarkable result, due to Riemann, that 

2>-* r (a) ((a) cos «rj - w* ffl - a). 

Since both sides of this equation are analytic functions of a, save for isolated 
values of a at which they have poles, this equation, proved when w < 0, 
persists (by § 6*5) for all values of a save those isolated values. 

Mmample \ If m be a positive integer, shew that 

f (2m) = 2*«-> B«/{2m) ' 

A'xamplt 2. Shew that r (it) («) it unaltered b; replacing « b; I ~ t 

(Biemann.) 

Sxampit A Deduoe ftom Riemann’s relation that the seroa of f («) at - 2, - 4, - ... 

are zeros of the fant order. 


13'2 Hermttea* fortntda for f (», a). 

Let us apply Plana's theorem (example 7, p. 145) to the function 
^ (z) = (a + a)~’, where nrg (u + z) has its principal value. 

Define the function q (x, y) by the equation 


?(*. y) 


2t 


{(o + * + iyy^ — (o + « — »y)~*} 


Sincef arc tan — ^ 
x + a 


— {(«+*)• + sin |sarctan^-^| . 
does not exceed the smaller of ^w and 


have 


x+a 


. 'we 


I ?(*. y) k K« + «■)•+ y*)*“*' |y“' |“ni‘ w , s || , 

' ? (*. y) k 1(« + *)• + y*i ■ * ' I jsini* “^1 1 • 

Using the first result when | y | > a and the second when | y i < a it is 


* Annali di Mattmatica, (8), t. <1901)^ pp. 67-78. 
t Uf>0,«etaD{-|| jff,iaitd««tant<J|d(. 
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evident that, if a >0, f q (ae, y) (0*^ — dy is convergent when « > 0 a 

tends to 0 as (E -* « ; also j (a+ converges if o' > 1. 

Hence, if a- > 1, it is legitimate to make os in the result contained 
the example cited ; and we have 

{■(s, o)«go-*+J^ (a + «)“* di + 2 (a*+y*)"**|sin^sarctan|^|j5^^ 

So 

f (e,a)-iga-* + ^ + 2j^ (a* + y*)-** jam (s arc tan . 

This is Hermite’s formula*; using the results that, if y>0, 

arc tan y/<i<y/o ^y<5air^, arc tan y/n < J w ^y>ga7r^ 

we see that the integral involved in the formula converges fur all values of 
Farther, the integral defines an analytic function of a for all values of t. 

To prove this, it is sufficient (§ S'31) to shew that the mtegml obtained by diSerentiatin 
under the sign of integration oonveiges uniformly; that is to say we have to prove that 


jo *‘’*^®*'*''*'*^ (a»+y*)-l*ain ^s arc tan J 




+/, [(«‘+J^-‘**rctan|coe(sarctsn«)]^'*'_^ 

converges uniformly with respect to s in Hiy domain of values of s. Now when I s | 
where & is any positive number, we have 

j arc tan ^ cos ^s arc tan ^ j < («*+y*)l* ^ cosh (JwA) , 

since !/, 

converges, the second integral oonvergos uniformly by § 4'4S1 (1), 

By dividmg the path of integration of the first integral into two parte (0, ^iru), 
({so, « ) and using the results 

j sin ^sarctan^^|<ehib^, | sin arc tan |<8inh}tra 
in the respective parts, we oan similarly shew that the first integral converges uniformly. 

CtHisequentljr Hemdte's formula is valid (§’5'5} for all values of s, and 
it is legitimate to differentiate under the sign of integration, and the 
^fferentiated integral is a continuous function of «. 


The sortatpondlng formula when owl had bean previonely given by Jensen. 
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lS-21, lS-3] 

IB'S!. DedHCtiom from Hermitet formula. 

Writing 8 • 0 in Hermite’s formula, we see that 

f(0, a)-j-o. 

Making s 1, from the uniformity of convergence of the integral involved 
in Hermite’s formula we see that 

hm (.. a)- -i-l - hm + 1 + 2 r 

,»il *“13 '-►i *“1 2(1 Jb (o' + y*){e^-l) 

Hence, by the example of § 12 32, we have 


limJr(,.a)-^4j} = -?^> 


r(a) 

Further, differentiating* the formula for a) and then making s~<.0, 
we get 

{s f [- 1 “ - “7iT ■ - (tII ). 

+ 2 I I - j log (a’ + y') . (a* + y*) ■ 1* sin arc tan ^ j 
+ (o*+ y*)'l*aro fain - cos arc tan J 

/ 1 \ , - /■" arc tan (y/o) , 

= + ' dy. 

Hence, by § 12'32, 

|s = log r(o) - I log (2ir). 

These results had previously been obtained in a different manner by 
Lerchf. 

Corollary. liin |f («) - ^^| - 7 , f' (0) - -|log(2ir) 

IS'3. Euler's product for f (a). 

Let O’ ^ 1 4 8 ; and let 2, 3, 5, .. p, ... be the prime numbers in order. 
Then, subtracting the senes for 2~* iTCa) f^ni the senes for we get 

?(8).(l-2-)-i4>4i4i + ..., 


' This wu jastified u 1 18*3. 

t Tba formnla for K*, a) from which Lerch derived them reenltv le given m s memoir 
pnbhefaed b; the hondem; of Bmeneee of Pregne. A eommerr of hie memoir le eontained m 
the Jahrbiuli tier die forueiiitre der Math. 1888-1884, p. 484. 
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all the teima of Xn~' for which n is a multiple of 2 being omitted ; then in 
like manner 

r(.).(l-2-)(l-3-) = i + i + i + .... 

all the terms for which n is a multiple of 2 or 3 being omitted ; and so on ; 
so that 

e(s) . (1 - 2-) (1 - 3-*) ... (1 -p-^) = 1 + S'n-*. 
the denoting that only those values of a (greater than p) which are prime 
to 2, 3, ... p occur in the summation. 

Now* 2'n“* I « ^ 2 n“>~* ♦ 0 as p . 

Therefore t/ o- > 1 + 3, tfts product f (*) n (1 — p“*) eonvergee to 1, where 

p 

the number p ateamcs the prime value* 2, 3, 5, ... only. 

But the product II (1 — p~*) converges when o- > 1 + S, for it consists of 

p 

some of the factors of the absolutely convergent product II (1 — n~*). 

■■-I 

C!onscquently we infer that If (s) hat no terot at which ir > 1 -t- 3 , for if 
It had any such zeros, II (1 — p~') would not converge at them. 

p 

Therefore, if «■ > 1 + 8, 

p\ ?(«) 

This IS Euler s result. 

13 31. Riemann't hypotheeis concerning the teros of ^ («). 

It has just been proved that ( (s) has no zeroe’at which o > 1. 

From the formula {§ 13T51) 

f (s) - 2- {r (s))-> sec STp) f (1 - ,) 

It is now apparent that the only zeros of ^ (s) for which o- < 0 are the zeros 

of ir(«)l~‘ sec Q tir'j , i.e. the points * — — 2, - 4 

Hence all the zeros of (^(s) except those at — 2, —4, ... lie in that strip of 
the domain of the complex variable s which w defined hy 0 < w < 1. 

It was conjectufed by Biemann, but it has not yet been proved, that all 
the zeros of (f(s) in ’this strip lie on the line a » g ; while it has quite recently 
been proved by Hardy f that an infinity of zeros of |^(s) actually lie on c — ^ 
It is highly probable that Biemann’s conjecture is correct, and the proof of 
it would have fiv-reaching consequences in the theoiy of Prime Numbers. 

* He Srst teim of Z' etsrta with tbs loiiiw next grestar than f. 

,t Comfttt Rendut, CLvni. (1914), p. 1019 ; ess p. 980. 
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ISH. Biemam'* integral for ((«> 

It is easy to see that, if o- > 0, 

n-*r (i*) If-** - J* 

Hence, when o- > 0, 

\* / w-t 

Now, if m{x)» 2 , mnce, by example 17 of Chapter vi (p. 124), 

1 + 2v (d?) SB {1 + 2« (l/o;)), ve haTe lim v («) « 1 ; and hence 

*♦0 * 
f* 

dx converges when <r > 1. 


Consequenttg, if o>i, 

\ / Jt> »-y+i J 

Now, as m § 13*12, the modulni of the last integral does not exceed 

;o tn-jv+i ' U 1 — e 


-dx 


< {w(N+ !))-> 

'0 

= {7r(jir+ 1 )}- i(N*+ 2 N) w} > - »* r (j w - 1) 

-► 0 as N 00 , smce <r > 2. 

Hence, when w > 2, 


w(x)xi'~^dt 

— J | — j + j*"* w(l/»)| **'"* d* + [ w(x)xi*~^dx 

X* »(«)«“*•+* w(x)^*~^dxi 

Consequently 

f(»)r^Js]ir-** (®*<*"'> + ***)*"^ •(«)«!*. 

' Now the Integral on the right represents an analytic function of star all 
values 'of «, by § 5'82, since on the path of integration 

w («)<«“" 2 sr**<sn™(i— s^)->. 
a-O 


Consequently, by § 6'6, the above equation, proved when w > 2, persists for 
^1 values of s. 


W.II.A. 


18 
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If now we put 

J - 1 ) f (,) r (i *) w - - m. 

we have 

f (0 “ i ~ (** + i) J *“*•» («) <508 f log«^ da. 

Since | «“*•■(*) log x| cos tlog * + ^nwj (fa 

eatiafiea the.test of § 4*44 curollaiy, we may differentiate any number of times 
under the sign of integration, and then put t«»0. Hence, by Taylor’s 
theorem, we have for all values* of t 


f(0- 2 


by considering the last integral On is obviously real. 

This result is fundamental in Riemann’s researches. 

13*5. JtuqiudiUMtatuJud bg ((t, a) vihenir>0. 

Vfe shall now investigate the behaviour of {{$, a) as (-•- ^ so , for given values of ir. 
When ir> 1, it is easy to see that, if A’ be any integer, 

f -•) {A+ar ‘ "e-jv-'’ 


where 




■"/! 


1 


,(a+I+o;»-' (»+o)' 


-o)*-'/ ln+1 


+ l-t-a)* 


'»+! «-« 


Now, when b)>0, 




(w+o)'^* 

n+i 


du 


(n+o)'+* 

- |»1 

Thenfore the senM 1 /„ (i) is a uuiformlr oonvergent Berm of analytic fonctionB 

m 

when <r>0 j bo that 2 ^(r) is an analytic funotion when ^>0; and consequently, by 

••AT 

§ 6*5, the fuivitioa ((a<t) may be defined when er>0 by the series 

Us. - jy. (,). 

Now let [<] be the greatest integer to |<|; and take Then 

|f(li5s)|< S I 1(1 -•)-*([*]+«)*-) 1+ S JeKs-K*)"^’ 

«mo •■(li 

KJ « 

UNO »«C4 

* Jn Ihla |«rtieeleT pees ot analysis it is eonvenient to xegecd t as a eomplex Yatiable, 
deflnad by tbs equation ; and then f (t) is an integral foaetion of t. 
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Uaiiig the UadftQiin-Cauchjr Bam foruuk (§ 4-43), we get 

|f(«,o)l<o“'+/™(o+*)~'(i»+|<|->ff<]+B)*"'+|f| /" {je+a)~^'dx. 

Jo J W-i 

Now when a<(r<l-3 whore a>0, we hare 

I C(M, a) I <o-'+(l-e)-' + l <l~‘ ([0-K»)‘"' + l* If* + 

Bmee [(i, a)aaO(| llu eamtenU mflied in tht ijfmbol 0 being independent of e. 

But, when 1 — + wehaee 

1 f (., a) 1 - 0 { I < ('^) -1- {«+*)-' dx 

<0(1 < ;‘“')+{a*~'+(o+«)’“*} {a+x)-'dx, 

Binco (o+x)~'<o'”' («+*)■* when »>!, and (a+*)“'<(o+[/])’"*'(o+*)"' whrn 
IT < 1, and eo 

f(,,o)-0{|«|-*log|«l}. 

When ir> 1+a, 

I ( (a, a) 1 <a-'+ 3 (a+n)-'-*-0(l). 

13*91. Inequalitiee eatiefied bg {(t, a) when a < 0. 

We next obtain inequalitiea of a aimilar nature when o $ 3. In the caae of the 
function { (<) we uae Riemann’a relation 

f («)~ S* r (1 -a) ((1 - a) aiu (iar). 

Now, when <r < 1 -3, we hare, by § IS 33, 

r(l -a) = 0{a<‘'*>‘°»<*“*>“<‘”»^} 

and 60 

f (a)= 0 [eip (iw I « I +(i -<r-*) 1<« 1 1 -a 1 +» arc tan «/(l - a)}] C(1 - »)• 

Since arc tan (/(I— 0 )= ±lw4-0(<''‘}, according an t u poeitive or negatire, we see, &om 
the reeulta already obtained for ( (a, a), that 

f(a)-0{|«|*-»}C{l-a). 

In the oeae of the function [ (a, a), we bare to uae the fonnula of Hurwite (§ 13-16) 
to obtain the genetmliBation of thia reault ; we hare, when w < 0, 

C(a, a) i (8ir)-> r(l -a) [at-feCl -a)-.-*-<{_. (1 -a)], 

where 

Hence (l-a3*<»)f,(l-a)-a**<a+ 1 a»w»[n— (n-l)"-*] 

+(a-l) 3 ••-•di*; 

»-jr+i y»_i 

aiDoe the aenea on the right ia a uniformly eonreigent aeriea of analytic funotiona 
whenerer w<l-3, thia equation giraa the oontinnation of {^(1-g) over the range 
0<e'<l-3; BO that, whenerer -3, we hare 

a«t n-iTf 1 J 


18 — S 
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TaioDg m obtain, at is § 13-S, 

. , ^ , -O(i<riogi«i) (-«<»<«). 

And obvioualy 

f,(\-a)-0(l) (»<-«). 

Cvnaeqoentlf, wbether a ia unit; or not, we have the reaul^ 
f(a,o)-0(|r|*-*) (»<d) 

-Odtl*) 

-0(|<|*iogi<|) (-#<»<«). 

We ma; combine theae reaulta and thoae of § 19-6, into the aingle foitnula 
where* 

T(<r)=«J-<r, (<r<0); r(ir)-}, (0<o<i); T(a)=l-<r, (|<w<l); r((r)»0, (o’^l); 
and the log I <{ mar he auppreaied except when or when l-9$ir$l+9. 


13*6. The asymptottc expansion of log F (a + aX 
From § 12*1 example 3, it follows that 


Now, the principal values of the loganthms being taken, 

iog(i+^)4iognj(i + j^)«-«} 

= i + i + 1 f! 

■-1 L\« (a + n)/ ».i n» (a+n)"J .ti m o» 
If { a I < a, the double series is absolutely convergent since 

,.,Ln(o + n) »\ o+n/ o+nj 


converges. 

Consequently 


, e->*r(a) a 2 


r(a + o) o a-t »<«-•*») w-i »« 


+ 2 


Now consider ^ j f (a, a) da, the contonr of integration being 

similar to that of § 12*22 enclosing the points a = 2, 3, 4, ... but not the 
pointe 1, 0, -1,-2, ...; the residue of the integrand at a»m(wt>2) is 
(-)* 

a* {;(»», o); and since, as o- •«) (where a<-flf + tt), t(a, a)— 0(1), the 
integral converges if | a | < 1. 

« 

* XtcMi be proved that T< 0 ) na^ betehea to beb(l-ff) «hen0<e<l. 8 m tAiidaiitArm- 
eeA/ee, f 987. 
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Gonaeqnently 

, rT*r(a) * 5 az 1 f ’»•** 

®r(* + a) a n-i *<(& + ») 2 irtJc* 8 mir« ' 

Heooe 

, r(o) r'(a) 1 r 

Now let D be a aemicite’' of (l^^ge) radius N with centre at « ^ f , the 
semicircle lying on the right of the line o-sf. On this semicircle 
f(«, a) = 0(l), and so the integrand is* 

Hence if|s|<l and — w + S<atgs<7r— 8, where£ is positive, the integrand 
is 0(|s|'e“*'''). end hence 

f -^^f(s.n)d*-.0 

J n s sm ws * ' ' 

as i7 -» 00 . It follows at once that, if | arg s | $ w — 8 and | s I < 1, 

, r(a) r'(a) . 1 ws* 

“®fr(s + a)““* r(a)‘‘'2Tr»i|_„esmirs^^*’ 

But this integral defines an analytic function of z for all values of | r | if 

iaTgs)§ir — 8. 

Hence, by § 5 ' 5 , the above equation, proved when | s | < 1, persists for all 
values of |s| when |args|<w — 8. 

f (s, a) ds, where » is a fixed integer and 

-a-tiJli'smws*' 

R is going to tend to infinity. By § 13'51, the integrand is 0 

where — and hence if the upper signs be taken, or if the lower 

signs be taken, the integral tends to zero aa R-^ao. 

Therefore, by Cauchy's theorem, 

, r(o) r'(o) . 1 /■-»-*+“» wz* ^ 5 » 

Tfz + a) ~ ~ ' r (a) 2w» i t * sin ws f * ■^«?-i^’ 
where Rm is the residue of the integrand at s •> — m. 

^ Now, on the new path of integration 


where K is independent of z and t, and rCw) is the function defined in 

§ 13 - 51 . 


Th* aonstanto implM in thr (vmbol O an indetMndaat of « and i throaghoat. 
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Consequeatly. since converges, we have 

r(a) r(a) • 
r(^) - - ' rfe +.5.,^+ 




log 

when I s I is large. 

Now, when wi is a positive-—, - 
by 1 13-14, J8« =■ . where ^ denotes the deiivate of 

Bernoulli’s polynomial 

Also JSo is the residue at « = 0 of 

^(l +^+ "•) (1 +*log*+ ...) |J- a + *f'(0, o)+ ...|, 
and so i?,— — «^logs+ f'(0, o) 

» (j - a) log s + log r (o) - J log (2w), 

by § 13-21. 

And, using § 13-21, Ji_i is the residue* at 0 of 

■>(! +=T + ••■)'<> •••)• 

(d) 

Hence = — *log*+s-j,^' + s. 

Ckmsequently, finally, if |aigs| < v—B and |s| is large, 
logr(« + ^) - + a- j)logr-r + |log(27r) 

+ 2 + 0 <*-"" 4 ). 

*.i »i(m + 1) (m + 2)r" ■' 

In the special case when a » 1, this reduces to the formula found 
previously in § 12-33 for a more restricted range of values of arg z. 

The asymptotic expansion just obtained is valid when a is not restricted 
by the inequeJity 0-< a< 1; but the investigation of it involves the rather 
more elaborate methods which are necessary for obtaining inequalities satisfied 
by H», a) when a does not satisfy the inequality 0< a < 1. But if, in the 
formula just obtained, -we write a •« 1 and then put s + a for r, it is easily 
seen that, when | arg (s + a) | < w — 3, we have 

logr(« + a + l) = ^«-b<»+ J)log(x-»-a)-*-a + 5 log( 2 w)-f o(l); 


Writing 1. 
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anbtractmg log(« + a) firom each side, we easily see that when both 
|arg(« + a) and larg2|<ir-6, 

we have the asjrmptotic formula 

log r (r + a) = + a - log « - r + log (2w) + 0 (1 ), 

where the expression which is o ( 1 ) tends to rero as | x j-s x 

REFERENCES 

U F B Biemahii, Om Werie, pp 145-156 
E Q H Landau, Handbvdi d»r Pn/ntaJUai (Leipzig, 1909 ) 

E L LlNDiuir, Lt Caloul dei lUndiu, Ch iv (Pans, 1905 ) 

£ W 'BAti'tm, Jftuenger of MathematKt, luz (1899), pp 64-1S8 
G H Haodt and J E LimxwooD, Aeta Jtatkmattm, xu (1917/, pp 119-196 


Miscellaneous Examples 

I Shew that 

(a* - 1 ) { (,)-*^'j*+s|" (» ate tan •is) 


S Shew that 


(Jenaeo, L /fUermeduun des JfatA (1895), p 346 ) 

(Jensen ) 

3 UiBeasM the OHymptotic exponaion of log O (t+a), (Chapter xil example 48) by 

Old of the generalised Zeta function (Bomee ) 

4 Shew that, if v> I, 

logfW-S S 

j>«_i wp” 

the summation extending over the prime numbers p=2, 3, 5, 

(Dinehlet, Journal do Math iv (1839), p 407 ) 

5 Shew that, if <r> I, 

_f (•)_ : A(«) 

fW nZ , »• • 

where A (n)»0 when » is not a power of a pnme, and \ (R)»logp when n is a power of a 
pnmep 

6 Proiethat 

f“ e-*‘dx w» 


i'*S) 


■^^“rds) 


(Leroh, KraUtt Sotpraiuj^, u ) 


Boo Of JaMaek tier duForUelmtUitr Math 1898-1894,111483. 
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7 If 






ifliere |«|<1, and the real part of * la poaitire, ebe« that 

-* 

aixLtfKl, 

km *)— r(l-») 

(A{qiell, ComfUt Hmului, Lzxzvn ) 

8 If X, a, and « be reel, and 0<a<l, m>d«>l, and if 

r«+s?' 

ahew that 

and 

r<i)/ \ 

(Leioh, data Jfolft Xl) 

8 By evaluating the reaiduea at the polea on the left of the atraight line taken aa 
oontonr, ahew that, if i >0, and |argy { <ir, 


^{x, a, 1-*)- 








and deduce that, if k > (, 


1 /■*+-• 




/: 


‘«oi 


r («).(»»)- •f(8»)da-ia(»), 


and thenoe that, if a la an aoote anj^e, 

(Hardy) 

10 By diffimntiatiiig In timaa under the integral aign in the laat reeult of example B, 
and then mairmg a itr, deduce from examine 17 on p 184 that 




6 

By takmg n large, deduce that there la no number At anoh that ((1) la of fixed aign 
when t>t», and thmioe that {(t) baa an infinity of ceroa on the line ob} 

(Hardy) 

[Hardy and Littlewood, /Vaa ZmuIoh Jfati Soe zix (1880), have ahewn that the 
number i>i aeroe on the line wa) tag which 0 < ( < T la at leuat 0(7’) aa T-*- co , if the 

Biemann bypothaaia la true, the number la ^ 7’log 7*- * '*’^*"^ 7’+O(log70, aee 
landau, ^mgaUui, l p 870] 



OHAPTEE XIV 

THE HYPERGEOMETBIC FUNCTION 
14'1. The hypergeometrie aeries. 

We have already (§ 2*38) considered the hypergeometrie aeries* 

, . 0 . 6 . . o(o + l) 6(6 + l).. . o(o + l)(o+ 2 ) 6 ( 6 +l)(^ + 2 ).. . 
l.c l.l.c(o+l) " 1.2.3. c(c + l)(c + 2) 

from the point of view of its convergence. It follows from § 2*38 and § d*3 
that the series defines a function which is analytic when I r | < 1. 

It will appear later (§ 14*53) that this function has a branch point at s = 1 
and that if a cutf (Le. an impassable barrier) is made from + 1 to + oo along 
the real axis, the function is analytic and one-valued throughout the cut 
plane. The function will be denoted hy F {a, b;c-,t). 

Many important functions employed in Analysis can be expressed by 
means of hypergeometnc functions. Thusf 

log(l + x) = x/’(l.l; 2 :-x), 
s' — lim i’(l, /9 ; 1 , s// 8 ). 

S-^ac 

Example. Shew that 

^F(a, 6; e; »)-y/'(o+l, 6+1; e+1; t). 

14*11. The valued of F{a, 5 ; c ; 1) (c — a — 6) > 0. 

The reader will easily verify, by considering the coefficients of in the 

* The name wai given by Wallie m 1655 to the leriee wtaoae nth tenn u 
a{a + 6}{a+Stl . {«+(«-l)H. 

Bu% need the term bypeigeometito in thu eeuee, the modem nee of the term bemg apparently 
due to Knmmer, Jaanulftr Math. xv. (1886). 

t The plane of the variable e ie eaid to be ml along a eurve when it ie eonvenient to ooniidtt 
only eneh variatiDni in e whioh do not involve a paasege aeroes the eurve in qneitioa ; ao that 
the eat mey be regarded aa an impaaoable barrier. 

t It will be a good exereiae (hr. the reader to aonatmet a rigorone proof of the third of tbaae 
rasnlte. 

I Thia analyiia ia doe to Oanaa. A method more easy to remember bnt mme dilBenlt 
to justify is givan in 1 16*6 example 3. 
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variouB seriee, that if 0 $ a; < 1, then 

c{c— 1 — (2o — a — 6 — 1)«! F(a,b‘,e;x) + (o^a\(e~b)xF(a,b;o + l ; *) 

•■c(c — 1) {l — it)F(a, b; c — 1;«) 

» c(e - 1) |l + ai»| , 

where is the coefficient of x* in F{a, b ; e — 1 ; a). 

Now make «— »1. By § 3‘71, the right-hand aide tenda to zero if 

(B 

1 + S (un — ti*-,) convergea ti> zero, he. if u„— »0, which ia the case when 

a-l 

12 (c — a — J) > 0. 

Also, by § 2‘38 and § 3‘7l, the left-hand aide tends to 

e(a + b~ c)F(a, 6; c; l) + (c~a){c — b)F(a, 6, c + 1 ; 1) 
under the same condition ; and therefore 

J-Ca. 6 ; c ; 1) - F(a, 6 ; e + 1 ; 1), 

Repeating this jaucess, we see that 

if theee two limits exist. 

But (§ 12'13) the former limit is ^ , if c is not a negative 

integer; and, if «»(a, b, c) be the coefficient of in F(a, b; c; c), and 
m>)C|, we have 

IF(a, b; 2 |tt,(a, b, c + »i)| 

»aal 

< 2 «„(la|. lb|, OT-|c|) 

< S u,(|a| + l, lbl + 1, m + l-|cl>, 
TO— |C|«_o 

Now the last aeries convergea, when m > |c| + la, -f |b| — 1, and ia a positive 
deoreasing function of to ; therefore, since (to — 1 c l}~*-*0, we have 

lim ^(a, b ; o + TO ; 1) 1 ; 

and therefore, finally, 

^ „ r(c)r(c-B-*) 

JP (a, b , c , 1) « . 
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14% 14-Sj 

14'2. 7%« difftrmtM equation eatufied by F(a,b;e;t). 

The reader will yerify without difficulty, by the methods of § 10*3, that 
the hypeijieometric series is an integral valid near s ~ 0 of the hypergeometrie 
equatitm* 

-*)^ + (c-(» + 6+l)*|^-o6ii-0; 

from § 10‘S, it is apparent that every point is an ‘ ordinary point ’ of this 
equation, with the exception of 0, 1 , so , and that these are ' regular pointa’ 

SaeampU. Shew that an integral of the aquation 

*(*£+“) (4-^) 

IB 

^/'(o+a, b+ai a-p-f-l; x). 


14‘3. Solutions of Biemann's P-equation by hypergeometrie functions. 
In § 10*72 it was observed that Biemann’s differential equation'!' 

daf I s — a s—b t — c j d* 



by a suitable change of variables, could be reduced to a hypergeometrie 
equation ; and, carrying out the change, we see that a solution of Riemarm’s 
equation is 


C^) i + »- 


(r-g)(c-fe)) 

“'(r-6)(c-a)|’ 


provided that « — a' is not a negative integer; for simplicity, we droll, 
throughout this section, suppose that no one of the exponent differences 
a -o', S—P, 7— y is uevo ^ integer, as (§ 10*32) in this exceptional 
case the general solution of the difierential equation may involve logarithmic 
terms ; the formulae in the exceptional case will be found in a memoir^ by 
LindelSf, to which the reader is referred. 


Now if « be interchanged with a', or y with 7', in this expression, it must 
•still satisfy Biemaim's equation, since the latter is unaffected by this change. 


* This aquation was givsa 1>7 Oaun. 

t Tho oonitanti an lubjaet to ths eondltloa a-f a'■flS 4 ■l^+T-t-Vs>l. 
t teU Soe. Setxnt. ftnttiemx, so, (ISSS). Baa alao Klain’a Uthognphed Xiastuna, Dakar Me 
kpjMf|rtoBMir<tska Fuaktion (Iialpsig, 18M). 
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We thus obtain altogether four expiesaions, Jiamefy, 


*** °°'’ ( g- g ) (^"irg) •^|* + /9+7* «+^+Ti i'+« — 

(^zr$) **+i9* + 'y; i + a'— «; 

-pja + zs+y. « + /9'+v'; !+«-«'; 

Ujsr J'|«' + ^+7', a'+^ + T ; l+a'-a; 


(c-6)(*-oy 
(c-«)(a-i)r 
(e-6)(«-o) ] 
(c-o)(*-6)j ' 
(e-b)(r-tt) | 
(c-a)(*-6)J ■ 
(o-b)(r-a) j 
(e-a)(*-6)J’ 


which are all solutiona of the differential equation. 

Moreover, the differential equation is unaltered if the triads (a, a), 
(/3, ff, b), (y, y, c) are interchanged in any manner. If therefore we make 
such changes in the above solutions, they will still be solutions of the 
differential equation. 

There are five such changes possible, for we may write 
{b, e, aj, {c, a, 6}. {a, e, 6j, (c, b, o), {ft, o, c) 


in turn in place of jn, ft, e}, with corresponding changes of a, /S', y, y'. 


We thus obtain 4 x 5 >« 20 new expressions, which with the original four 
make altogether twenty>four particular solutions of Riemann’s equation, in 
terms of hypergeometric series. 

The twenty new solutions may be written down as follows : 


Fj/3+7+««.^+y+«; 

< 

7 +«’ + / 3 : 1+7-7'; 

•““(r^) ^|7 '+«i + A7'+«'+^: l + 7'-7; 

(s^) ^{ 7 '+“+^« 7 '+«'+^; 1+V-7; 


(o-c)(r-ft)) 
(o-ft)(r-e)r 
(tt-c)(r-ft) ] 
(n-ft)(*-c)J ’ 

{a-c)(e-b) ) 
(o-ft)(*-c)J ' 

(a-c){g-ft) ) 
(o-ft)(g-o)J ' 

(ft-a)(g-c) | 
(6-c)(g-o)] ’ 

(ft-a)(s-c) | 

(6-c)(s-a)|' 

(ft-o)(g-e) j 
(4-c)(g-o)j ' 

(ft-o)(r_-c)l 
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-^{“+7+^ «+7'+^; 

F^a' + y + 0, a'+y' + fi-,l+c^-a-, 

i*’|a'+7+^', «'+7'+^; 1 +a'— «; 

f |7 + ^ + «, 7 + ^ + a; l+7-y; 

^|7'+^+«.7'+^+«: 1+7-7: 
u,.= (^) i ’|7 + ^ + a ',7 + ^'+«'; 1+7-7': 

“■“"C-D (*~6) -^17'+^ + “'. 7'+^'+“': 1 +7'-7. 

— s) ( j— a ) ^ *■*■7* 7: ^ 

(Sr J^(^+“+7.^'+«'+7: 1+^'-^: 

(^/^{^+«+V.^+“'+7': 1 + ^-^": 

, C-^)' C-^r ^+«'+7': 1 +/ 9 '-^: 


(6-c)(«-tt) ) 
(6-a)(*-c)) ’ 

(6-c>(«-a) ^ 
(6-a)(*-c)J ’ 

(t-c)(«-a) j 
(6-a)(«-c)J ’ 

(6-c) (g-o)| 

(6-o)(*-c)J ’ 

(g-6’)(g — c)| 
(a-c)(«-6)j ' 

(o-fc)(<- c)| 
(a-c)(«-6)j ’ 

(tt- 6)(g-c) | 
(a-c)(z-t)j ' 

(a-fr)(g-c) ) 

(a-c){z-b)]’ 

(e-a){z-b)l 
(c- &)(*-«)!’ 
(c-a)(s-b)) 
(c-6)(«-a)j ’ 

(c-n)(<-fe) 1 
(c-6)(*-a)) ’ 

(e-o)(«-6) | 
(c — 6)(* — a)J ’ 


By writing 0, 1 — C, il, B, 0, U—A — B, m for a, a', B, B'< 7. •/. 
~a| respectively, we obtain 24 solntions of the hypeigeoinetric 
equation 8atiB6ed hy F {A, B C x). 

The existence of these 24 solntions was first shewn by Knmmer*. 


14 ' 4 . Relatiinu bebvmn partioular solvtioru of the hypergecmttrie oguation. 

It has jnst been shewn that 24 expressions involving hypergeometric 
series are solutirms of the hypergeometric equation i and, from the general 
theory of linear differential equations of the second order, it follows that, if 
any three have a common domain of existence, there must be a linear relation 
with constant coefficients connecting those three solutions. 

If we simplify Hi, «*, u,, «>,; v„, itui <%, «■ in the manner indicated at 

* JoMraai/Rr tfotk. xr. (ISSS), pp. tS-SS, UT-17S. nwr an oUainad in a diOanat waanar 
ip Foiayth^ TrtaUtt on Dffirmtial Epaafiosa, Chap. vi. 
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tke end of § 14*3, we obtain the fcdlowing BolutioDs of the hypergeometri 
equation with elements A, B,G,a: 
yi ^F{A,B\C-,x). 

y, - (- «y-e F{A-0 + \,B-0-^l-,%-C\x), 

y, ^{l-tif-^-^FiC-B, C-A-, 

y, « (- Jf(l -B,l-A-,2-C;x), 

F (d., B", AL + fi— C+l;l — «), 
y„ = (l-*)®-'‘-“f(C-J, 0-ii; C-A-B + 1; 1-a), 
y„ - (- x)-‘F(A, A-C-t-liA-B + V, *-*). 

F(B, B ~ 0 + 1; B - A + 1; x-^). 

If I arg<l — a) I < ff, it is easy to see from § 2'53 that, when | x { < 1, the 
relations connecting y,, y„ y„ y, must be y, <^y,, by considering the 

form of the expansions near 0 of the series involved. 

In this manner we can group the functions u„ ... u,, into six sets of four*, 
vis. u,. «„ «tt. «u; «»• “i. »ui “ui «t. %. »». “«: «*; 

Uu, Ua, Uui wich that members of the same set are constant multiples of 
one another throughout a suitably choeen domain. 

In particular, we observe that u,, u,. Uu, Uu are constant multiples of a 
function which (by §§ 6'4, 2'S3) can be expanded in the form 

(s - o)« |l + (a - o)*| 

when js — a| is sufficiently small; when aTg(s — a) is so restricted that 
(a — aJT a one-valued, this solution of Biemaon’s equation is usually written 
pw. And P<*'i; P*, P*'>i PW, pco are defined in a similar manner when 
|s-a|,|s — bl,|s — c| respectively are sufficiently small. 

To obtain the relations which connect three menf^n of separate sets 
of solutionB is much more difficult The relations have been dbtained by 
elaborate transformationa of the double circuit integrals which will be obtained 
later in § 14'61 ; but a more simple and singularly elegant method has recently 
been discovered by Barnes ; of his investigation we shall give a brief account 

14’fi. Barnet' coatow integrale for the kyperyeometric Junction'^. 

wh^ |atg(— s)|<w, and the path of integration is curved (if necessary) to 
ensure that the poles of r(a+«)r(b-f «), vis. » - o — s, — 6- a (n «. 0, 1, 2, . , 

* Ths ipwisl fnrmals 

F(A.liC,e),>^r^C~A, t; O; 

wblah is darfsiUs bon the nhtioa snuMsUag si witb ku, w» disoofsted is I7t0 br StirUng, 
JHsMsSm l>fy<ra«tWit, prop. vn. 

t iV«e.£«sdwir«lb.&e.{S),vi, (IMS), pp. 141-177. Bstesnsss (o pranons vark on tbaUir 
topiss bp FUtsbeds, MaUin and Batnss ata thsrs givws. 
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lie on the left of the path and the poles of r(— «), viz. «>b 0, 1, 2 lie on 

the right of the path*. 

From § 1 8*6 it follows that the integrand is 

0[| exp {- aig (- z) . / (*) - w 1 J(«) I)] 
as s—*oo on the contour, and hence it is easily seen (§ 6*32) that the integrand 
is an analytic function of e throughout the domain defined by the inequality 
I args I < w — 5, where S is any positive number. 

Now, taking note of the relation F (— s) F (I + s) = — ir cosec sir, consider 

1 f F (g 4 s) F ( h+g) ir(— tf ^ 
2iriJcF(c4-s)r(l4-s) sinsTT *’ 

where C is the semicircle of radius 4- ^ on the right of the imaginary axis 
with centre at the origin, and 17 is an integer. 

Now, by § 13‘6, we have 

F (g 4 s) F (6 4- s) w(- ^ {-JL 

F(c 4-s) F (1 4-s) sinsTT ' ' smtw 

as N—taa, the constant implied in the symbol 0 being independent of args 

when s IS on the aemicirde ; and, if « «» 4- and \ s ( < 1, we have 

(— tf cosec gv =^0 j^exp |^J7 4 - cos ^ log | z 1 — ^17 4- sin arg (— z) 

-(l74-|)ir|8intf||j 

= 0 l^exp 1^17 4 - 1) cos log I z I - ^17 4- g) 6 1 sin || j 

0 j^exp|2-i^J74-8^1oglz||J 

0|^exp{-2-*8(l74-i)}] 

Hence if log|z| ig negative (i.e. !z|< 1), the integrand tends to zero 
sttfiSciently rapidly (for all values of $ under consideration) to ensure that 


—►0 as 17-*ao. 


r +r i, 

J-mt (l-st Jc J(ir+ 4 )t} 


by Cauchy’s theorem, is equal to minus 2iri times the sum of the residues 
of the integrand at the points 8»0, 1, 2, ... N. Make , and the last 

* It » SMainad that a aad b an nuh that tlw wmtoor oan be diawa, i.e. that a and b 
aie not aagatin utegen (m which case the faTpeigcoioetrio lerics U maielx a polgmomial). 
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three integrals tend to zero when |arg(— «)| — S, and |*| < 1, and so, in 

these circumstances, 


1 f»< 

2-nJ.. 


r(a+»)r(b+»)r(—t) 

i r(a+») 


(-syds* 


Um 

K—m 


? r{a + n)r(6 + a)^ 
.ts r.(c + »).»! ’ 


the general term in this summation being the retidue of the integrand at 
s«»n. 


Thru, an awdytie funtitum {namdy Ute integral vmier consMlsrafton) tmtU 
throughout the domain defined by the inequality |args|< ir, and, when |s|< 1, 
tiiis analytio fuMtion may he repreeented by the eeriee 

? r(g + n)r(fe + n) 

>"0 r (e + n) . B 1 

The symbol F(a, h\e',e) -will, in future, be used to denote this function 
divided by F (o) F (6)/F (c). 


14'61- The continuation of the hypergeometrie eeriee. 


To obtain a .representation of the function F(a,b;cit) in the form of 
series convergent when | s | > 1, we shall employ the integral obtained in 
§ 14'5. If D be the semicircle of radius p on the left of the imaginary axis 
with centre at the orig^, it may be shewn* by the methods of § 14‘6 that 



F(o-t-s)r(6-t-s)F(-s) 

F (c + «) 


(- syde-*0 


as p— »« , provided that | arg (— x) | < w, | s | > 1 and p-soo in such a way 
that the lower bound of the distance of D &om poles of the integrand is 
a positive number (not zero). 


Hence it can be proved (as in the corresponding work of $ 14-6) that, when 
j arg (— x) I < IT and | x| > 1, 


_L /• r(g+x)r(6+s)r(-x) 

2Bt J F (c + x) 


i-syde 


■ F(a + B)F(1 — c+tt-f b) 8in( o— g — n)B- , „ 

r(l + b)F(1 — 6 + g+B) eoorMrwn(6 — g — B)7r' ' 

■ r(f»-f «)F ( 1 — o+6 + b) ein(c- h~n)w , 

„-eF(l-t-B)F(l — g+6+n) cosnB-sin(g— b— n)w ' 


the expressions in these summations being the residues of the integrand at 
the points s««— g — b, x™ — 6 — b respectively. 

It then follows at once on simplifying these series that the analytic 


* Ib ooiuidanng the si^mptotw apuuisa of the intastsnd viuii {if is Utgs an the sonfawt 
or on D, it is riasphit to Inailosm F (a+s), F (t.«-s)^ r(c-t-«) tr.tbo nlaiioa ol| U-U. 
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oftte«eries,by whichtheh, tbi.U»t integrri n»yb.evJ«toib>tto 
denneai ib given by the equation Ium that 


^(^mF(a h- r A-. 

r(c) f^-c) ' *> '.1-*) 


where |a*g(^«)| < or. 


r(a-e) 


-a,e~b; e-a-b+l; 1-*), 
e ; () at t=l. 
aa then 


It is readily seen that each of the three terms in this e 
of the hypeisieomettic equation (see § 144>. ^ion, the weult ia 

Thia result hae to he modified when a—b le aa integer or eero. ae egm 
r(a+i)r(6+*) are double poles, and the nght-hand aide then may invoihe result still 
terms, in aooordanoe with § 14-3. 


G<mMaiy. Putting we aee that, if |arg(->) !<■-, 


r(a) ( 1 -r)--^|“%(a+r)r(-.) (-«)•*, 

where (1 -s)~*-»l as s.»0, and so the value of | arg(l -r) ; which is less than v always 
baa to be taken in this equation, in virtue of the cM (see g 14-1) fiom 0 to +» oaas^ 
by the inequality | erg ( - ») | < ». 


14-63. Barnet Umma that, if the path of itUegration u onreed to that the pole* of 
r (y-a) r(6-a) lie am. the right of the path and the polei ofT («+»)r ((S+«1 {is on the 
th0H 

Write I for the expression on the left 

If C be defined to be the aemiotnile of radios p on the right of the imaginary axis with 
centre at the origin, and if p-r-to in such a way that the lower bound of the distaaoe of 
C from the poles of r(y-a) r(i- a) is fwaWiea (not am), it is readily seen that 

r (a +a) r 0+a) r (y - «) r (8 - «)•- ro - * + 1 ) '**® (*-»)» 

- ©[a***-^**-* exp {- Sn I /(.) |)J 
as I a I woo on the imaginaiy axis or on C. 

Hence the original integral converges; and y^wOaspwoo, when /f(a4-h+y+8- l)<a 

Thna, as in § 14-6, the integral involved in / w - 2w> timee the sum of the traidues of the 
iutdpend at the poles of r(y-f) r (8-s) ; evaluating these reaidnat we gett 

r- y r(^y+»)r (g4-y+a) w . : r(a+t+n)r 03+»+a) w 

s-«r(ii+l)r(l+y-8+*)sln(8-y)w'*',MMir(*+l)r(l+8-y+i»)Sm(7:::^* 


* it la snppoaad that a, fl, y, I an aooh that no pole of the lint set soiasidas with any pole 

ottheaaeondiet 

t Xhaastwoearineonvatge(|f-M). 
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ij,bySUll-. 


l—y+A; 1) 


r(a+>)r 0 +t) r(a+r)r(fi+r) ] 

(i-o-r)r(i-^-y) " r (1 - « -#) r (1 - 3-*)j 


y)r(a+»)r03H->) 

.(a+fi+y+t)waia(y-t)w 


{■in (a-(-y) rain (/9+y) «• 


-•in (a+t)irmn(fi+t)itl. 
-+y)ir«in 09+')>)a— Sain (a+i) train (/S+t)ir 
•aoM(a—fi)w-ooa(a+p+8y)w-Ocm(a—/S)r+ooa(a+/t+St)r 
—tna(y-t)nda(a+fi+y+i)w. 


Tlumfon . r(«+y)r04jt)J^(a+»)rtf+») 

Tharefore / — 

which ia iJie m^uirad nault ; it hu, however, only been pn>T«d when 


Jl(a+/i+y+»-l)<0; 

but, the theory of anelytic continuatioa, it ia true throughout the domain througji 
which both eidea <d the equation are analytiG functiona of, aay, e; and henoe it ia true for 
•U valuea of a, y, 8 for which none of the polea of r (a+t) r O+a), fva function of a, 
ctanoide with any ^ the polea of r<y-a)r<8-a). 


Cbnilary. Writing *+i, a-i, fi-t, y+i, t+i in place of /, a, A y^ 8, we aee that 
the reault ia atill true when the limita integration are -i±a>i, when t ia any real 
eonatant. 


li'OS. n«e(mnaxmabttmm hypargeofiutncfimctimM eft andofl-t. 
We have aean that, if | arg (-a) | <*, 


r(a)r( 8) 


"I 


(o-t-a)r(6+a)r(-a) 
r(«+a) 


(-a/* 


1 

‘Sir* 


r (a-o r (c-o- 6- «)*} 


by Baniea’ lemma. 


^ r(-a) (-a)- ^ 

’'r{c-o)r(c-8)'"’ 


If 8 be ao choaen that the lower bound of the diatanee between tbe a oontour and the 
t oontour ia poeitiva (not aaro), it may be shewn that the order of the integratione* 
may be iotnobanged. 

Oanying out the interohange, we aae tiiat if aag (1 -a) be given ita principal value, 

r(e-«)r(e-b)r(u)r(b)I'{a,b; c; a)/r{«) 

“IB f^l •’<“+*>*' (‘+0 r («-«->-<> , r (a- 0 r ( -a) ( -a)-*} * 

1 


* Kaihoda similar to theta ef| 4'61 may be used, or it may ha proved without much diffleulty 
thateendttionaaataUltlMd hr Btomwleh, fq/fa<te darln, I ITT, aae mtiaflad. 
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Now, whan | atg(l-t) | <Swand 1 1-<| <l,tbu]aat integral majbaeTaluatedbjrthe 
ntetboda of Bainerf lemma (g 14‘AS); and ao we daduoe that 

r(«-o)r(«-61r(o)r(6)^'(o, 6j e; i) 

-r(«)r(o)r(J)r(«-a-4)j?'(<i, i; o+6-«+l: l-») 
+r(«)r(i>-a)r(«-4)r(a+6-e)(I— e-a-4H-l; 1-*), 
a nault which ahews the nature of the ungulanty of i^(a, 4 ; e ; t)a/ttwml. 

This resnlt has to be modified if e-a-b is an integer or aero, as then 
r(o+t)r(4+<)r(c-o-4-()r(-0 

has double poles, and logarithmic terms ms; appear. With this exception, the resnlt is 
valid when |aig(-s)| <w, | aig(l-s)|<ir. 

Taking | s | < 1, we may make a tend to a real value, and we see that the result still 
holds for real values of a such that 0<a< 1. 


14*6. Solution of Rietnann's oquoetion by a contour mtegrtd. 

We next proceed to establish a result relating to the expression of the 
hypeigeometric function by means of contour integrals. 

Let the dependent variable u in Riemann’s equation (§ 10*7) be replaced 
by a new dependent variable /, defined by the relation 

« — (s — a)* {t-'-h'f (s — c)» I. 

The difierential equation satisfied by / is easily found to be 

d*i ^ (1 +«_-«' 1 + , L±i.- y'l H 

ds* t s-o ■ s-6 z-c f dt 

(a + S + y)[ { a + S+y + l)z+'ta(a + S' + 7' ~ 1)1 . _ 
(s-o)^»-6)(s-c) “ ’ 

which can be written in the form 




where 


+ (* (\ - 2)(\- 1) (s) + (\ - 1) S' (s)) 7 - 0. 

X =■ 1 — a — — 7 = s' +y8' + y. 

Q(s) = (*_o)(s-6)(s-c), 

,iJ(s)-2(af + ^ + 7)(s-6)(s-e). 


It must be observed that the function / ie not analytio at «, and consequently the 
above difierential equation in / is not a case of the generalised hypeigeometrio equation. 

Wo zhall now snew that thu differential equation, can oe eatufied by an 
integral of the farm 


7 - / (< - o)*'+'+T-‘ a - (t - c)***-^'-* (s - 

JO 

promded that O, Sie oontour of inteyrotzon, le emtably ohoetn. 
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^or, if we substitate this value of / in the difforentisl equation, the con- 
dition* that the equation should be satisfied becomes 

f (t- (t - 6)-t^ ■+»-> (t _ cy+s+y-* (* _ t)— JT* - 0, 

J c 

where 

if = (X - 2) |g (*) + (t - *) <2- (s) + i (t - s)* Q" (s) J 

+ (t-s){ll(s) + (<-*)iJ'(s)) 

* (X - 2) {« (t) - (t - s)*} + (* - s) {B (t) - (t - s)* 2 K + i8 + 7 )) 

=« - n -h a + /9 + 7) (< - o) (t - 6) (t - c) 

-H 2 (a' + /3 + 7)(t-6)(t-c)(t-s), 

f dV 

It follows that the condition to be satisfied reduces to dt=0, where 

F = (< - a)*'-w«+» (t - hy+f -n- (t - c)-**+»' (t - 

The integral 1 is therefore a solution of the differential equation, when 
C is such that V resumes its initial value after ( has described G. 

Now 

V-(t- ay +s+r-i (« _ by**‘*r-' (t - «>•■«+» (* - «)-*-•-» U 
where U»(t-a)(t — b}(t — e)(t — t)~K 

Now {7 is a one-valued function of t ; hence, if (7 be a closed contour, it 
must be such that the integrand in the integral I resumes its original value 
after t has described the contour. 

Hence finally any integral of the type 

(,e-ay(t-by<e-cy [ <<-o>'+>'+— J(f_6)r+-+s'-«(t-c)"+'*r-i(s_t)-«^-r*, 
Jo 

where G w either a cloeed contour in the t-piUme tuoh that the integrand 
returnee itt initial value after t hat dewrihed «t, or dee it a eimple curve each 
that V hat the tame value at itt termini, it a nAtttim of the differential equation 
oj the general hypergeometric function. 

The reader is referred to the memoirs of Pacfabaminer, Math. Ann. xszv. (1890), 
pp. 48B-6S6, and Hofaeoo, Phil. ZVoiu. 187 a (1896), pp. 443-S31, for ao aeoount of the 
methoda by wfakih lotegials of this type are traDsforined ao as to give rise to the relatioiis 
of S§ 14-51 and 14-53. 

SeampU 1. To deduce a real de&mte intagial which, in certain circumatanoes, 
repreaenta the bypergeometric aenca 

* The dillatentialioBa under the sigu of htig i a tien are legitimate (| 4-^ if the path C does 

net depend on t and doee act pass thran^ the points a, 5, e, a ; if C be an indmte centonr or If 
C pataea thraoi^ tbs polata a, 5, e or a, farthar e c nd H Iona an nataaa u y. 
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The hjrperceometrio serin ^(o, i ; e ; «) IB, M almdy shewn, a (olution of the di6fatenl»l 
equation defined by the scheme 

/ 0 « 1 1 
0 a 0 fj- 
il-c b c-a-b j 

If m the integral 

{t-ay ^1 - (*-c)r (t-a/+r+*^-« ((-<;)•+*+»'-' («-*)— »-rd<, 

which IS a constant multiple of that just obtamed, we make (witiiont payuig 

attention to the vabdity of this piooessX wa are led to consider 


<•-*(<- 1)^*-' ((-«)-• (ft 


Now the limiting form of K m question is 
and this tends to seroat t=l and (» a, provided R(e)> R(b)>0 


Wo accordingly consider j t *~‘ where < is’not* positive and 
greater than 1 

In this integral, wnte the integral becomes 


We an tkmfere led to expect that the integral may be a eolutum of the difermtuU eguatum 
for the hypergeometne eenee 


The reader will easily see that if A{e)>ff(i}>0,andif ajgH—atg(l -s)~0, wfailethe 
branch of 1 - u is specified by the fhct that (l-tirl's-«-l as w-e-O, the integral just 
found IS 


r(6)r(c-6) 

r(c) 


F(a, b, c, s) 


This oan be proved by expandmgt (1 —os)-* m asoendiog powers of r when | s | < 1 and 
using § 12 41 


Example 2. Deduce the result of § I4'll from the preceding example. 

14 * 61 . Determinatioa of CM integral vkioh repreeoae 

We shall now shew how an integral which represents the particular solution 
(ii 14'3) of the hypergeometne difibrenitial equation oan be found 

We have seen (§ 14*6) that the integial 

/=(s-a)*(s-h)'(s-c)’'y^(l-o)»+T+*'-‘(«-h)T+*+r-i((_c)s+ff+T'-i(t-s)-— »-T<ft 

aatisfim the diEeiSBtial aquation of the hypeigeometric ftinotion, provided C is a dosed 
oontoorsueh riiat tbs integrand resumes its imi^ value after ( has described U. Nowthe 
singulantiee of this integrand in the <-plane are the points o, i, c, x ; and after d es c ribmg 
the double idraiiit contour (§ 12*43) rymbidised by(6+<C4-,h-,c— ) the intagiand letums 
to its originsl value. 


* This enMres that the point f wl/s is net on tbs path of integration, 
t lire jnstifiaation of tMsptoosm ty |4*T it left tottersadei. 
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Now, if f lie in aciiele i^osr centre is a, ^ oirde not oontsining either of thsp(wts 
6 end e, we oen choose the psth of integntion so thnt t u oittanda this ouole, uid so 
|f— a|< I < -a I for an pants t on the path. 

Now choose arg(s-a) to be numeticall; less than w and arg (<—&), arg(t-c) so that 
they reduce to* aig(a-i;, aig(a-e) when s-»a; fix »ig(t—a),-trg(t-t), at 

the point N at which the path of integration starts and aids ; .also oboose arg (t-s) to 
reduce to aig (t-s) when i-^a. 

Theu 

(.-cy-(o-cy|l+y(^J+...}. 

and since we can expand into an absolutely and uniformly conveigent aeries 

we may expand the integral into a senes which converges abaolutaly. 

Multiplying up the absdutely convergent senes, we get a series of integer powers ot 
2 — a mnltiphed by (2 - a)* Consequently we roust have 

We can define Z*^ by double oircuit integrals in a similar 

mATiTtAr 

14*7. Belaliotu between coniigitotu hypergeometne functions. 

Let P(s) be a eolation of Riemann’s eqaatum with argument «. singulantiee 
a, b e, and exponents a, o', 0, y, y'. Further let P(«) be a constant 
multiple of one of the six functions i***'*, P*^ PW, P'^K Let 
P 1 +..-.W denote the function which ia obtained by replacing two of the 
exponents, I and m, in P(x) by 2 + 1 and m — 1 respectively. Such functions 
PM.i,ai-i (') M>d to be conf^otis to P(«). There ate 6 x 5 = 30 contiguous 
functutas, since 2 and m may be any two of the edx exponents. 

It was first shewn by Biemannf that ike fun^n P(s) and any foso of 
its eonUgnous fausUons are oemmeeted by a hnear relation, the coefinents m 
tidueh are poly nomuds «n s. 

There will clearly be | x 30 x 89 ss 435 of these relationa To shew how 
to obtain them, we shall take P(s) in the form 

p(s)i-(M-ay(s-hyx*-<yi j (t-ay*n^-'it~b)f*^-^ 

{t-ey*f*^-*{s-ty*^-ydt, 

whoe (7 is a doable ciicait contour of the type considered in { 14*6l. 

* lfosv sla ssalaig(s-t), a(g(s-c) being find. 

t Mh. Mr A Ost. Mr Wist, ss OIMtisgfs, 188T; Osnss had ftsviowsly nWsinsd 16 relations 
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First, Binoe tbs integral nmnd C of the differential of any function which 
resumes its initial value after t has described C is zero, we have 

0 - g {(f - af+f+y (1 - 4)«+»'+r-> (« - «)•+'+/-» {t - r)— »-T} *. 

On perftnming the differentiation by differentiating each fiustor in turn, 
we get 

W+fi + y)P + (a+0 + y — l) + (a + j8 + ')r' — 1)P a'+i.y-i 

_(a + 0+y) n 

- iZJ 

Conaiderationa of symmetry shew that the right-hand side of this 
equation can be replaced by 


(« + ^ + 7 ) n 

1— r / *•_, 


S'— i.rn- 


These, together with the analogous formulae obtained by cyclical inter- 
change* of (a, a, a) with (b, y9, ^ and (c, 7 , 7 '), are six linear relations 
connecting the hypergeometric function P with the twelve contiguous 
functions 

P syi.y-i, Pr 4 .t,a'-i, P«+i,y-i, P Pn-i,S'-ii 

1 ’ P«'+i.y-ii Ps'+i,y_,, Ps'yi,a'-i, P y.t.i,>'.i> P y+i,s'-f 
Next, writing t — o «« (f - 4) + (4 — o), and nsingt Py_, to denote the result 
of writing a' — 1 for o' in P, we have 

P =• P •'-i.a'-M + (4 — o) P ,'— 1 . 

Similarly P«»P.._,.y+, + (c-o)P._,. 

Eliminating P.'_, from these equations, we have 

(c — 4)P +((l c) P«'_j,^'+l + (4 — o) P«'_i^y+, * 0, 

This and the analogous formulae are three more linear relations con- 
necting P with the last six of the twelve contigpious functions written above. 
Next, writing (t — x) — (t — a) — (a— o), we readily find the relation 

X [ (f-o)»+r+«’-»(*-a)i*-+r-i(*_4)-+»+T-i((_,)— 

Jo 

wjhich gpves the equations 

(a - ar (P - (» - 4)-> P,+.,y_} - (a - 4)-> IP -'(a - c)- P^,,..,} 

- (a - c)-' {P- (a - a)r‘ P^^r-i}- 


* The lataNhaBsc is to be nude oolr in the iatasisads; the eoatenr <7 ia to nnuia 
oaaltased, 

t Pe'-l is act s faostion el Uenuna’s tjrps sines the sane of its atpaneata at a, e ia not 
naltf. 
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niese are two more linear equations between P and the above twelve 
contiguons flinctiona. 

We have therefore now altogether found eleven linear relations between 
P and these twelve functions, the coefficients in these relations being rational 
fbnctions of z. Hence each of these functions can be expressed linearly in 
terms of P and some selected one of them ; that is, belwem P and any two of 
the above Junctione there exiete a linear relation. The coefficients in this 
relation will be rational functions of z, and therefore will become polynomials 
in z when the relation is multiplied throughout by the least common multiple 
of their denominators. 

The theorem is therefore proved, so for as the above twelve contiguous 
functions are concerned. It can, without difficulty, be extended so as to be 
established tor the rest of the thirty contiguous functions. 

GyrMary. If fuDotiana be derived from P b 7 replacing the ezponeDts a, a', /S, /S', y, y' 
by a4pi, o'+j, /S+r, /S'+r, y+t, V+a, whore y>, r, «, <, « are integers satisfying the 
relation 

/>+y+r+s+<+»— 0, 

then between P and any two snob funotiona tnere exists a linear relation, the coefficients 
in which are polynomials in a 

lliis result can be obtained by connecting P with the two functions by a chain of 
intermediate contiguous functions, wnting doWn the linear rdations which connect them 
with P and the two functions, and from tfaSee relations eliminating the intermediate 
contiguous functions 

SlaDy theorema which will be established asheequently, Q.g. the recurrence-formulae 
for the Legendre functions (§ 19'21), are really cases of the theorem of this article. 
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lllSCELLANBODB EZAKFLES. 

1. Shew that 

P(a,b+l; «; »)-F'(o,6i c; s)»^/'(a4-l, 8+1 i «+!; s). 

c 

a. Shew that if e is a negative integer while /S and y are not int e g e w, then the ratio 
F(u, $•, s+Sd*! -y; 1 -4^'+/'(a, B; y; s) is independent of s, and Snd Hs valne. 
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S. tf P(*)be*h,p«jBometriofanotk>n,Mpn«lt8d«riv,teB^and^liB«trlyin 

teimg otPuii oontiguoiu. fiinotiona, «nd benoe find the Unear nlation between P ^ 
d*P ’ « ’ 

end ^ , i-e. verify thet P utiabea tbe bypergeomotrio dii^tial equation. 


fill hyporgeonwtric aquation aatiafied by 

(fc 4 I I Sheir th&t, m the left-hazid half of the leumisoete |«(l -e) these two 

““ fol/iundion" 


mAtt •’ «i *), determine tbe 16 linear relations 

ptb ^lyn^^.enm ,hiob oonnwit f(a. 6; c; ,) with pairs of the ria functi^ 

fl. Shew thet the fiypeii^fnetno equation • 


*<*-!) j^-{y-(.+P+l)*}g +.^.0 

is satisfied by the two integmls (soppoaed convergent) 

J V- ‘ (I (1 _«)-*,& 

0 - 0 - a-) »}-d.. 


7 Shew that, for values of * between 0 and I, the solution of the equation 

*(1 -*) 0 + ^(a+^+1) (1 - Sr) ^-o^y -0 

“ ifii ii a-*a:)>}+a<l-S»)#'{Ko+I), iO+l)j.i! (l-8x)^, 

where d, a are arUtniy oonstanU and F^a, y ; r) lepneenb the bypergeometric serii 

(Hath: Trip. 1896.) 

8. Shew that 



r(y..«-g)rfy ) 

r(y-,)r(v-« 


where ir IS tiie integer such thati$£(a+^-y)<y.fl. 

(This specifies the manner in whioh the hypergeametrio Amotion beoomaa iefieits when 
— 0 |ffovided that ia not an (Havdy.) 

». Shaw that, when then 

S* r(y)a«*»-r 
•^(a+?;y)r(a)rW)"^* 

aaa.«.*; where ^ denotes the sum of the first a term* of the soies y; i). 

(M. J. It Hill, fVea Zomba Jfotfi. Sot. (8\ y.) 
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la Shew tbatk ifyii jft b* nlotioBS of 

then the genenl eolution ef 

g+,pg+ {si-+S+4«} * + {4l>«+*g .=0 

ie «— Ayi'-t-; 6 |jri 3 ri+Cy^, when A, F, C an oonetante. 

(Appell, OornfM Smdut, xci.) 

11. Deduce from example 10 that, if a-t-h+|— e, 

iF(a.b- c- *«• r(«) r(8«- 1) r r (to+e ) r (o+ft +«) r(8t+» ) 

{/•(a, ,0.*)} r(aa)r(gj)r(a+6)« »! r(e+»)r(Se-l+») 

(Claoeen, Jbenial^br ifaCA iii ) 

lA Shewthat, if |«|<|aod {«(!— jr)|<i, 

/'{So, 20; a+0+i; x}-F{a,0; 4x(l-x)}. (Kummer) 

18 Deduce from example 18 that 

x;xo,xp, «+p+*. tj r(n-ki)r(fl+i)' 
lA Shew that, if and A(a)< I. 

/’(o.Ai-li ae, -•*)-S*«-*e*p{tw.(3.-l)jj;[^^//“j:(|j, 

A>(«,3a-1; 2.; -«) -3*— * exp tt.i(l-ae)} 

CWataoD, QtiartMg Jotmal, xu ) 

lA Shew that 

-4«+i-. «+l; -«-«)"F(})tS+S- 

(Heymana, Znitebrift frbr Moth. %iid Phyt. xuv.) 
lA If (1 -x)‘+'"T/"(2 ,^ 2 ^; 8 y; ,)„l+*i,+C'x'+Dx»+ ... 
ahew that 

/•(a, 0 : y+J; *)F{y-a, y- 0 ; y+i: x) 

(Cayky, PUL Mag. {4X xvx (1808), 868-367. See alao Oir, CiMi6, PUl 

IVwu. XTIL (18W), pp. I'lA) 


17. If the fonctioD /'(a, 0, 0*, y; x,]f) be defined by the aquation 
/-(a, 0, 0-, y; X, |y->(l-w)»— >(l-«)-»(l-»vr''*«, 

then diew that between .Fend any thma of ita ei^t oontiguoua fiinctiona 

r(*±l), i'(0±lX i^(0'±«. fivii). 

then exiata a homoganaona linear aquation, whoae ooafficieDta are polynoiniala in x and jr. 

(La Varaaieiir.) 
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18. Uy~a-3<(^Bhewt)utt,aac-»l-(l^ 


f(a,0; r: '}-i, 


and that, if y-a-^~(k, tba oomaponding approximate fonniila la 




(Hath. Trip. 1893.) 


19. Sfaev that, whan | jr | < 1, 

f Hi*. t*. *-,*-) 




r(y-.)r(.), 


--4«*T*ainowam{y-«)ir.— y; jt), 

where o denotea a point on the straight line jmntng the pomte 0, x, the initial arguments 
of r—x and of » are the same as that of x, and arg (1 — rf-^O as r-*-0. 

(Poohhammar.) 

SO. If, when | aig (1 — x) | < Sir, 


and, when |argx|<Ss', 


"■f 


by changing the variaUe f in the inteirral or otherwne, obtain the following relatians : 
S(x)-K-a-x), if|arg(l-x)|<». 

i'(l-x)-ff'(»)i if|argx|<w. 

«-(x)-(l-x)-iff(^.^), if|arg(l-x)l<ir. 

jr(l-x)-x-4A'(^^), iflaigxKw. 

jr'(x)=x<'4 A'(l/x), if|argx|<w. 

A:'(l-x)-(l-r)-4 *-). Ulaig(l-x)l<ir. (Bamea.) 

81. With the notation of the preoedmg examp l e , obtain the following rwanlts : 

whan|x|<l, |aigx|<w; and 

X(x)-Tt(-x)-*ir(l/x)+(-»)'**'(l/x), 
trim |aig(-x) |<w, the ambiguous sign being the same as the sign ef /(a). 


(Bamea.) 
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SS. Hypergeometnc seiMS m two vamblw ue de&ned by the equetiona 

I » I ym*% 

JP,(«; fts-; T.y; 

* *»* ymlfn 

y; x,g)~ J 

«!.•« I % I • 

>■*(». 3 . r y'i y)“ » 

wheieaat»a(a+l)...(a+m-l), and 2 means 2 2 

«, S RsO 

Obiam the dit^otial equstaona 

and four umilu cquationa, denmd from these by interchanging s with y and a, fi,y with 
a, /S’, y when a, y ooour m the oorreeponding senes. 

(/Lppell, CompUt B 0 nd*$, Xo ) 

S3. If a IS negative, and if 

«•■-»+% 

where r le an integer and a u positive, shew that 


where 


r(*)r(a) - fjs; i 

r(*+a) 

<7, (*) (Hermits, JottnuU fur Math, xott) 


84. IThen a<l, shew that 


where 


r(aor(a-j) _ ; ^ 

r(o) «.!*+• ,.,*-o-n’ 
( -)sg( g+I)...(a 4 .,-l) 

“• nJ 


83 When a>l, and v and a are respeotively the integral and fractional parts of 
a, shew that 

r(x)r(a^)_ - q^)p,_ ; o (*)/»,♦. 
r(4) s-i x+» s-i *-s-» 


-<’w[A+rfri+-+;rJS;i]. 
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when 

»nd 




Pn‘ 


_(-y«(a+l)...(.+«-l) 


»! 


S6. If 


(Hermite, Journal fir MatK zcil) 


^ ^x(»+l)(y+»+»-l)(y+ii+») 

/. y. •)- 1 -i/?. y(y+i)(*+«)(i:+;+ir 

when e is a poeitivj integer and JOi, aCj, ... an binomial ooefficiente, ebew that 

. r (s)T(s-x^-n)T(x^v)T{t>+n ) 

/. wy. > r(y-*)r(y+»)r(e)r(»+e+») 

(Saaleohati, ZeUtehrift fttr Hath. xzzT. ; a number of similar results an given 
by Dougsll, Proc. Se^nburgA Math. See. xzv.) 

S7. If /’(o.fty, 8,«, *) 1+J,1*+ 8(»+l)t(. + l)1.2 ^+ — > 

shew that, when £(8+c-)a-l)>0, then 

F(..a-»+i a-.+i- a ,• n-2- r(i)r(»)r(. )r(»+,-ia-i) 

F{a,a a+i,a .+i,a,.. 1) 2 r(j_j„)r(, - j„)r(i+i«) rcS+T-a-i)’ 

(X C. Dixon, Proc. London Jtatk. Soe. xxxv.) 

2f). Shew that, if ii (a) < j|, then 

1 + I (<■+«- 1) 1 r(I-|a) 

(Mcrley, Proc. London Math. Soc. xxxiv.) 

29. If 


x*-* (1 -x>>- V‘(l-y)*"* (1 (»,y, t, I, m), 

vliew, by integnting with nspeet to x, and also with respect to y, that ff (^y, i, I, m) is a 
Hymmetric function of <+J,j+i, i+l, I+m, m+t. 

Deduce that 

/■(a, Ay; a,.; l)-5-r(a)r(t)r(a+.-a-^-y) 

IS a symmetrio function ofa,f, a+t— a-A a+«~^-y, 8+f-y-o. 

(A. C. Dixon, Proc. London Math. Soe. (2), ii. (1806), pp. 8-16. For a proof of 
a special case by Barnee* methods, see Barnes, QuarltHy Journal, XU. 
(1910), pp. 136-140.) 


30. If 

X*-V/l_.,)T-« Jt 

F,~F(-n,a+ni y; ... jj jj,- 

shew that, when » is a large positive integer, and 0< x < I, 


{'■ 


-y+a-I 


(1-X)*+-’'J, 


whenxwsin*^. 

(This result is eontaiued in the great meinmr by Darbonx, ■‘Sur IV^pproxi- 
mation dee fonctioDS de trts gnnds nombres,” Jonmal de Matk. (3), iv. 
(1878), pp. 6 M, 377-416. For a qrstematic developinent of hyper- 
geometrio ftinetiims in whidi one (or mon) dt the aonstaats is latgei see 
Comb. PUl Tram, zzil (18)6X Ff. 377-80a) 
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IS‘1. Definniton of Ltgmdro polynonuait. 

Cknuider the ex pro e ei on when |S<&— it c»t> be 

expanded in a aeries of ascending powers of isk-h'. IC in addition, 
I itk I + 1 A I* < 1, these powers can be multiplied out and the resulting series 
rearranged in any manner (§ 2*52) smoe the expansion of [1 — { 1 2s& | + 1 A |'|] ' ^ 
in powers of |2s^i + |&|* then converges abaolntely. In partieular, if we 
rearrange in powers of h, we get 

(1 - 2ril + *•) - i - P. («) + AP, (*) + A'P, (t) + h»P, («)+..., 

where 

P.(s)- 1 , P.(s)-s. P.(s)-|(3s*-l). P.(s)»^(6s*-as), 

P* (s) - 1 (SSs* - 30i* + 8), P, (s) = 8 (63/* - 70s* + J 6s). 


and generally 


Pn(*) 


( 2 »»)l f,. n(«-l) 
2 «.(n!)*r ~ 2 ( 2 n-l) 


s"-*+ 


ii(n-l )( f>-2)(n-3) 

2.4.(2n-l)(2»-^) 


. i e-y 

r-*' 2".r!(n — r)!(« — 2r)! ’ 

where m j n or j (n — 1), whichever is an integer. 



If a, i and tlw poutive oomtaota, t being ao amal) that Sat+t*<l-8, the expansion 
of (l-SsA^A*)'^ ooaverges uniformly vrith raspeot to t and A when Isl^o, | A|^(. 


The expresrirms P<(s), P|(s), which are clearly all polynomialB in s, 
are known as Legendn poiynomtalt*, P«(s) being called the Legendre 
polgt»om*al of degree n. 

It will appear later (g lb's} that theae polynomials are particular oases of a mote 
extensive dasa of fonotions known as Ltgeedn fneetmiu. 

JtaamfiUl. By giving » epeeisl vahiea in the aipieesion (I- 3sA+ A*) ~ ahew that 


■ Other namee an Lt/nin co^ffiemat sad Bmal Bnrmama. Thqr mra iatrodneed lato 
aa^ipsia in 1784 hr legeadn, dfSewmepar Avert mosw, a (1788). 
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Rnmfit S. From the expandon 
(1 -M cM«+**)"*-(l +5 

ahaw that 




...). 


Dadooe that, if be a real angle, 
.... .3 ... Sa-l 

-F.(l). 


no that I F. (ooe 4) | < 1. 

SaampU 3. Shew that when x— — 

P*i — /’jP*,-! + F* P*,_t — ... + /VPj 


(a-4)»+...| . 

,. 1 .3.(g«)(a — 8) 1 

t ^ s. (8»-i) • *+s: 4 . (2« - 1) (to::!) • "7 

(Legendta) 

(CUit^lSOS.) 


16*11. Rodrigues'* formula for the Legendre polynomials. 

It is evident that, when n is an integer, 

« 1 f_V — (gw - gp! 

rlo' ^rl(n-r)! (n-2r)! ' 

where m ^ n or ^ (n — 1), the coefficients of negative powers of s vanishing. 
From the general formula for P. (s) it follows at once that 

this result is known as Rodrigues' formula. 

. EaampU. Shew that i’a(x)a>0 has s real roots, all lying between ±1. 

/ 

16*12. Sehl^i'sf integral for Rn(s). 

From the result of § 16*11 combined with § 6*22, it follows at once that 

where C is a contour whidt encircles the point s once counteiMdodcwise; this 
result is called Sehl&fils mtegral formula for the Legendre polynoDudb. 


* CsiViv. xer rjtfsoItpek'tMtorre*. ra. (1B14-18U), pp. SU-888. 

t Bshmii, Usbxr die xw« StMeekm XueegmcHimm (Ben, 1881). 



S04 


THB TBAireOBNOENTAI. TtTMOTXOMS 


[GHAF. XV 


IS'13. Legmdre^i differmOal equation. 

We shall now prove that the ftinotion w^PniM) is a solution of the 
d^ferontial equatiw 

which 18 called Legendre'e differential equatian Jorfunations of degree n. 

For, substituting Sehlafli’s integral in the left-hand side, we have, 
by §5-28, 

^ (" + 1) [ d ( (F-l)»+» l . 

2*v . 2« Jc * I (« - <)*^1 

and this integral is aero, since (F— — «)““”* resumes its original value 

after describing C when n is an integer. The Legendre polynomial therefore 
satisfies the differential equatioiL 

The result just obtained can be written in the form 

^ j(l - *•) + n (n + 1 ) P, (a) - 0. 

It will be observed that Legendre’s eqoatKHi u a particular ease of BiemauD’s equation, 
defined by tbe echeme 

pi . 1 I 

pj 0 *+l 0 *>. 


Sacamfh I. Shew that the equation satisfied by — >* defined by the soheiiie 


f<-r «+r+I -r s 


StampleS. If shew that Legendre’s difoential equation tshes the form 


^ + /I LI $ +*J!*±i)y»o. 


ds* 1*? i-sl^ 

Shew that thie is a hypergeometrio equation. 

KtempU A Deduce SohUfli’s integral for tbe Legendre fiinctions, as a Umiting osse of 
the general hypeigeomelwe integral of f 14*61 

[Sinoe Legendre’s equation ia given by the seheme 
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1518, 16-14] 

tha integnl MgBMtod is 

.S5 lim 

taken nrond s oontour Csnsh that the intagnnd lenumes its initial value after dewribing 
it ; and this gives SdilSIli’s integnaL] 

1614. FAe imUgral propertie* of tite Legmdre polywmial*. 

We shall now diew that* 


[ P^(t)Pn(*)de 


d'u 


= 0 (w^n), 

'2«Vl 


Let {uj, denote ; then, if r < b, {(s* — l)*j, is divisible by (s* — I)*"*" ; 

and so, if r < n, {(s* — 1)*}, vanishes wnen s » 1 and when s — — 1. 

Now, of the two nurobere m, n, let m be that one which is equal to or 
greater than the other. 

Then, integrating by parts continually, 

= [((*•- iri— K**- 

= (*• - 1)" «*• - *)"}-+- 
since ((s’ - (('*'— ••• vanish at both limits. 

Now, when in > b, {(s'— 1 )*)«+.»: 0, since differential eoeflSdents offs' — 1)* 
of order higher than 2n vanish ; and so, when m it greater than n, it follows 
from Bodrigues’ f<Hrmala that 

P»(s)P»(s)ds-0. 

When m a n, we have, by the transformation just obtained, 

J‘ ^ {(S'- ipj. {(s' - i)«j. dt - (->•/*, !*•- ir£(**- ip* 

-(2*)lJ‘ (l-j^)*ds 

-2,(a»)fJ\l-s')»ds 
f** 

-2.(*ii)lj^ 




> a fanl I ^‘4 ... (2* ) 


Shaas tarn nsalta wws glvsa tr Tfiilta in ITat and nSS. 


SO 
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where eoe$ has been written for s in the integral; hence. Rodrignes' 
formola, 



2.(*n)l (2».nOP 2 

(2».n!)*(2B + l)!“2n + l‘ 


We have therefore obtained both the required reeurts. 

It follows that, in the language of Chapter zi, the fiinotions (a+1)^ are normal 
orthogonal fooetions for the interval ( — 1, 1). 


JBtample 1. Shew that, if «> 0, 


P (ooah*w-i)-*/’,(a)iii-iS*(»+i)-»«-t*'**l« 
Example 3. If /— j it) /*, (j) dt, then 


(Clare, 180B.) 


(I) /-:l/(Sa+l) 

(ii) /-O 

. . , (-y*** »le»' 

‘(«-m)(B+m + l) (r')*(Ml)* 

lb's. Legendn fimcliont. 


(»-«), 

(m— * even), 

(tiB2v + I, «>=8;») 

(Clare, 1903) 


Hitherto we have supposed that the degree n of (*) is a positive 
integM'; in fact, Pn(r) has not been defined except when n is a positive 
integer. We shall now see how P. (r) can be defined for values of n which 
are not necessarily integers. 


An analogy oan be drawn from the theory of the Qamma-fuoction. The ezpreaeion 
s' as ordinarily defined (via as s(s— l)(s— 8)...S.l) has a meaning only for positive 
integral vslnes of s ; but when the Qamma-fiinctiaa has been introduced, s ! can be defined 
to ber(<+l), and so a fonction s ! will exist for valnea of s which are not integers 


Beferting to § 16'13, we see that the differential equation 


is satisfied by the expression 


J-J 

i!ir»V< 


(P-1)" 


2ir»7e 2»(f-*)»^’ 


r.*. 


even wAm u u net a potUiw provided that (7 is a contour such that 

(P— resumes its original value after describing C. 


Suj^Mse then thatlft k no Itmger taken to be a positive integer. 

■nie function (f •rs)~*~* has three singularities, namely the 

points — sud it u clesT that after desenibing a circuit round 

the point <■>! oounter-olockwiae, the function resumes its original value 
mnltifdied by ; while after descrilnog a cirenit round the pmnt tme 

oonnter-doei:wiae, the function resumes its crigiDal value multiplied by 
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If thorefote C be a oontour endoeing the points 1 end t>« «, but 
not endoeing the point ( — -1. then the function (^ — will 
resume its original value a^ t has deaoribed the contour C. 
Legtndr^g diffirmtHal equation for funetioM of degree n, 


ie eatUfied bg ike eaqtreeeion 

1 f«- 

““SwiL 


l-a+.xw ( f-iy. 

for aU value* of n; the many-valued functions will be specified j^edaely 
by taking A on the real axis on the right of the point t » 1 (and on the 
right of s if a be real), and by taking arg(t— l)>arg(f + l)a>0 and 
|arg(f-a)|<watri. 

ssprsaiton utiU be denoted by P»(*), and will he termed the Legendre 
function of degree n of the first kind. 

We have thus defined a function Pni*), the definition being valid whether 
n is an integer or not. 

The fanotion /’■(•) thus 4s6>>e<l w not a one-valued ftmebon of r ; for we might take 
two oontoon aa ehewn in the dgura, and the integrale along them would not be the aame ; 



to tnalrn the ooutour integral unique, make a out in the t jdane firom - 1 to - oo along the 
real axis; tbia involveB mtlang a aimilaT out in the * plane, for if the cut were not made, 
than, aa a varied oontinnouriy aoroae the negative part of the real axia, the oontour would 
not vary oontinuouely. 

It (bUowi, by j| S'Sl, that (f) la analytic throughout the cut plane. 


Id’S!. The Beeurrenoe Formulae. 

We proceed to establish a group of formulae (which are really particular 
cases of the relationB between contiguous Biemann P-functions which were 
shewn to exist in § 14*7) connecting Legendre functions of different degrees. 
If C be the oontour of § lo'2, we have* 




n + 1 f (f-lp 
8^'wtVe(f-*)*ri 


dt. 


• Wewptei'.'WforJf’.U). 


SO— s 
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Vow 2(n+i)<(i»-iy> (w+ixp-p*^ 

dt (*-«)»+« “ (<r*)^ ’ 

and so, integrating, 

Therefore 

1 f (<■-!)■ Jt 1_ f £_ [ 

2-+**»jc (<-*)• 2*«irt 2^ir» Jo («-*)"+» ' 

Consequently 

w 

Difierentisting* we get 

P',+, (s) - sP', (s) - P. (o) - nP, (*), 

»“d 90 -P'lM-iW - sP',(s)-(n + 1) P,(*) (I). 

This is the &Bt of the required fonnnlne. 

Next, expanding the equation 

we find that 

I efcJEj,-./ ‘,^*-0. 

Jc (<-»)• Jc Jo (t-s)»+* 

Writing (P - 1) + 1 for (* and (( — x) -f s for ( in this equation, we get 

Using (A), we have at onoe 

(« + 1) 1P«. (x) - xP, (x)l + nP_ (x) - nxP, (x) - 0. 

That is to say 

<n + 1) (xl - (2n + 1) xP« (x) + i»P_, (x) - 0 <11), 

a relation-f- connecting three Legendre functions of oonseoutive degrees. This 
is the second of the required formulas. 

We can deduce the remaining formulae from (I) and (II) thus ; 
Differentiating (11), we have 

(« + 1) {P-wK. (*) - xP ,(xH - « lxP'.(x)- P'_. (x)l - <*n + 1) P,(x) - 0. 
Using (I) to eliminate P'»h (*% ^^ton dividing by{ n, we get 

*Pn(») (inx 


* The pw tsM of dMbrttatlag imdar Bw aigB ef In t m r at io a i» w s tll y jaxUfUd tf § 4->. 
t TUf idetim wm (tVMi in MbetMMi ^ Ti«si«n» ia a immair ea PMtsbiliitr, JHm. 
rnrimmiM, r. (1770-177^ fp. UT-m. 

t lfii«S,w*ba«eih(0>sl, P„,(t)wl,an4lbeiaMU(in)i*toaebaiM«iaL 
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Adding (I) <ad (III) we get 

P'^(*)~P’^t{*)~(in+l)P,i$) (IV). 

Lastly, writing «i — 1 iiMr n in (I) end eliminating P'.-, («) between the 
equation ao obtained and (III), we have 

(*• - 1)P', (a)- wP, (M) - nP,., (a) (VX 

The formulae (I) — (V) are called the reeurrenee formulae. 

The above proot hidda whether a ie an integer or not, i.e. it la appUoaUa to the genenl 
Legendre fonetiona. Another proof wfaioh, however, only appliee to the case whan a u 
a pontive integer (La ia only appliuahle to Uw Lagendie polynomials) is as follows , 

Write 

jrhen, equating ooefficienta* of' powers of A in the expansions on each aide of the 
equation 

air 

(i-a*.+i«)|i-(.-*) K. 


we have «/',(»)-(S«-l)fP._,(»)+(«-l)i»,_,(*)-0, 

which IS the formula (II). 

Similariy, equating ooeSeients* of powms of A in the expansions on each side of the 
equation 

we have 

which IB the formula (III) The others can he deduced bom thasei 
SammpU 1. Shew that, tat all values at n, 

^{s(f.*+/».*.)-af,/>.M)-(*»+8)/»„,-(»»+i)/>.*. 

(Hargreaves) 

Smimplea. It 

shew that (*) end J Jr,(#)<ir-0. (Trmity, 1900.) 

SeamfU & Prove that if m and a are integers such that m^a, both being even 
or both 0 ^ 

/' , ^^^*-es(ia+l). (Oar^ 1806.) 

Sxan^t. Prove that, if is, a are i n tegers and si » n, 

f ~ ^ (as. (»+ 1) - a (a-H)+«) 

x{l+(-)— 

(Hath. Trip. 1887.) 

* The leader b r eeo i s m s nd sd to jestity fosse 
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15*211. The eepreeeim of any polynomial an a eeriee of Legendre 
polgnomiale. 

Let/, («) be a polynomial of degree a in «. 

Then it is always possible |o ehoose a,, a,, ... a. so that 
/«(s)sa,P,(s) + a,P,(s) + ... +a.P»(«X 

for, on equating ooefiScients of j^, s^, ... on eaoh ride, we obtain equations 
which detennine a», Oa-n ... uniquely in tun, in tenus of the eoeflScients of 
powers of e in/, (s); 

To detennine a,, a,, ... a. in the meet simple manner, multijdy the 
identity and integrate. Then, by § 15*14, 

when r asO, 1, 2, ... n; when r >n, the integral on the left vanishes. 


Xa mpfa 1. Given ...-t-OBlei*), tn detanaine Ot, a,, ... a.. 

(Lageodie, Kaniott dt Cole, /at. it p. 36S ) 

[Equate oocffieiente of t* on botli eidea ; foia givaa 

8-.(al)» 

let A ..- P «•/■«(*)&, eo that, bjr the mnlt just gi**Ui 


8**>(ial)» 
" (ite+l)« • 


Now whan n-M u odd, is the integral of an odd flmotion with limits ±1, and so 
vaniahea; and also vaniahas when a- m la negative and Sven. 

To evalnate 7,,^ when a-m ia a pontive even integer, we have from Legandia’a 
equation 


«(ia+l) rP^(f)ib J {<l Pm W) * 

- a[*»->(l-^P«(e)J -nj' {(a-l)S-»-(a+l).-)7‘«{f)<fr, 


on integratiBg by parte twiea; and ae 

ai (m+ 1) 7,^«,«a(a^l) (a — 1) A*aw* 

Thendon 

r _ _ *(*7*1) r 

(a— a*) (a+e»+l)'^*“ 

a(e-l)...(at^.l) . 

(a~ai}(n^tesi} ... S.(»+ai-t-l)(at-ai-l) ... (Se»+8) 

I7 eangping on foe pneeas urndnethm. 
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and so o^—O, when n—m ia odd or negative, 

r when n-m » even and porttive.] 

Examjptet. Express oos nd aa a seriea of Legendre polynomiala of coed when n is an 
integer. 

EaampU S. Evaluate the integiala 




SxamfU 4. Shew that 




S»+l ■ 


(St John’s, IS99.) 


(Trinity, 1894.) 


ExamfU &. Shew that 


xi’.(ooad)°> Z oosrdJ’,_r(oosd). 


(St John’s, 1898.) 


BrampUB. (1 -j*)*J’^(s)<ft, where m<M, shew that 


(a - n) (S» 4- Sn 4- 1 ) s. » Ss's, . , . 


(Trinity, 1896.) 


16-22. Mv/rfhy't expreftion* of P^i*) <** <t hypergeomotrie functUm. 

Sinee 16‘18) Legendre's equation is a particular case of Rienaaim’s 
equation, it ia to be expected that a formula can be obtained giving Pn (x) in 
terms of hypeigeometric functions. To determine this formula, take the 
integral of § IS'2 for the Legendre function and suppose that 1 1 — x | < 2 ; to 
fix the contour C, let fi be any constant such that 0 < S < 1, and suppose'that 
X is such that 1 1 — x { < 2 (1 — S) ; and then take (7 to be the circlef 

ll-fl-2-8. 

1 -w ^ I 2 2$ 

Since j — - < — g- < 1, we may expand (( — x)~*“* into the uniformly 
convergent series^ 

(t - X)— « - (t - ir— jl + (n + 1)^J 4- (*-r J)’ 4- ...| . 

Substituting this result in Schlafli's integral, and integrating term-by- 
term (§ 4-7), we get 

P V (x-l/ («»-H)(e4-2)...(»4-r) 

r! Ja 

- (x-ir.(n4-l)(«4-2)...(n4.r)rd'.. . 

“ + 'n... • 


* XUetrieitf (ISSS). Horphy's issaU was oUaiosd only for fos Lagsadn potynomials. 

t This oinls oontains ihs poinls lal, Ibs. 
t Tbs ssrin tmainaiss if « bs a nsgativo iaisgor. 
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l)y§6'22. Since aig (<+ 1) -O when <•>!, we got 

and so, when 1 1 — «| <2 (1 — £)< 2, we have 
-p(n + l.-«; 1.1-5*). 

This is the required ezpresrion ; it sapphes a reason ($ 14*68) why the cut 
from — 1 to — 00 could not be avoided in J| 16*2. 

CanUary Fran thu nsnlt, it u obvioiu tbat, for all volim of a, 

Nora Whan a is a pontiva integer, the lenilt gives the Lageoiiie polynomial oe 
a pdynomial in 1 -t mth aimple ooeffimanto. 

JCmmf U 1. Shev that, if m be a positive integer, 

(Tnnity,190r) 

Example 2 Shew that the Legendre polynomial /*, (ooe d) IB eqnal to 

1, oae*ld), 

andto oae*^/'(-ii, -a, 1; -ton'i^ (Murjdiy) 

10'S3w Laplaee't mtegraU* far P. (*)■ 

We shall next shew that, for all values of n and for certain values of *, 
the Legendre fonctioii Pe(*) can be repreaented the integial (called 
Laplae^t firtt intagn^ 

^/j* + (** - 1>* ooe^j* d^. 

(A) Proof apphoMa ontp to tt* hogondro potynomtah. 

When A IS a positive integw, we have, by $ 16*] 2, 

where 0 is ai^ oontonr which endrotes the point * oountermlockwiae. 
Take (7 to be the drde with centre * ud ladiua | ^ — 1 |i, so that, cm 0 , 
t — * + (^— where ^ may be tokmi to increase from — w to w. 

* JCfeaeifne (VM«, Idvie sL Ch. 2. Ibr the soatoor empleyal in this eestian, and for 
eeeee e th e w rnfaedneed lofot in fee ehapter, we ere i n d e bt ed to llrJ. Ited^wioen. 
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Making the substitntion, we have, for eM values of t, 

“1^ j ^l* + (^-l)*eo8 4)*(i^ 
f I* + (^ - 1)* eoa^l^di/k. 

mnoe the integrand is an even fiinction of The choice of the branch of 
the two- valued function («* — 2)1 ie obviously a matter of indifference. 

(B) Proof applieaile to the Legendre fimetione, where a xe unreetrioled. 

Make the same substitution as in (A) in Schlhfli’s integral defining 
Pm(e)i rt is, however, nenessaiy m addition to verify that t» 1 is inside the 
contour and t s - 1 outside it, and it is aiso necessary that we should specify 
the branch of {s -I- (s* — 1 )1 cos which is now a many-valned functum of 

The conditions that t » 1, t •> — 1 should be inside and outside C re- 
spectively are that the distances of e from these points should he leas and 
greater than |s*— 1 11. These conditions are both satisfied if|s~l|<|«-l-l|> 
which gives JZ(s) >0, and so (giving axgt its principal value) toe muet hate 
|arg*|<J-w. 

Therefore P, {* + (**"“ 1)* **** ^}* 

where the value of arg{s4-(<* — l)lcoe^) is specified by the iact that it 
[being equal to aig (C — 1) — aig (t — s)] is numerically less than w when t is 
on the real axis and on the right of t (see § 152). 

Now as ^ inonaaa trom —w to w, s+{j*-l)l oos^ deaoribea a straight line in the 
Aigand diagram firing from r- (s' - 1)1 to t4-(sr-l)t and baok again; and since this line 
does not pass through the origin*, aig {#+(!*- 1)^ oo^} does not change ly so mnoh as 
w on'the range of integration. 

Now suppose that the hranoh of {s+(^-l)^ cos which has to be taken is such that 
it leduoes to s*^'**'* (where i is an integer) when 

Then />,(f)»^!! ooe^»d^ 

where now that branch of the many-valued ftinotiou is taken which is equal to if> whan 

Now make r-*l by a path which avoids the tme of i«(s); ainoe Pm(*) end the 
intagral ace analytic ftmotkms of s when | aigs | <)ir, d doea not diangs as s dnnribes the 
path. And so we get 

* At only dees so if r is a pare imaginary; aadsaOb valnaa otshave baaaandndsd. 
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Ther^tre, when |«rg«|< jw and n ia unieatricted, 

^ fl, “• ^ 

where atg (#+{<*- 1)^ coe ie to be taken equal to tag* when 
Thie expression for P«(x), which soay, again, obviously be written 

W Jo 

is known as LapUue's firtt integral for P, (t). 

ConUoTjf. From § IS-SS ooroUary, it iaevidmt that, when |argi| 

{' . 

a remit, due to Jacobi, JovrtuU fUr Matk. xxvt. (IMS), pp. Sl-87, known as Zapioce’e 
aseond {najrrol for P. (<). 

Xeamph 1. Obtain laplace'a Seat integral by oonaidaring 
S A* r'(»+(i^-l)*oos^>»d4, 

■mO J 0 

and naing § S'Sl example 1, 

JSxamfiU a. Shew, bgr direot dilierentiatioiv that LaplaoePa integral ia a aplution of 
Lagmdnb equation. 

JbamfUZ. If r< 1, | A| <1 and 

(l-*Aoosd+A*)**j- 3 (.oqsnd, 


shew that 



Same* 


(Binet ) 


SnampU 4. When f>l, deduce Laplace’s aeoond integral from his first integral by 
the mbstitution 

{a -(it -1)1 coed} (»+(it- 1)1 ooo4}"l- 

Svampk 6. By expanding m powwa cd ooe^ shew that for a certain range of 
valnea of a, 

; f*{*+(t*-l)*coB^)-d^-di.P{-Jii,i-Jai 1; l-a-»). 

^ J 9 

S rampl m 6. Shew that Legendre's equatisn is defined by the aobeme 
r 0 • 1 ■ 

-*• 0 € . 

li+Js - 1 * 0 . 

U4SL 7i*JMler-ZHrieUttiiU^»/orP,{t). 

Another expreeeion tat the Legendre fimctioo m a definite integral may be obtained in 
the following wiy : 

* DbMhM, /eemol/W JfetA. xvD. (ISST), p. SB; Mfiiler, VatA. dan. v. (U7S), p. 141. 
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In this hitagrtl, nplaee the yaiisble ^ b7 a variable A, dettned bj (be equatioD 
A— *+ (^— 1)1 ooa ^ 

aodneget PtW”- I A«(l-aA*+A*)“*<iA; 

the path of integntion ie a atraight line, aiig A ia determined by the hot that Aaao when 
and (l-SAx+A*)~l> -•(>>- 1)1 ain^ 


Now let a— coed; then 


F.(c(ied)-.l K A-(l-aAf+A*)- IdA. 

w j ^-ie 


Now (d being nattioted ao that -^r<S<^w■ when a ia not a poaitive integer) the 
path of integration may be deformed* into that arc of the eirde |A|— 1 whioh paaaea 
throng A— l,and joiiu the pointa A>t«~*, A— e**,8inoe the integrand ia analytio thionghont 
the region between tbia an and ita ohord t. 

Writing A»e* we gat 

P,(coad)- - I 

*/ -*(S<»B^-2oaBd)l 


and ao 


{((ooB^— ooaF)}! 


it ia eaay to aae that the poaitive value of the aqnaie root ia to be taken. 

Thia u known aa ifeAfer’e «»ipl(de<f form of OiriekUtt tmfgnl. The reeult ia valid for 
all valueaofw. 

&camj)U 1. Prove that, when a ia a podtive integer, 

f».(oo.d)-? f “£0»+i)-yt 
t*(ooed-ooe*)}l 

(Write w -d for d and w— ^ for ^ in the reeult juet obtained.) 

Sxamfih S. Prove that 

i’a(coaF)~s^. / r<*l> 

***/ (A*-2Aooed+l)l 

the fartegml being tpkan along a oioaad path which enciralae the two pmnta AW^, and 
a anitatile meaning being aaaigned to the radical. 

* If f he eomplee and it(eaid)>0 the dafeamathm of the aontonr pieeinto ilighdiygre 
dilllenltiea The reader will taally modify the analgraia giein to aotar flda aaea. ^ 

t ‘The intagrand la not anairtie at the enda of foe an but hebaeea Uka (A-a**)~l near 
foam; bnt If foe region he indented (I •«) at a** and the lada of foe indantatioBa he aeade to 
tend to aaio, wo aeo that foe dafoamatiea ia legiiiatate. 
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Hanoe (or otherwiae) prora that, if A lia b e tirae p )ir and !•> 


P.(008d}- 


S.4...8a 

w a.5...(9a+l) 


(iid+^ ) ^ 1» o oa(ad-i-a^) 


(8tind)l ^S(Sa+3} (Ssind)* 

^ l».a» eoa(nd+6») )■ 

a.4.(Sa+8)(9a-f5) (Saind)* 


ahera ^ daociaa ifi—i*- 

Shew alao that the flnt few tanna at the aariaa give an approximate value of /*. (ooa t) 
for all valuaa of dbetwaauO and wwhieh are not nearlj equal to either 0 or w. Andaxplain 
how thia tbeoram ma^ be uaad to approximate to the loota of the equation F. (onad}>0. 
(See Hainan Stigdfiimtlioiita, i p. ITS; Dartwux, CtmipM Jfeadiit, lxxxil (1876), 


pp.36S,401) 

IB'S. Ltjfendre /wtetioM of the second hind. 

We have hitherto oonaidered only one eolation of Legendre’e equation, 
namely P%(s). We proceed to find a eeoond eolation. 

We have eeen 16*2) that Legendre’s equation is satisfied hy 


l(f-l)^(t-s)—'dt, 


taken ronnd any contour such that the int^yand returna to its initial value 
after describing it. Let D be a fignre-ofveight contour formed in the following 
way : let a be not a real number between 11; draw an ellipse in the (-plane 
wi^ tibe points 1 1 as foci, the ellipse being so small that the point ( a is 
outside. Let A be the end of the major axis of the ellipse ou the right 
of ( — 1. 


Let the contour Z> start from A and describe the circuits (1 — , — 1 -f), 
returning to .A (o£ J 12'43), and lying wholly inside the ellipse. 

Let |args|<w and let |aig(s — ()|-4atgs as (-»0 on the contour. Let 
axg(f+l)>aig<(^l)-0 at A. 

Thhn a solution of Legendre’s equation valid in the plane (cut along the 
real axis fir jm 1 to — oo ) is 

1 j j^-jr a 




if n is not an integer. 

When £ (n 1) > 0, we may deform the path of integration os in § 12‘43, 
and get 

Q»(*) - iST. /*, <1 * 


Afamere acg(l-'()»atg(l -f QbO); this will be takas as the definition of 
is) when » is a positive integer or sero. When n is a negative integer 
, — m— 1) Legendre’s diffsrential equatum tot fiinctions of degree a is 
identical with diat for fiinctions of degree m, and accordingly we abatl take 
the two fundamental solations to be Qm {•)• 

Qmi*) is tattsd ths Lsfendn fimetum of degree n of the eeeottd bmi. 
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18'Sl. EKpmufioH ofQm(*)a*a powtr-mitt. 

We now proceed to express the Legendre fonction of the second kind as 
a power-series in s~’. 

We have, when the real part of n + 1 is positive, 

Suppose that | s | > 1. Then the integrand can be expanded in a series 
uniformly convergent with regard to t, so that 

«.(*)- 5=!?iK /!.(!- <r (l - ip'il 

- /!. « - •r {i » i Q’ * 

[/.'<■ - rr ^ 1 1 -fyr j,] . 

where r = *2a, the integrals arising from odd values of r vanishing. 

Writing t* = u, we get without difficulty, from § 12-41 , 




r(n-H) 1 p(l I 1 

T (■« + })*»+• I*”"*’*’ g* + ^> ’‘ + 5* 


The proof given above applies only when the real part of (n -f 1) is positive 
(see § 4'5) ; but a similar process can he applied to the integral 

f =(«■- 17* («-*)■*-* dt, 

' ' 4»ainnir ' 

the coefiBoiente being evaluated by writing I ((^ — 1)” T dt in the form 

J D 

/■a-) /(-i-i) 

•***], <1 ^ 

and then, writing and uting §12-48, the same result is reached, so 
that the formula 


n i.\ *■* r(»-H) 1 „A-. .1 i_ 


is true for unrestricted values of a (negative integer yalneB excepted) and fiw 
all valnes* of s, such that |x| > 1, |args| < w. 

Mbtam/iU L Shew thst, when n is a positive imefsr. 


When a to a positive iatofw M to nnnonwiy to n e tnot the vslas o( asi a 
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[It i* aMil; iwiflad thrt Lageirift'a equUMt mb ba derivad ftvM the aqnitica 

tqr diflt(witiitii« « tiiBM and writiog 

Two iBdciwDdeBt nlvtioiis of this aquction am found to be 

and -«*. 

Itfidlowathat ® *1 

ia a adution of Lcgendn^a equation. Aa tbia ezpnaaion, wban expanded in aaoending 
powera of m-\ oommenoea with a taim in a~*~>, it muat be a oonatant multiple* of («) •, 
and on omnpazing the ooeffiinaBt of in tbia eipteasion with tba ooaffieient of in 
the expaaaiao of (a), aa found above^ we obtain the lequind Naull] 

Alaoia^'S. Shew that, when a la a poaitire integer, the Legendre fUnetion of the 
eeoond land can be expremed bjr the fonnula 

«,(e)-S-al /f/*/’ (<*>)•*>. 

Stamplei. Shew that, when a ia a poaitiremteger, 

[Thia reault ean be obtained by applying the general integtation-tbeorem 

to the preoading reault] 

U’Sa. The reeermue-forvndae/er ^ (a). 

The fiinotiona P. (a) and (a) bare been defined by mMua of integiala of ptedaaly the 
aame fbrm, namdy 

taken round diflheeat ewtoura. 

it foUewa that the general proof of the reoutrenoe-fonnalaB for Ps(a), giran in jj Ifi'SI, 
k equally applkahk to the ibnotion and benoe that the Legmeire fmutiim of the 

eeamd tmi eati^Ue (Ae ra eurr ane a f or mulae , 

eV% W - 9—1 (»X 

9o*x W- «'-• (*)-(*»+l)«,(a), 

(a*-I)«'.(a)-«a«;,{a)-ii«,_, (a). 

&mmfie 1. Shew that 

«»(a)-J.logJ^-l, 

and dedooe that -fa^ 

1 »• *• » (— ly 

]^(a) *^a-l“e-aa-6a-7a-...-(in-l)a* 

* P,<a) eentqlna p eii W ee powera et a when a ia an integer. 


and that 
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Sieoatpl* 8. Bbew by tbe nourrenob-fonnalM tb«t, when « ia a podtive intagw*, 
iP, (•) log ^ - «, (.) (f), 

where oDonetai of the positive (and sero) ]M>weni of v in the expanaioD of 

iPm {•) h>g >D descending powers of a 

[This shews the nature of the singularities of (t) at ± 1, when n u an integer, 

which make tbe out from — 1 to + 1 neoeasary. For the connexion of the result with 
the themy of oaotinued fraotiona, see OausH, Wtrit, ui. pp. 165-206, and Frobeniua, 
Jmanalfilr Math. Lxsm. (1871), p. 16 ; the formulae of example 1 are due to them.] 


, 16‘83. T%e Laplaeian integral^ for Legendre fmctUna of the second hind. 
It will now be proved that, when iZ (n + 1) > 0, 

Qn (*) = J (i + (a* - 1 )* cosh j-"-* dd, 

where ai^ {r + (a* — 1 1^ coah 6] has its principal value when 3 =: 0, if n be not 
an integer. 

First suppose that a > 1. In the integral of § 15‘3, viz. 

(*) “ fjl -«»)»(* - «)—■ dt. 


write 


«*(a+l)*»-(a-l)* 
«»(a + l)* + (a-l)*’ 


so that the range (—1,1) of real values of f corresponds to the range (— oo , oo ) 
of real values of 0. It then follows (as in § 15'23 A) by straightforward 
substitution that 

Q»(*) = jJ (« + («•- 1)* cosh 9) -*-‘(13 


“ f (a + (a* — 1)* cosh 0}-^' dff, 

since the integrand is an even function of ff. 

To prove the result for values of a not oomprissd in tbs range of real values greater 
than 1, we observe that tbe branch points of the integrand, giw hinction of x, are at the 

pi^ts dll and at points where x+fx*-!)^ coahd vaniahsa; the latter are the pmnts at 
which Xaa ± ooth 8. 

‘ Hence Q,(x) and {x+(x'-l)^oosbd}~*'’<M are both anslytiot at all points tbe 
plane when cut along the line joining the poiotsf— ±t. • 


* If -l<x<l, itisapparent from these formelss that Q,(x-«-0<)-Q^(r-0i)iB -«iP,(s). 

It lx eonvenient to de/bix Qat*) f"' aacb valnse of x to be lQ.(s-f0f)4'iQ.(x-0i). The 
reader will eteens that this ft meBoa eatlsllee Legendrs’s egnatioa real vataes of x. 
t Ibis foimala wax first given by Heinsi see his KnftffiaMbmen, p. 147. 
t It ieeaqrtoshsw thattheiolsgealhasaiaigas dscivate ia the snt plans. 
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[OBAP. XV 

Ety the themy at enelytio oontinuatioa the aquetioD proved for poeitiva valoee ef i-l 
peniBtaforiin velueeef < in the oat plana, provided that tag {cf (a'-l)^eaali^iagivai 
a soitaUe value, namBy that one whieh nduoaa to mto when'a- 1 la poaitive. 

The integrand la one-valoed in the out plane [and ao la 0»(a)1 wtian a la a poaitive 
integer; butarg{a+(^-l)tooahd} increaaa fay 8e aa axg t doaa an, and tharafora if a be 
not a poaitiva integer, a further ent haato be m«d» flrom «■> — 1 to jib— «>. 

Theae onta give the neoeaaaiy Umitatioiia on the value of t ; and the out when n ia not 
an integor enaniea that aig{(-t-(^- l)^}»Saig {(a+l)^+ />- 1)^1 haa itapnnoipal valuer 

Xanapla 1. Obtain thia reault for complex valuea of a by taking the path of 
integration to he a oertain oreular arc before making the aubatitation 

^^a*(x-H)> -(a-l) * 

«*(a+l)*+(a-l)*’ 

where dia real 

SxamfUi. Shew that, if J>1 and cothexa, 

«.(!)- j'‘{f -(*»-!)* coahu}* da, 

when arg(r-(^— l)icaaha}— 0. (Tnnity, 1803.) 

13*31. JhumatM’t* fornada for 0.(«), wlea a m <m mtayar 

When * 18 a poaitive integer, and x ie not a real number between 1 and —1, the 
fonofaon Q, (a) la expreaned in tarma of the Legendre function of tiie firat land by the 
relation 

which we eball now eetaUiab. 

When I X |> 1 we can expand the integraad in the naifotndy oonveigent aenw 

^•Cy>^^i* 

Conaequently 

TheintegnlafWwfaieha»-aiaoddornegaUvevanidi(S 15*311); andao 

.1 ; . ,^. »»*M»***8«»)l(«-ba»)l 

8.^ ail(Ba-|-8mt-i)I 

'iiiTi*"’" ' "+* ' '■*> 

by S 15*81. The theotam ia thna nataWiahad for the caae in which |a|>l. Siiioe aadb 
(dde of the aquation 



ra pw a ent a an analytic Amotion, even when | a | ia not greater than unity, provided that a ia 
not a teal nnaiber between -1 and +1, it foUowe tiia% with thia aioepi*'<ei, the reanU ia 
trae(( 5*5)fbr valneeida 

* f. EaneMnn, JhwwaiyVr tfel*. xxxvn. (1848), p, 84. 



15*34, 15*4] UBaBNDRB FUHCnOMB 321 

Tha Hwdur ihoold notioe that Nannumn’s formula apparently ezpreeaee $»(<} aa a 
one-valued fiincthm of e, whereas it ia known to be many-valued (§ 16‘82 example 2). 
Hw leaaon for the a{^iarent diacrepaney ia that Neumann’s formula baa been eatabliahed 
when the a {dane is out from - 1 to -t-1, and (s) is om-sufiiwf tncAeeut plane. 

Sample 1. 9iew that, when -1 < A(x)<l, | Q«(a)| <| /(a) |~‘ ; and that for other 
values of a, I $»(a) j does not exoaad the largarofla-ll-Ma-H!->. 

.£xampb 2. Shaw that, when n ia a pontive integer, Q, (a) is the coefficient of A* in 

the expansion of (I —Ue+A^ ■" 1 arc coefa . 

[For, when | A | is sufficiently small, 

3 3 ¥ r r "-T-ip* 

wo *-3 »/-t la-y) 

=(1 - 2Aa-t-A*) - 4 arc cosh j"" • 

This result has been investigated by Heine, Kugdfmlttonen, I. p. 134, and Laurent, 
Journal de JfatA. (3), L p. 373.] 

16*4. Heine't* development of (t — ey~' at a serte* of Legendre poly- 
nomtale tn *. 

We shall now obtain an expansion which will serve as the basis of 
a general class of expansions involving Legendre polynomiala 

The reader will readily prove by induction firom the recurrence-formulae 
(Snt -b 1 ) fQo, (<) - (m -b 1) Q*+, (f) - (f) - 0, 

(2i» + 1) sP* (a) - (to -bl) P«+, (x) - toP»_, (x) = 0, 

that 

-i--- i (2TO-bl)P«(x)Q,(f)-b"‘^-^lP.+.(x)Q»(0-P.(x)Qw.(*)} 

t — X M-O t — X 

Using Laplace’s integrak, we have 

P»+, (i) Qn (t) — Pn (*) 0»+i (0 

f' rji+ (*■-!)* cos 
^JoJe (f -b (<•— l)i cosh «{'”■* 

X [x -b(** — 1)^ oob 4 - 1* + (? — 1)^ coeh«)“>](i^di». 

Now consider | I. 

1 (-Kf*- 1)4 cosh *1 

Let oosho, ocaho be the semi-miyor axes of the ellipaes with foci ±I which pass 
through f and t reqieotively. Let t be the ecoentric angle of t ; then 
s»oash (a+ttj, 

I<±(>'-1)4 coa^ |••|oosh(a■b•d)±nnb(a■btd)oos4l 

» {oosh* a - sin* d -b (ocsh* a — cos' d) COB* ^ jt d sinh a ocab a oca ^}4 . 

Ibis u a mavitnnm for real values of ^ when cos 7 1 ; and henoe 

I ft (o>- 1)4 oos^ I* < 2 cosh* a -1 +2 oosh a (ooah’a- l)4a>axp (So). 

Similarly |<-b(<'-l)4ooshs|>expii. 

• Jonmal/llr Matk. zui. (ISSl), p. 73. 


Now consider 


w. M. A. 
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Thenfore 

I Pn+i W Q» (0 - Pn W <JU (0 1 < »■’ e»P l» (« - «)) f f Vd^du, 

JQ Jo 


where 


n- 




Therefore ( Pim-i(*) Q«(<) - P»(*) Qim-i (t) (-» 0, as n-» eo , provided a < ». 
And further, if t varies, « remaining constant, it is eo^ to see that 
the upper bound of J j Fd^du is independott of t, and so 


tends to zero uniformly with regard to t 

Hence if the point t ia in the interior of ike Mipee wkitk paeeee through 
ike point t and hoe the pointe ± 1 for ite /oct, then the eccpaneion 

i (2« + l)P,(s)^?,(t) 

6 — » 4ls0 

ie wtlid ; and ft be a vairiaUe point on an Mipee untk foei ± 1 such that z is 
a fiaed point inside it, the expansion converges uniformly with regard to t. 


16*41. Hfeanuism’e* expansion of an arbitrary fenetion in a eertee of 
Legendre polynomude. 

We proceed now *to discuss the expansion of a foncticm in a suries of 
Legendre polynomiak. The expansion is of special interest, as it stands next 
in simplicity to Taylor’s series, among expansions in smes of polynomials. 

Let /(s) he any function which is analytic inside and on an ellipse C, 
whose foci ore the points ± 1. We shall shew that 

/(s) •= «,P, (x) + a,P, (x) + o,P, (x) + a,P, (x) + . . . , 
where a,, a,, Oz, ■■■ are independent of x, this expansion being valid for all 
points X in the interior of the ellipse C, 

Let t be any point on the circumference of the ellipse. 

«• 

Then, since X (2»4- l)P«(x)Q.(f) oonveiges uniformly with regard to t, 

- I a,P.(xX 

»m0 

* where «, - /^/(O On (<) *• 


• s. MManan, letter dU EntmtekOtme ttner PtaUen aseS dm Xn0i(fimktlmm (Halla, 
USS). See zbelioiaif Jmmel jar Math, ixn. (1886), ff. S87-84S. HnmsnaaliogiTMaasx- 
yMMj<w,iBTm)ii>dwfaBo>i«s>i«(eo>hfcinj», vsM la ths saariss WanSsd ly two sUlpsis. 
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This is the required expansion ; since S (2n + l)P,(«)Q,(t) may be proved* 

to converge uniformly with regard to t when t lies in any domain O' lying 
wholly inside O, the expansion converges uniformly throughout O'. 

Another form for o. can therefore be obtained by integrating, as in 
g 15-211, so that 

' a»“^n + i) j' f(x)P^(a,)dx. 

A form of this equation which is frequently useful is 

which is obtained by substituting for P«(«) from Bodrigues' formula and 
integrating by parts. 

The theorem which beers the seme leietioa to Neumann’s espnnsion as Fourier’s 
theorem beets to the expansion of § 9-11 is as follows . 

I,el /(<) it dfjSiuti vim — 1 << < 1, awf Ut tie integral of — f(f) exiet and be 
abeolvtelg eonvergeat; aleo let 

<i.=(»+i) l'fWP,(,t)dt. 

TAeu So. /*,(«) ,< eoneergrnt and iat tie mm i{/{ti+0)+/(x-0)l at any point x, far 
vshiei — K X < 1, if any condition of tie type etated at tie end of § 9-43 it tatiefied. 

For a proof, the reader is referred to memoirs b; Hobson t and Burkhardt}. 


Example 1 Shew that, if p (> 1) be the radius of convergence of the aeries Sr^f*, then 
3vs^s(*) oonvergee inside an ellipse whose 8emt.axeB arc i{p+p~'\, l(p— p*'). 


BxampU2. If whemy >x> 1, 

prove that j 


dt 


. “Kx-HXy-l)}* * P»(*)«.(y). 

{(1-«»)(1-W)}* «-» 

[Substitute Laplaoe’s integrahi on the right and integrate with regard to 0.] 

Example a Shaw that 

(Frobemus, Journal ftr Math. LXXUI. (1871), p. 1.) 


16-6. Ferrtrs’ atsoeitUed Legendre funetiont Pj" {*) and Qa*'(sX 
We shall now introduce a. more extended class of Legendre functions. 

If m be a positive integer and - 1 < x < 1, n being unrestriotedg, the 
functions 

P,«(x) - (1 _ x*)i- . Q,-(x) = (1 - x*)l“ 


* The proof is similar to the proof in 1 15-4 that that eonvergeaee is onifotm with regaid to ( 
t Free, leaden Math. See. (3), vi. (1308), pp. 888-895; (3), vn. (1909), pp. 34-89. 

* IfSnekener SUeungehenehte, xxxijx. (1909), No. 10. 

I Bee p. SIT, footnote. Fsrrare writes TaWis) for P^[e). 


21—2 
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will be called Ferten’ associated Legendre functions of degree n and order m 
of the first and second kinds respectively. 

It may be shewn that these fonetions satisfy a difibrentaal equation 
analogous to Legendre’s equation. 

For, differentiate Legendre’s equation 

.d“y 


1 times and write v for 


ds" ■ 


We obtmn the equation 


(1 — 1 *) ^ — 2s (« + 1) ^ + (n - to) (n + TO + 1) » fc 0. 

Write w««(l — s*)i"ti, ana we get 

(1 -'*)S-2sg+ {«(« + !)- j-^jur-O. 

This is the differential equation satisfied by and Qn*‘(s). 

From the de6mtions given above, aeveral expreasiona for the anoeiated Legendre 
fanetiODa maj be obtained. 

Thus, from Schladi’a formula we have 



where the contour dues not enclooe the point r~ - 1, 

Further, when n la apoaitive integer, we have, by Rodnguw’ formula, 

■ '' 2*fi' *«♦* 

Example. Shew that Legendre'a associated equation is defined by the aolieuie 

I 0 * I 1 

«+l (Olbncht.) 

(-i* -It -Jm j 

1S‘5L The tnteffral properties of the aesooiated Legendre fmotions. 

The generalisation of the theorem of § 16*14 is the following -. 

When n, r, m are positive integers and n>m, r>m, then 

'0 


J‘^i»,*(s)P,"(s)<& 


2 (n 4 TO>1 




(r-ft). 


2n + 1 (n — to)1 

To obtain the first result, multiply the differential equations for Pj"(e), 
P,*(s) hg Pr"(s), P,*(s) respectively and subtract; this giv« 

Si [<l-*0{i>r-W^£^>-P.«(*>^^>f] 

+ (ft - r) (« + r + 1) P,« (,) • 0. 
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On integnting between the limits — 1, +1, the tesult follows when n 
and r ere unequal, since the expression in square brackets vanishes at each 
limit. 

To obtain tiie second result, we observe that 


P,*+» (*) - (1 - *•)* — + »u (1 -*•)■* PV (a) ; 
squaring and integrating, we get 

+ (*)!■]<** 

— /; P.-(a)^ |(1 ir - m J jP,»(a)l«da 

on integrating the first two terms in the first line on the right by parts. 
If now we use the differential equation for Pt^{£) to simplify the first 
integral in the second line, we at once get 

f!i 1'^"*'"' = (n - m) (n + m + 1) [' jP," (a))* ix. 

By repeated applications of this result we get 

( ^ (i*«* (.*))• dx»"(n — »?i + l)(n — m + 2)...n 

X (n + m) (n + m - 1) ... (n + 1) I’ {P»(*))’ di, 


and BO 


fjP«“Wdx = 


2 (n +»i)I 

2n + 1 (n — to)i ’ 


16'6. Hobson’s definition of the associated Legendre functions. 

So &r it has been taken for granted that the function (1 — which 
occuni in Ferrers’ definition of the asaociated functions is purely real ; and 
since, in the more elementary physical applications of legendre functions, it 
usually happens that — 1 < » < 1, no complications arise But so we wish 
to consider the associated functions as functions of a complex variable, it is 
undesirable to introduce an additional cut in the x-plane by giving aig (1 — t) 
its principal value. 

Aeeordin^y, in future, uAen i ie sot a real number such that — 1 < s< 1, 
ve shaU follow BoLson ta defining the aseoaiated funoHons by the eguations 

- (s*- X)»-" «•(,)-(,«- 1)»« 

where m is a positive integer, » is unrestricted and argx, aig(s + IX atg(s — 1) 
have their principal vdues. 
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[chap. XV 


"Wbau m i< nnrettrictei), ia definad HoVaon to be 

r(lW) i-Wi 

end Bemee hw giroo e de&nitioii of Qj^(s) from vhiab the fonuuU 

o m » r(»+»t+ i)r (J) 

' mn»v S**’r(«+f) 

mi^ be obtained. 

Tbrougfaout this work we ehall take at to be a poatire integer. 


16*61. Etepreasion of Pj^{z) at an itOtgral of Laplaet'a type. 

If we make the necessaiy modification in the Schlafli integral of § 15*5, 
in aoBordance with the definition of § 15*6, we have 

P»{e) = y - - !)*• «• - !)• (f - a)--*- dt. 

Write f = a + (a* — as in § 15*23 ; then 

P + l)|a» I*"*' i* + («* - ow »)* 

* ' ^ 2ir ' “ J. ((a*-I)*e^|* 

where a is the value of when t is at J, so that 
j«tg(j»-l)* + «!<». 

Now, as in § 15*28, the integrand is a one- valued periodic function of the 
reid variable ^ with period 2w, and so 

/».w(a) .. LK? . +^y . ::* I' {a+(a*-l)»ooe«^l»»— 

Since (a-f (a*-l)iooB^}* is an even function of we get, on dividing 
the range of integration into the parts (- w, 0) and (0, w), 

p,»(,) « <!L±i) 1 2). *••_<!* + '"> r |a + (a* - 1)* cos ^)» cos 

w Ja 

The ranges of vcJidity of tliis formula, which is due to Heine, (aooording as 
w ia or is not an integer) are precisely those of the formula of § 15*23 

SeampU. Shew that, if |aiga|<)w, 

P«'(,W_)-*^’*~^)***^"r"‘+'^) f* . onam ^d^ _ 
w /« {(+(«>- 

when the many-vahud Amationa an speoiflad aa in S 16*88. 

16 * 7 . J^tadthtioHlieenm/br^Ztgendnpo^fnemsid^. 

bet tms^- (S’**- 1)^ oosw, where j/, • an onnstrioted eomjdax numben. 

* Lagsadm, Oele. ZiU. tt. pp. 3(8-800. As inw Wi gaBan of tho band ea phydoa) 

W Mo n lag will bo ffreo aabsoqnoatty (| 10*4). 
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15 61, 15*7] 

Then m dwU diew that 

P. (»)-/’.(») P. (^)+* J, ^ ^•"<*'5 “* 

| *+(««-l)too«(»-^) 

ntoge 0<^<2r. If ^be its upper bound and if | A { < Jf~’, then 

— {j<+(*^-l)4coo*}«+‘ 

oonvei^ imiformly with Rigui] to ^ and no (g 4*7) 


Fint let A(4<)>^ *> 


u a bonnded fiioction of ^ in the 


<«+(* »-!)* <»«(«- »)}• J._ (•’ ; A»{e-Ke«-l)*eoa(»-»)}« 


-/: 




-• y +(x’ - 1)* oo« A {*+(*•- 1 )* COB (« - ^)} ■ 

Now, by a alight modifioation ot example 1 of $ 6'21, it follows that 

d(/> ^ _ 

I J+Booa^+Cmn^ 

where that value of the radical le taken wfaioh makes 

I d i<| (B*+C*)* I. 


/: 


Therefore 


/' _ . 




' y+(y*- i)i oos^- A {*+(*•- 1)^008 (w-^)} 

2<r 


[(y - Ar)« - ((y« - l)i - A (*» - 1)4 cos •)« - 1 A (** - l)t sin w}*]* 

Sir 

°'(1-2A*+A«)4 ’ 

and when A-»0, this expresaion has to tend to Sw Pt (y) by S I6'23. Expanding in powers 
of A and equating oneffiaenta, we get 

r <«(-♦))>. 

*» } -• {y+{y«- 1 )* cos 

Now P,{m) is a polvnomial of degree s in oosw, and can consequently be expressed in 

« 

the form )do+ > ^nOOBsui, where the oooffieienta d„ d,, ... d. are independent of « ; 
to determine them, we nae Founer'e rule (§ 8’IS), and we get 
d«- * j'_^ P„ (i) oos ta« *• 

1 {• r f* {* + (jr*-l)*008(w-*)|-OOBSI«. j 

••sr.j-.Li-e {y+(y.:i)4ooa«).*. 

1 /■' r /■* {*+(a*-l}4ooo(w-^)}»oooeM. . n .. 

- iji j Li 

_ 1 f* f f’ 

{y+(y.-i)4ooo^}-+* J 

on changing Uie order of integration, writing and changing the limits for ifr 

from ±w-^to ±*. 
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N<m j tinM ths iotagtiad ii aa odd ftinoUon; 

and ai^ bj g lS-61, 

A m *• 

• »(»+•) I y ooo^)»+‘ 

’Diaralbre^ when aqt a^ | < 

iP,(*)-/^.(*)-P.<«'j+8_^5 (-r|^^!/V*(*) /•.-(*') ooaau.. 

But tbu ia a mens algebraical identity ias,^ and coa • (ainoe it ia a poaitiTe integer) 
and ao ia trae indepandendy of the eign of 
The reauH atated baa therefore been proved. 

The eorreepottding theorem with Feirere’ definition ia 

i»,{»sr'+(l -a»)l (1 -a")* coe -}-/*.(*) P, W+S J, »• 


U*tl. TAe adHtim titenin for the Logtndr* fimetion*. 

Let a, y be two oonsteata, real or oomplex, wboea argumenta are numerically leas than 
and let (a jh 1)^, be given their principal valnm ; let at be real and let 

a-ae' - (a» - 1)4 (jri - 1)* coa at. 

TKm voohaUAuo that, if | aig a | < |ir />r off vofiiM of tha roal oanaUt at, and n ia 
*o( a pooitive uUogtr, 

Let ooah a, ooahe' be the aami-mi^or axec of the ellipaea with foci ±1 paaaing through 
a, y reapeetivdy. Ijot X B' he the eooentric anglea of a, y on thaae ellipaea ao that 
-Jir<B<Jw, <ir 

Let a+^i>£, a'+ifi ao that a— ooahf, y—eoah 
Now aa at paaaea through all real valuea, R (a) nacillatea between 

R (aaO ±B (*>-1)* (y*- l)4-coeb («±«') ooo (B±j9'}, 


ao that ti it noeouary titU 0±Sf b» awata angla pooitive or nogatiro. 

Now take Sehliifli’a integral 

_ , , I /■<>+■»+) (P- IP j 

and write 


^_^ a**{a~*"einhgoeeh|f— ooabf ainhtf}d-eeah f ooehtf — a**ainh{a in h}f 
ouah (f -t-a** ainb 

The path of (, aa ^ in e rea n ee from -v to w, may be abewn to be a circle; and the 
leader will verify tiiat 

( _ 1 _ ?i*’ **~**^oo«h tg-fainhK} (einh djooah|f-e '** oo*h tfaioh^fl 
ooah 4-0** rinh ^ 

j ^ j^^2 {a***~**^aiiih^+coahif } {ooahtf ooehif'-a'*ainh4^ainhif} 
ooah 4-0^ ainb ’ 

I j_,{ *’*<”»btf 4 -ai nbif} {a**ainh^einb*if 4e~**ainhfcoeh*j|f -ooahfainhf ) 

ooah If +e** ainb If* 
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15 - 71 , 15 - 8 ] 


KdM* |ca«h||'|>|nob}f |,th« aifiomant of tfaedenomioatam do«8 not change when 
^ inereaws bjr Sw ; for aimilar teaaona, tiie arguments of the forat and third nmnentoia 
inoreasn hgr 8w, and the argument of the second does not change ; therefore the oitole 
contains the poinfs («1, l—i, and not - 1, so it is a poaaihle contour. 

Idling these substitutions it la readily found that 


p.(*y 


■hii 


{«+(**- 1)* cos (■ - ^)}» 




{^+(»'-l)*ooo*)-+‘ 

and the rest cf the woric follows the course of jj 15‘7 except that the general form of 
Fourier’s theorem has to he employed. 


SxampU. Shew that, if a be a poaitiTe integer, 

5 §,••(») P.-«(»')ooem.a 

Mual 

when » is real, it (s') > 0, and |(r'-l)(jr+l)|<|(x-l)(e'-fl)|. 

(Heine, Kugelftaiitionmi K. Neumann, Leijmger Aih. 1886.) 


16 *& TAe/tmcAont C,'(<). 

A function connected with the aaaooiated Legendre«function P^(p) is the fonction 
Cn* (i), which for integral values of m is defined to be the coefficient of A* in the expansion 
of (1 - ilAs-f A*)-' in ascendi n g poweie of k. 

It IS easily seen that C.' (r) satiafiee the diflhreotial equation 


(8»+l)s df «(»+8>) 
f-l dt *»-l ' 


For all values of n and v, it may be shewn that we can define a function, satisfying 
this equation, by a contour integral of tiie form 

^ ^ Jc (»-*)•+■ ^ 

where <7 u the oontour of $ Ifi'S ; this corresponds to Schlafli’s integral 
The reader will easily prove the following results 

(I) When a IS an integer 

• al(8a+a»-l)(aa+8r-S)...(a+8»)^ ' *•'' '• 

since i’i,(s)a>Cs^(a), Rodrigues' formula is a particular case of this result. 

(II) When r is an integer. 








's-r'*' (ar-l)(ar-3)...3.1 

whence 

The last equation gives the connexion between the fonotions (a) and /»,•■(*). 


\ (a* ~I) ^ n 

s-r (Sr - f) (fr - i) ... 3 . 1 


* This followa from the tact that cos /S' >0. 

t This tnnetioa has besn studied hr Oegubansr, lF<sasr8itsaarstsr<clUMdix.(W4),pp.43d- 
44t; IXXV.(187D.PII. 881-886; xovtt. (188^, p{ 868-814; on. (1888), p. 841 



330 


TBR TBAHROBNOENTAl. XTriTCTIOVB 


[OHAl>. XT 


(III) MnrtHWiatWiiixil the iwwnTBnee-ftainn}«e fair i*,(i)«i«1ii»fcll<»wiDg: 

(*). »c,»(*)-(«-i+8i.) (») -fa (1 -»«) (I). 
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MiSCKUANEODS KXAHPUnf. 

1. Prove that when * ia a poaitive integer, 

W-? id -.)e+( -).(1 +.)»}. 

(Math. Trip. 1898.) 

a Prove that p 

is lete untaea m— «» ±1, and determine ite valne in tbeae oaaea. 

(Math. Trip. 1896.) 

& Shew (b; induotion or otherwiae) that when «i ia a poaitive integer, 

(9I.+1) ri',>(a)<i.-l-aXe-fa(/V»+/>^+.„+t»..,)+9(F,F,+P,/>,+...+i>,_,PJ. 
* (Math. Trip 1899.) 

A Shew that 

aP,’ (a)-*P’.(a)+(Sa-3) P'_,(a)+(*i.-7) P.., (a)+.... 

(Clare, 1906.) 

6. Shew that 

aFP."(a)-a(»-.l)P,(a)+ * (9*-4r+l)ir(t*-fa+l)-S)P,_*.(a), 

T*I 

triiate p>|a or ) (m-I). (Math. Trip. 1904.) 


* Batgie atedjing the Legendre tnsoties Pa(r) ia thia traatiaa, the leader ahoaU eonaalt 
Hohaon'a mamoit, aa aoma of Bafaie'a woiA ia ineenaet. 

t The tnaeHona involvad ia etaaiplaa I»80 are Lagendra pdljitaamiata. 
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3S1 


(Tnn. ColL DdUid.) 


6 Shew that tlie Ijegendn polynomial aatiaSea the relation 

(••-1)’^-" (*-»)(•+»)<"+*) /** /’-P.W*- 

7. Shew that 

/, ^*^'•-*^*^*“^-1) (^+1)\8b+3) • 

(Peterhonae, ISOS ) 

8 Shear that the Taluaa of ^ (1 (a) /','(<)<{> are aa fidlowB: 

(ij[ 8n (b+ 1) when m - it la poeitive and even, 

(ii) - 2»(«*— 1)(»— 8)/(S«+l) when 

(ill) 0 for other raluea of m and « (Peteihooae, 1807.) 

9 Shew that 

»• 


a]n*dP,(aind)= 8 

r»9 * 


COB' dP, (coed). 


(Uath.Tnp 1907.) 

10 Shew, by evaluating f P. (cob ^<id(§ 16 1 example 8), and then integratuig 

/ I n g /«— 8)1* 

P,(p)aroainp d/tiB aero when «ia even and la equal to r — (n+i) J 

(Clan, 1908.) 


when n la odd. 

II. If m and a be positive mtegen, and m shew by induction that 


r--« 


/8a+2m — 4r+l\ „ 

VsSTta^'+i; p.t— ► V). 


_i 3.8. ^»-i) 
n ' 


where 

(Adams, free Rofol Soo. xxvn ) 

12 By expanding in asoending powers u shew that 

where a* is to be replaced by (1 -P) after the difoeotiatian has been performed. 

13. Shew that P.(*) can he expressed aa a oonatant multiple of a determinant in 
which all elements parallel to the auxiliary diagonal an equal (i.e. all elements an equal 
for which the sum of the row-index and oolumn-index is tiie same) ; the determinant 
containing n rows, and its dements being 


1 


S»-l 


(Heun, QM. IfaeU. 1861.) 

14 Shew that, if the path of integntion paasea above <»1, 

U. By writing eotd'arootd-Acasaad and expanding rin d'in powntsof Aby Idiot's 
theorem, shew that 


P.(ooad)> 


(Jfath. IripL 1868 .) 
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16. Bj oomndoriag 2 (t), ahev that 

(QUiiher, Proe. London. Math, See. vl) 

17. The equation of a neailf ipberical aui&oe of reTolution ia 

r- 1 + a {Pi (ooa «)+ P, (ooa •)+...+ Pte - 1 (oo* •)}! 

when • is small; shew that if at be neglsciad the ladins of ourvature of the mendian is 

l+o*a {ii(4m+3)-(m.fl)(8m+3))Pa>.i(ooad). 

(Math. Trip. 18M.) 

18. The equation of a nearly sphericM iiui^me of resolution is 

rma{l +.Ps (OOB d)}, 

where < ia small. 

Shew that if be oagleoted, its ana u 

|l +!•» *} . (Tnmty, 18B4) 

19. Shew that, if it u an uteger and 

(l-Sfa+A^-t*- i a.P,(*), 

•■*0 

then 

0:9... (i-S) i* ** ** y ’ . 

where x and jr are to be replaoed by unity after the differentiations have been performed. 

(Ekmth, Proe. London Math. Soe. XKVi.) 

SO. Shew that 

~ {P. (*) P.-i W- P-i W P. (»)} 1, 

i. sVi 

31. list r*, i.>pr, the numben involved being real, so that -l<p<l. 

Shew that 

where r is to be treated as a function of the independent variables a, y, s in performing 
the diffiwentiatioaa. 

SS. With the notation at the praoeding example (<£ p. 319, footnote *), shew that 




SI. Shew that, ifjA| and |x| ore sufSeiently small, 
l-*» 


(l-SAr+A>)* 


- 3 (S»+l)A*P.(f). 
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24. Prove thet 

(Math Tnp 1894) 

28 If the arbitrary function / («) can be expanded lu the senee 
/(*)= 2 a. /■.(*), 

converging unifbnuly m a domain which includce the point 1, shew that the expansion 
of the mtegral of this Amotion is 

/;/(,)d.-C-l«.+^2^(^^j-^^-')7>.(x) (Bauer) 


26 Detennine the coefficients in Xenmann’s expansion of e^ in a senes of Legendre 
polynomials (Bauer, Joumatfiur MatA LVi ) 


27 Deduce from example 25 that 

(OftUl&n ) 

:!8 Shew thAt 

«.(*)-=* log i*,(*)-{/>i^,(r)f'e(r)+j /'.-•(») f^i (x) 

+ 3i’.-x«/’r(x;+. +^/>.(/)i»._,(x)[ 
(Schlafli , nermite, Tbuteuw J de Sd. Math. VI. (18B4X pp 61-84 ) 

29 Shew that 

Prove also that (x)=i P. (x) log ^ J (xX 


where* 


*.+(i.- D? (4-') + (*.- 1-^) 

. , 1 lxn(a-l)li.-2)(ii+l)(a+2)(n+3) /X-IV, | 

+ V*~‘'2~3j 1*2>8« 


where ia“l + ^ + 5 +... + ^. 


(Hath Tnp. 1898 ) 


30 Shew that the oomplete solution of Legendre’s differential equation m 

the path of integration bdng the straight line which when produced baokwards passes 
thn>u(^ the point (~0. 


* Tbs flrst of these expressions br Ai.|<s) was given by Obristofld, Jommalflbr Math. av. 
(1858), p. 68, sad he also gives (ntd.p. 73) a genaialitatioa of example 28, the aeeond was given 
by Stidtjea, Cenw^. d'Hxnnttx at dt SHtU/tt, n. p. 68. 
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31. ShawUukt 


^ a(a— t 


m t r(»»-a+l) 


(SdiUOL) 


8S. Shew that, when £(«H-1)>0, 

/ * 

I* (1-8**+**)* 

33. Shew that 

.^>+2) e oabmu ^ 

r(» — m + l)Jt l)icoBh «}•** 

where the real part of (a+1) ia greatw than m. (Hohaon.) 

34. Obtain the expanaion of P.{*) when |aTg*| <ir aa a eeriaa of poaren of 1/*, when 
a ia not an integer, namely 

MOHri) /t-a a . „ i\ 

r(a+i)r(j) V a* ♦ ’ »*,/ 

. 8-*-‘r(-a-4) a+1 1\ 

frhia ia moat aaaily obtained 1^ the method of $ I4'61.] 

35. Shew that the diflerentul equatiim for the aadooiated Legendre function P," (*} 
la defined by the achemea* 



0 

« 1 


0 

9 

1 \ 

p- 

-*• 

a. -in ‘+(^-1); 

*-(*•-1)* 

. -P 


jm 



iia+4 

-m ^+i 


Lia+t -im 

i 


(Olbricht.) 

36. Shew that the diftrential equation for O'/ (*) la defined by the aobeme 


f -1 * 1 

B + Sr }-F * . 

I 0 -a 0 . 


37. Prove that, if 

« (»« + f)(fo»+3).(»»+8»-l) 


'• B(a*-l)(a*-4)...{ii«-{*-l)*>(a+*)'*^ 

8(8a+l ) - 8a+3 „ 

«._P »(«»+») » . 3(8a+5) „ (8a+3)(aa+5) „ 

** ft,_i ■^•+1+ ft,_8 "(g»_ 1) (aa-3) •-*’ 

and find the (enanl fommla. (Math. Trip. 1896.) 

* 8a* alao| IPfi aaaaide. 



UBOENDBA FUNCTIONS 


36. Shaw that 

* r(«+t»+l) r co»{(»+i)6-i«'+tmir} , l *-4m» oo«{(n+B6-t<r+tiiw) 
“ ‘ r(*+|) L (Sun 6)* 2(SiH-3) (Sain 6)* 

(l«-4m«)(3«-4m«) oo« {(«+«) 6 - jir + tw,) . T 
■^2.4.(*«+"3){8»+6) (Sirintf)* J’ 

obtaioing the ranges of vsliua df si, « end 6 ibr which it is valid. 

(Math. Trip. 1901.) 

39. Shew that the values of n, for whiofai\~** (DOS d)vaiiiahes, decrease as dmoraasea 
ftom 0 to w when « is positive ; and that the number of real aeros of i>,-w(aos S) for 
values of d between - s' and w is the greatest infoger leas than s-si+l. 

(Macdonald, Pnc. Utndm Math. Soe. xzzi, xzxiv.) 

4a Obtain the formula 

i I* [l-24{aoswoos^+ainwain^oas(d'-d))+4>]~4(fo— z A'P. (ooe ■) i*. (ooe S). 

2r J — w sbo 

(Legendre.) 

41. It /(»)■•*• (*>0) and/(r)=— «>(«<0), shew that, if /(x) can be expanded 
into a imifoiml; convergent aeries of Legendre polynomials in the range (-1, l\ the 
expansion is 

/(a)-|i».(r)- Z e/ \ (». 

(Trinity, 1893.) 

(T-2**+*«)' *■ 


42. If 
shew that 


43. If 


<7/ (xxi-(x*- l)i(x,*-l)4ooe^} 

r(9r-l ) • . 4 * r (»-X + 1) (r (vf X)}» (2>+9X - 1) 

(r (•-))’ r(*+2,+x) 

X (x»- l)**(x,»- !)»* tr+J (X) (*,) 6’;-*(ooe# 

(Gegenbauer, ffwser Silmn^AarMU, on. (1893), p. 942.) 

<r« (*)-/^ {<•- 3<»+ 1) - * 

when «| is the least root of <*— 3((4-l~0, shew that 

(2»+l)x.*,-3(9»-l)w,_,+2(»-l)sr,.,-(X 

and 

4 (4i»- l)r,"4 144He'." -»(18»*-94n-991) a,’-{n-S) (2s-7) f9«+B) r.»0, 
when ^" -1 ^ta 

(Pinoherle, SmMxmti Linen (4), vn. (1861), p. 74.) 
(¥-3*e+l)-*- Z *.(»)*•, 


44. If 
shew that 

and 


2 (n+l) il.*, - 3(2ii+l)»«,+(9n- l)H_,-0, 
*^ + — ails* 


4(4k»-l)II,"+98ifi!;''-f(19n«+94n-91)it,-n(2»+8)(2»+9)I!;*0l 

Jl;-’-?^,etc. 

(Pincharle, Mtm. lit. BUigna (6), l (1889), p. 337.) 


where 
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46. If 

obtoin the teoarteDoe-lhnnole 

(»+l)(2»- A,_, (x)+(«- I)(2«+l) 

(Behendel, Journal JUr Math, ucsz.) 

46. If n IS not negstiTe sad st is a positiTa integer, ahev that the equation 

(x*-l) ^+(S»+a)x^-s»(«s+2«+l)y 

has tile tiro solutions 

ir *•. z*. {*)-(*•- ^-<‘5 *> 

when X is not a real number sudh that — 1 (x(l. 

47. Prove that 

{i-*x-(i-a*x+*^*}-«(x.-jr \ ^ 


48. If 


shew tiiat 


w! ’ 

where Pa<x, o) is a polynomial of degree a in x ; and deduce that 
A*i (*i o)-(x+a)/>,(x, o)+x^P,(x, a). 

49. If P*. (x) be the ooefBcient of r* in the expansitm of 

in aaosnding powers of s, so that 

P',(x) = l, P'i<x)-x, P’,(x)=®*’|^-’,etc., 

shew that 


rClare, 1901.) 


(Trinity, 190S.) 


(1) P's (x) is a homogeneous polynomial of degree n in a and k, 

(8) («>!), 

(») P^F,(a)<lx-0 (a>l), 


(4) If g—a^Ft (x)+atPi(x)-«-o,P't(x)-t-..., where oo, «i, 0 |, ... are real oonstanta, 
then the mmn value of ^ m the interval from xm > A to +h is Or- (Uaat4.) 

60. If P.(x) be defined as in the preeediDg. 4 ^mmple, sbisw that, when -A<x<A, 
P's. (»)-(-)•* ^ (oos i ooB i ooa ^+...^ , 

Pse+i (*)-(- )“ * ^srri (“» ” ““ X ““^+ •••) • 

(AppeU.) 



CHAPTER XVI 


THK CONFLUENT HYPEBQBOMETEIC FUNCTION 


16'L The emjluenct of two tingvlariiiet of Riemaon't oqmtion. 

We have seen (§ 10*8) that ‘he linear differential equation with two 
regular aingnlaritiea only can be int^^iated in terms of elementary functions; 
while the solution of the linear differential equation with three regular 
singularities is substantially the topic of Chapter xiv. As the next type 
in order of complexity, we shall consider a modified form of the differential 
equation which is obtained from Riemann’s equation by the confluence of 
two of the singularitieB. This confluence gives an equation with an irregular 
singularity (corresponding to the confluent singularities of Riemann’s equation) 
and a regular sing^ularity corresponding to the third singularity of Biemaim’s 
equation. 


The confluent equation is obtained by making c 
defined by the scheme 


0 CO c 


Pi 



—e e—k f 
0 k 


00 in the equation 


The equation in question is readily found to be 


d*» , du 
dtfl d$ 




0 


(A). 


We modify this equation by writing u~s~**>rt,M(s) and obtain as tire 
equation* for 

(B). 

The reader will verify that the singularities of this equation are at 
0 apd « , the former bei^ regular and the latter irregular; and when 
is iut on iiUegtr, two integrals of equation (B) which are regular near 0 and 
valid for all finite values of t are given by the series 





i + m—k 
ll(2iit+l) 


*+ 


2I(8m+l)(a» + 2) ^ 



This aqsatlaa wu (Itmi bj Vndttalwt, BsUcHs Amtrican MWk. Hoc. x. (1M4). (p. US-lSi. 
W.ILA. 32 
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These series obviously form a fundamental system 6t solutions. 


s*+ 



[Nom Series of the type in { } have been uonsidered by Eommer^aDd more recently 
by Jocofasthalt and Baines} ; the special series in which £^0 bad been investigated by 
Lagrange in 1763-1705 (Omvrea L p. 480). In the notation of Knmmsr, modified by 
Barnes, they would be written i/jliAst-i; ±2m+l; <}; the reason for diaouasing 

solutiona of equation (B) rather than those the equation (a— of 

which iFt (s ; p; i) la a solution, is the greater appeamnoe of symmetiy in the formulae, 
together with a simplicity in the equatione giving various fiinctions of Applied Maths- 
matioe (see § Id'S) in terms of sidntions of equation (B).] 


1611 . Kuhumt’s formulae. 

(I) We shall now shew that, if Sm is not a negative integer, then 

' 4 -*— lf*,,(a)-(-r)-*— 

that is to say, 

c-r[l ■■ i + ^ ■ a + m-^XHwt- A) ) 

( ^ll(2w-hl) *! (2m -hi) (2m + 2) 

=.1 i + m + h . . (^•i-»H-t)(t + «t + ^) ^ 

1 1 (2». + 1) 2 i(2m -i- i) (2m + 2) *“-• 

For, replacing e~* by its expansion in powers of a, the coefficient of a* in 
the {Koduct of absolutely convergent series on the left is 

(— )^ „/l , . o . . (— V* r (2m -I- 1) r (m -b 4 -f i -b n) 

by § 14'11, and this is the coefficient of s* on the right§; we have thus 
obtained the required result. 

This will be called Kummer'e first formula. 


(11) The equation 

lf^«(a)*a* 2v.p!(m-i-i)(^'2)“^-bp)}’ 

valid when 2m is not a negative integer, vqill be called KwmmoFs eeeond 
formula. 

To prove it we observe that the ooeffidant of ("-bwib jn tbs product 
**-'fa~*»i£i(si-bJ; Sst+l; a), 


* Jimnaljar Matt. xv. (1886), p. 188. 
t Uetk. 4nn. lvi. (IWB), pp. 198-184. 

X Tram. Osai». Phil. Sot. as. fttOS), pp. StS-RBl 

I Tbs lasnlt is atill true whan si-rl-t-t is a nagalive intaiar, by • wod W ea Moa of tbs 
aaalytisaflU'U. 
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of wUcb the woond and thiid flieton poaaesa absolutely conveigent expansiam, is (§ 3*73) 


n t (Sm+ 1) (8ai+S) ... (Sm+a) 


f(-n, — n+J-iaj i) 


“« 1 (tm-i-l) (9st4-8) ... (2«-|-a) 






1 ). 


by Kummer’s relatian* 

/'(Ss.^d; «+/»+*: o+jS+i; 4r(l-»)}, 

valid w1ien0<s;<i; and so the ooefSeient of (by § is 

a + w) (} +««) ... (a - ««-f t ) r( -n+i-m)rH ) 

n! (Sir+1)'(Ss>+ 3)... (Sm+n) r (f - m - i«) r (4 - J») 

_ r(4-m)r(i) 

«! (S«+l){8m+2)... (Sm+n) r(4-m- 

and when n is odd this vanishes ; for even values of n {•‘Sp) it is 

. r(4-.)(-|K-4)...(i-f) 

8^1 1 9 * (»+i) ( si + 4 ) ... (m+ji- 4 ) (m+l) (m+S) ... (m+p) T (J-m ~p) 

l.S...(3p-l) I 

“^! a»(iB + l)(m+S)...(m+f)”8*'./>! (m+1) (m + 2)... (m+;))‘ 


16 ' 12 . Definitionf of the fimction (t). 

The solutions of equation (B) of § 161 are not, however, the 

most convenient to take as the standard solutions, on account of the 
disappearance of one of them when 2 ir is an integer. 

The integral obtained by confluence from that of § 14’6, when multiplied 
by a constant multiple of s^', is^ 

It is supposed that atg s has its principal value and that the contour is so 
chosen that the point — s is outside it. The integ^rand is rendered one- 
valued by taking | aig (— f) | < w and taking that value of aig (1 •(- t/s) which 
tends to zero as f -» 0 ^ a path lying inside the contour. 

Under these otrcnmslanoes it follows from § 5‘32 that, the integral is an 
analytic fimction of s. To shew that it satisfies equation (B), write 

* Sst Oh^pSer nv, sisiaphs U sod U, p. 896. 

t Xht AmstioB ir|,M(i)wasdrtBadb7nnsii* of la iatagral in this inaaan by Whittalwr, 
1m. dtp. 111. 

t amltsMscenlonrbastsinsbnsMsndtlwvsiiiUeiofilt’liiplassdby-t 

22—2 
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■ad we have without difficulty* 

,\dv . i-in«+A;(Jk-l) _ 

- 0 . 

since the erpressiou in { ] tends to zero os <-*-+ oe ; and this is the condition 
that e~^z*« should sati^ (B). 

Accordingly the function defined the integral 

r(it i- «) 

is a solution of the differential equation (B). 

The formula for Wk.m (<) hecomes nugatory when ib — § — m is a nogative 
integer. To overcome this difficulty, we observe that whenever 

and I; — «i if not an integer, we may tronsfonn the contour integral into 
an infinite integral, after the manner of § 13-22 ; and so, when 


(*) ■ 


r**f* 




'r(J-A: + OT)J 

This formula suffices to define If »,»(<) in the critical eases when 
m + 1 - h is a positive integer, and so lft,n (*> is defined for all values of 
k and in and all values of e except negative real valueef* 

Acn m pta Solve the equation 

d*u / ,b,e\ „ 

in terms of limctioiia of the t^pe ffa* (*)> wheie ^ o are any 


16-2. Etepneeton o/ variove /unetione bgfeeetwne (/thetfpe Wt,^is). 

It has been ehewn| that various functions employed in Apptieil Xothe* 
matics are expressible by means of the function ITs,. (s) ; the foOowing are a 
few examples ; 


* TbeOiCeieiiUatioBiaDdatewneaof iiit<giatioaiMls|itfawttl9|*UtettMltly. 

t fn»n f IS nal and ueeatm. may ba ddasA to bs sIllHt r,*(»+0() « 

ir|,M(f-0(), wUdisver Is macs sonTsulaat. 

X Wbithte', Butblia Ameriten UatK See. a.; tUs sagw a smm sasnMs sswosl 

ihaa u ghta ben. 
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(I) Tk» Error fiaietim* whieh ooenn in connexion with the thewiea of 
Probebility, Enron of Observation, Befraction and Ckniduction of Heat is 
defined by the equation 

where » is real. 

Writing and then «•■•/* in the integral for W.j 

we get 

— 2«*e"***| 

— I 

and 80 the error fiinction is given by the formula 

Erfc (*) — j * ~ 4 e " *** W _ j («•). 

Other int^irals whioh occur in connexion with the theory of Conduction 
of Heat, eg. j e~ ‘*~**/‘' dt, can be expressed in terms of error functions, and 
so in terms of Wj,. fnnctiotui 

SmnpU. Shew that the formula for the error function is true for complex values of s. 

(II) The Incomplete Oomma /ttncftoB, studied by Legendre and othetsfi 
is defined by the equation 

By writing (ks — « in the integral for ('’’)> reader will 

verify that 

7 (a, «)- r(n) - .K-De-i* Wj j. (*). 

(HI) The Logarithmiodnlepral /vaetion, which has been discussed by 
Euler and others^ is defined, when | aig (— log x} | < w, by the equation 




* This name la also appUad to the tanatioa 

t Itasmata^Eeansieet, i.p.aW; Bale«ar,2<i(erhr(lt>nrjraa. tout Paye. xxl (UTS), p. 449; 
S e hlBin i leh , £*U$duitt/llr JfalJk. md nye. xvt. (ISTI), p. Ml ; Piym, Joernet/ar Umh. ucnn. 
(1977), p. 16& 

t Enter, but. Celt. Xnt. x.; Soldner, KatuUielu Oumpoeimu, von Eaidt (1611), p. 1S9; 
EHtftoeekael mtUehm Oemt wad Bmtl (1880), pp. 114-lW: Bessel, taai$ib€rirr dnhSa, l (1819), 
pp. 869-408; Iia«nane, BnIfaEn dt Is 8ae.Mta.di Fnaue, vn. (1879), p. 79; Btfoitjea, den. 4e 
i'Jteair nam. sep. (8), m. (1868). ThatopaiithialeJslasmllssttlsnisofeouiilsmUsImpqrteaee 
lathe Uttar parts nfthaThaoiyet Mato Eomben. Sss Landsn, IVlaecUea, p U. 
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[chap. XVI 

On writing s - log « » u and then u » — log ( in the integral for 

W'-i.oC-log*). 

it may be verified that 

li (i) - - log *)"MTr_ j 0 (- 'og *)• 

It will appear later that Weber's Parabolic Cylinder functions (§ 16'5) and 
Bessel's Circular Cylinder functions (Chapter xvii) aro particular cases of the 
function. Other functions oMike nature are given in the Miscellaneous 
Elxamples at the end of this chapter. 

[Nora. The error function has been tabulated by Encke, Strliner cut. Jahrbwk, 1834, 
pp. S48-304,snd Burgess, IVaiw. Boy. Soe. Edtn. xsxu. (1800), p. 357. The loganthmic- 
integral function has been tabulated by Bessel and by Soldner. Jahnke und Einde, 
Funitionentafrln (Leipzig, 1909), and Olaisher, Factor TaUtt (London, 1883), should also 
be consulted.] 


18'3. Tke asymptotic eapanaion of Wa,,. (a), when | a | it large. 

From the contour integral by which TTt,., (a) was defined, it is possible 
to obtain an asymptotic expansion for Wt,m (s) valid when | arga | < tt. 

For this purpose, we employ the result given in Chap, v, example 6, that 


where 




Substitaring tbis in the formula of § 16'12,and integrating term-by-term, 
it follows from the result of § 12'22 that 


nla" 


provided that n be taken so large that Jt — lk—j + mj>(l 
Now, if I arg a { « w - a and ! a | > 1, then 

i<ia+«/*)i<i+* B(*»oi 

1(1 -b f/a) I > sin « B (a) < 0) ’ 


and BO* 


X(X-l)...(>.-a) 


nl 




* »isaigpoasdt|islXisnsI;thsiaaiaaUtyhMtobsdV>ilyiaddiesdlar««aiplaxnliMS«f]L 
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Therefore 
!«»(<.*) I 

< 1(1 + (pi(oosec «)!*' I (f/#) |»« (1 + O'*' (« + 1)-'. 

since 1 4- u < 1 •<- 1. 

Therefore, when j * j > 1, 

-o||V*+*+"+"(l + 1*1 

-0 («-»-•>, 

since the integral converges The constant implied in the b^mhol 0 is 
independent of arg z, but depends on a, and tends to infinity as a— *0. 

2^at M to aay, th^ asymptotic expansion of given by tite formula 

for large values of\s \ when | arg e | < w — a < ir. 


16‘S1. The second solution of the equation for Wan (<)■ 

The differential equation (B) of § 16*1 satisfiied by ira«>(*) >s unaltered if 
the signs of z and k are changed throughout. 

Hence, if | arg (— r) | < w, Ws, (— z) is a solution of the equation. 

Since, when | arg e | < w, 

whereas, when ) aig ( -*le) | < w, 

(-*)-*»* (-*)-* (1 + 0 (*- ^)). 

the latio Tfft,M(<)/^-k.«i(-c) cannot be a* constant, and bo and 

form a fundamental system of solutions of the dififerential 

equation. 


lO*!. Oontmr integrals of the MeHin-Bames type for IKt,ai (s) 
Consider now 


ft 1 

where )atgs|<| w, and neither of the nombete h ± m uapoaitive mt^^ 
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or zero* ; the contour has loops if necessary so that the poles of T{$) sad 
thoee of r - i - « T ^-s-i+ m +5^ are <m opposite sides of it 
It is easily verified, by § 13 ‘fi, that, as t—*ao on the contour, 

and so the integral represents a function of t which is analytic at all pointsf 
8 8 

in the domain | aigs | eL< 

Now choose JIT so that the poles of »— A— m + P s— A+«+ 

are on the right of the line i 2 («)>■— JIT— and consider the integral taken 

round the rectangle whose comers are —N—j ± ft, where fis positive! 
and large. 

The reader will verify that, when |aTga|<|w — a, the integrals 
r-N-i-t* 

■'(i 

tend to zero as {>■»« , and so, by Cauchy’s theorem, 

ihn J... r(-<fe-f«+i)r(-ifc+«i+*) 

U-o 

1 /-y-i+«« r(s)r(-s-k-m+i)r(-s-i-hwn-i) ^^.i 

iirtJ r(—i—m + i)r(—t + tn+‘i) }' 

where A. is the residue of the integrand at « — — n. 

Write — N— j + B, and the modulus of the last integrand is 

|z|-^' *0{«— 

where the constant implied in the qrmbol 0 is independent of a. 

Since j 1 1 converges, we find tiiat 

I * s - *'z* + 0 (I s I . 

* lnthaH«aiMth«MriMo({U-t tenalnatw lad « (■) is a aonbiaatiM fli dsauntaigr 
toaatioaa. 

t Thsiaissialisi«adevBdoiis.«thMdwheB Ji(^<Obj'qitcitriiissits. 
t Tht Uiw jaiaing «!• mar bam loops to avoid paisa of tha iatiSiand as sxiaaliwd aboTS. 
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16 * 4 ] 


Bat, oa caloakting the Tesidue JZ», we get 

JL r(n-fc-in+t)r(n-t4-w + i) , ^ 

_ ... {m>-(k-n + m 

_y_ ^ 

and 80 1 ha* th* tan* atjftnptoHe escpamton a* Wt,m (■*)• 

Farther 1 satiafiea the diffeihntiai equation for Wt, «,(«); for, on 
sabstitating J ^r(*)r^— « — i — w + « — fc + m + 5 ^**(i» for v in 
the expreaaion (giren iq § 16'1S) 

S + ***£ + (*-”•- 5 ) (* + «- s) ”-*•£ - 

we get 

^ r(8 + l)r^— *-fc— m + r^— 8 — jfc + ia + 

■(/", - 0 ''» 5 ) 

Since there are no poles of the last integrand between the contouta, and 
since the integrand tends to zero as | « | —» « , s being between the contonie, 
the expression under consideration vaaishea, by Cauchy’s theorem ; and so 
I satisfies the equation for 

Therefore /-dTri.,(z) + BF^,(-*). 

where d and B ore Constanta Making |r|->go when A (s) >0 we see, from 
the asymptotic expansions obtained for / and 

d-1, B-0. 


Accordingly, by the theory of analytic continuation, the equality 

persists fat all values of s such that |■u;gs|<w; and, for values* of atgs 
such that w<| atgs|< |ir, iraii>(t) >nay be dtfimed to be the expression I. 
JBaamfhX. Shew that 


taken along a auitaUe ccmtoor. 


* It wonU ban bean poaaBtts, hr modd^nf tb* potb of Inbaiatimi tn | lt*t, to bow Sheao 
that that intOBial sooU bo wads to dodoo on oaaljrtio taaotioa whoa |ats«|<|r. Bat tbs 
readar will iso that it Is anaoooaiaiy to do 00, os Bam^ iatotnl afloido a liwflor dedaitkn 
of tbo ftmetion. 
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Sxampla 2. Obtain Banes’ integral for by writing 

for in the integral of 16'18 and changing the order of integration. 

16*41. Jielatwns between Wi^„ (t) and Mt, (t). 

If we take the expression 

which occurs in Barnes’ integral for Wt,,K(e), and write it in the form 

^Je) 

r(« + ifc + OT + i) r (« + jfc — m + J) cos (» + k + w) w cos (« + k - w) w ’ 
we see, by § 13*6, thwt, when R (*) > 0, we have, as 1 * [ -♦ » , 

F(s)<=0 l^exp — i — log* + »|j 8ec(s + 1: + w)ir8ec(» + 1* - »»)». 

Hence, if {argx|<|w, jF(s)e‘d», taken round a semicircle on the 

right of the imaginary axis, tends to zero as the radius of the semicircle 
tends to infinity, provided the lower bound of the distance of the scmi- 
mrcle from the poles of the integrand is positive (not zero). 

«*■♦*/* ('‘'S’) 

Therefore Fz,,(s)~- 

where SR' denotes the sum of the residues of F(s) at its poles on the 
right of the contour (cf. $ 14*6) which occurs is equation (C) of § 16*4. 
Evaluating these residues we find without difficulty that, when 

and 2m is not an integer*, 

IV (k) r (— 2w) jy , . r (2ro) jy , . 

W r (i - m - k) •®*’" f(i + m - k) '"*• ^ 

UtanifiU 1. Shew that, when {aig(-t){<|* and Sir is not an integer, 




r(-SiR) 


f-*,» ( - *)**-p-(j:jr»+i) F-fc-m ( - »). 


(Bamest.) 

Ssamplet. When -i«<atgs<)ir and -|w<sTg(-z}<i«', shew that 
Jfv w , f (Sw+l) / <. 


>(4+"+*) 


* When Ssi is an intsgsr some of tiis poles sis geasrally doaUs psiss, ami their issid 
inwAvs lo gs rititm s of s. The leshtt has not been prorsd when k- }ast is a poriilve failegei 
stso, bat may be obtained for soab vsloes of k and m by ooBpariaf the tenalaathig eatlei 
<*) with the aaties for Jf^*. ( m ). 
t Bsxms’ resnlts are givsa in the notation axplained in 1 16 - 1 , 
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BxaMfU 3. Obtain Kwnmet'i fint formula (| 16'11) foom the result 

. J (Barnes.) 

16'6. Ths parabolic cylinder /unelion$. Weber't eqwUion. 

Consider the differential equation satisfied by 

this reduces to i'*’} 

Therefore the function 

satisfies the differential equation 

^^^^ + («+i-je*)2),(s)-0. 5> 

Accordingly D^{t) is one of the fanetiong associated with the parabolic 
cylinder in harmonic analysis* ; the equation satisfied by it will be called 
Weber's equation. 

From § 10'41, it follows that 

n u ) . A N r(-i)2*"^*s-i A 

r(i-in) r(-iw) 

when |arg«l<®ir. 

. * *'* 5> S**|- 

and these are one-valved analytic fiinctions of s throngbont the a>plane. 
Accordingly i>« (f) is a one-valued function of r throughout the s-plane ; and, 

by § 16'4, its aaymptotio expanuon when | arg a | < | w is 




t *s* 


-1) . n(a-l>(n-2)(w>3) 


2.4t* 




16'S1. Xig second golution of Weber’s equation. 

Since Weber’s equation is unaltered if we simultaneondy r^laoe n 
and s by — n — 1 and ±u respectively, it follows that D.^i(it) and 
I> n 1 (— is) are aolutiona of Weber’s equation, as is also 2>a (-> t). 

* Wabst, JMk. .Sm. i. (IMt), pa, 1-M; Wbittakn, Fr«c. Zandm Metk. See, XMXf. (UW), 
pp. 417*417. 
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It ia obvioos from the asymptotic expansions of •D«(s) and 2L»^(s»^X 
valid in the lange — |ir<args< jv, Utat the ratio of these two solutions is 
not a constant. 


16‘51L The relation between the /unetione D, (s), (± is). 

From the themy of linear differential equations, a relatimi of Ihe form 
2), (s) - (is) + bJ)-n-i (- is) 

must hold when the ratio of the functions on the ri^t is not a cmiBtaat. 

To obtain this relation, we observe that if the functions involved be 
expanded in ascending powers of s, the expansions are 


and 


ra)8*" r(-i)2*»-* 

ra-in)^ r(-in) * + 

“1 r(i+>n) + r(*+i») *'+•••; 


+b 


r(i+in) 




f ra)2-»- t 

I r(i+in) 

Comparing the first two terms we get 

a - (2w)-* r<n + 1) s*"", b ■= (2ir)-* r(ii + 1) « 


and so 


!>,(•) - p"" /)-,-.(is) + s- *•" (- is)] . 


16'58. The general aeymptotie expansion of 2).(s). 

So far the asymptotic expansion of for large values of s has only 
been given (§ ]6‘5) in the sector |aigs | < | w. To obtain its form for valued 

of atg s not comprised in this range we write — is for s and — n — 1 for n in 
the formula of the preceding section, and get 

D, (s) - rf*** D. (- s) + 1) " D_,_, (_ i,). 

Now, if|w>aigs> jir,wecan assign to -sand— is arguments between 


Ijw; and arg(-s)<-aigs-w. aig(-is)«iatgs-|w; and then, applying 
the asymptotic expansi<m of $lfi‘5 to 1>*(— s) and D..^(-it), we see that, 
if |ir>aigs>jw, 

2).(s)- s-*^s» {l - “-»> - ...} 

_ V(8«') . (« + l)(n + 2) 

* 1^+ 2? 

. (n + l)(w + 2)(ii+8)(« + 4) . I 



16*511-16*6] TBS OOSVLUBNT HyPEBGBOllBTBIO rCBCnOS S49 

Thn ftnniilft ii not inmoantciit with thit at g M'S rinoe m their oammoD naga of 
rnhditjr, -via gir<Mgf <|«. •1*' le o(r~*‘) for all positive veluet of ei. 

To obtain a iarmula valid in the range - j«'>arg«>— |w, we use the 
formnla 

D. W - •—*!>, (- ^-n-l («), 

and we get an aaymptotio expansion which diffeia from that which has just 
been obtained only in containing e~ *** in place of a*". 

Since 2 )b(s) is (me- valued and one or other ol the expansions obtained 
is valid for all values of arg t in the range — w < arg s < v, the complete 
asymptotic expansion of D« (x) has been obtained. 

16'6. A auUour nttgtal fur 

Caneider A, where |arg(-<)|<w ; it r^pneente a ooe-valued 

analjtie ftmctioii of < throughoat the (-plane (g S'SS) and Anther 

the difhrentiationB under the agn of integration being eaail; jiiatified ; eooordini^jr the 
integral eatiefiee the diSerential equation aatiafied by gl'* />.((). and theroAnn 

( - 1** I***' « - *» - 1«* ( - ()— > <*-oZ). (().p6/)_,_, (wX 

when a and b are oonstante. 

Now, if the expression on the nght be caSed £^{ 1 ), we have 

JS;(0)- y***’#- «<*. dt 

To evaluate these integral^ whioh are analytic functions of n, we s u ppose fiist that 
lf(s;<0; then, deframmg the paths of mtegratioii, we get 

JSa{0)^-3imnln+l)K 

aS~t*i'sios*' e~»s”t*~*(fs 
a.S - 1" > sio (sw) r(— Ja). 

Bimilariy A'W- -Sl~*"<sin(»*}r (g-gii). 

'Both sides of these equations being analytie funetime of s, the eqnatians an true for 
*11 vidnes of a; and thenfon 

bmO, o-i ^^^~^ i~^»ain(itw)r(-tw) 

r (*)»*" 

•>Si’r(-a)diisw. 
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1031 . Btcmrrmoe formulae far Dn{t). 

From the equation 

'’-ral'"”*"*-')'"'}* 

„ , (_ «)— 1 + (_ «)- + (n + 1) (- 0--*} ■ ****. 

after using § 163, ve see that 

i>»+i (*) - *I>» (a) + n-Diw (») “ 0- 

Further, by differentiating the integral of §163, it follows that 

Df (*) + 5 *D» W - ni)*-. (r) - 0. 

SaampU. Obtoin then malts from the uoendmg power aeries of § 16‘fi. 


lO*?. Propertiss of i>« (.e) when nie an integer. 

When a is an integer, we may write the integml of § 163 in the form 

r. ale-*** 

■D«(*) = - 2ni j (-.t)s+**- 

If now we write t • v — s, we get 

a result due to Hermite* 

Also, if m and n be unequal integers, we see from the differential 
equationB that 

Dn (*) 2>«" W - («) (*)+{m-n) D, (*) 2), (s) = 0. 

and so 

(m-n) 2),(*)/).(*)d» = [^D.(»)D,'(*)-.D«(»)^»'(»)][^ 

- 0 , 

by the expansion of § 163 in desoending powers of $ (which terminates 
and is valid for all values of arg« when n is a positive integer). 

^erefore if m and n are unequal positive integen 


j Dm (*) D» (») dr mO. 


CsavtM Rmiiu, vmt. (18M), yp. SSS-nS. 
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On the other hand, when m <■ ti, we have 

on uaing the recurrence formula, integrating by parts and then using the 
recurrence formula again. 

It follows by induction that 

j JD, (*)1* dr - « 1 J ^ {O, (*))• dt 

^nlj e~^dz 

»(2w)*nl, 

by §1214 corollaiy 1 and § 12'2. 

It follows at once that if, for a function /(*), an expansion of the form 

a, D, («) + o. A («)+ — + o»D» (*)+•■ . 

exists, and if it is legitimate to integrate term-by-term between the limits 
— 00 and 00 , then 
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ItfiSCBtLASEOUS EXAMPLES. 
1. Sbew that, if the iutegnl ia oonvugent, then 


r(i+m+i)r(l+*-il) 

S. Sbew that 


lim t+»-A+p! Sm+l; a/p). 

#*»• 


8. Obtain the iwmmnoe Ibraiulae 

*'*, «(*)“•* ’’'*-1, «(*)> 

,(»)-{«•-{*-*« ^»-i. »(*)• 

A Prove that EaaCe) ia tba integral of an elementary ftmetaon when etther of the 
numbers il-i±m is a rtegatire integer. 

6. Shew that, by a ssitaUe change of variables, the equation 

(«i + her) + (<«i +hi x) (fl* + i»x) y — 0 

can be hnugfat to the form 

derive tius equation from the equation for Fia, if e; x) by writing •’•(/b and making 


& Shew that the cosine integral of ScUomilcb and Besn (OtortaUe dt MalmatM*, 
VI.), deSned I7 the equation 

isequalto o(-«)+i*"*e~^'“i'* 

Shew alao that ScUdmihih’a function, defined {ZnUcbrifi fUr Math. %md Phgiik, IT. 
(1869), p. 390) by the equationa 

«<».*)- /" 

IS equal to ^ ^ at* (*). 


7. Expteae in terma of IPaa>Au>6tsans the two functions 

8l(»).ij''“‘dl, E(*)siJ’?l’dfc 

8 . Shew that Soamda ptilyiiamial, defined {Math, Aim. stl p, 41) I 17 the equation 

m .f-\_ ^ _ »*-* . r*-» 

nl^in+a))0l (a-I)l(m+ii-l)I l!'^(a-»)I (at+w-S^l il""*’ 
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8. Shew that the ftinction ^(i) defined I7 Lagrange in 1768-1766 (Ontenw, i. 
p. 680) and bj Abel (OewerM, 1881, 884) on the ooeffioient of fi** in the ezpanaion of 
(1 — IS equal to 

„(*)/,» 1 

10*. Shew that the Feanon-Cimungham fanotuMi (Proe Rojfal iSoc Lxxzi p 310), 
defined aa 

«-»(-«)* -»* . {«+i«)(«+ii»-i)(»-4«i)(»-i«-i) I 

r(*-*m+i) V * 8'** “ •/’ 

11 8bowtbat,if |atg«l<J«,and|aig(l+<)l<», 

(WhitUker) 

18 Shew that, if n he not a pontive integer and if ' arg» | <iir, then 

and that thia lenilt holda for all Taluea <A arg* if the integral be /"** *, the oontoure 
encloung the poles of p ( - <) but not those of r (i<- J») ‘ 

13 Shew that, if I aige |<|w, 

!"/).(*) of* 

lA Deduce fhim example 13 tbat, if the integral is oonvergent, then 
/o * ' *** *“ r (« + 1) Bill (i - im) w 

(Wataon) 

16 Shew that, if n be a positive integer, and if 

then E, (x)- ± ^(Sw) r (» + 1) • ' *** D.,_i ( T w), 

the upper or lower aigiia being taken according aa tbe imaginary part of w is positive 
or negative. (Wataon) 

16. Shew tbat, if a be a poeitive integer, 

Z>. W -(- )^ (8w) -* «i** r a" . (Sru) du, 

J 9 ain 

where p la ^ or ^ (n ~ 1), whichever is an isiager, and the ooaiDe or aiiie is taken aa a la 
even or odd. (AdamoE) 

* The leeoltB of sxemplM 8, 9, 10 war* eommuniaatad to ns bjr Mr Batsmen. 

W. HA. 


23 
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17. Shew that, if n be a positiTe intagar, 

O. (*)-( - r (4») -* (J1+/,-/,). 

erhaie •^1“/ 

/ -« Bli 

and (Adamoff) 

18. With the notation of the praoeding eiamphw, dieir that, when x is real, 

while* Jt satisfies both the inequalities 

Shew also that as v ineresaee from 0 to 1, r(v) decrasaes fh>m 0 to a minimum at 
eol -A, and then increases to 0 at 1 , and aa » locrataas from 1 to co, x(v) increases 
to a maumum at 1 + A, and than decreases, its hmit being seio , where 

and|«'(l-*i)|<An i, r(l+A()<Aa~i, wlie(eAi»0'0T4S ... (AdamolT) 

19 By employing the second me a n value theorem when neoesssry, shew that 

A(x)-V* 

where €>^ (x) satisfies both the inequahties 

|..(0)|<i»-t, 

when X la real and a la an integer greater than ^ (AdamoS) 

80 Shew that, if n be poeitiTe but otherwise unreetneted, and if m be a ywnisss 
vueger (or zero), then the equation m 1 

Z),(s)-cr 

has m positive roots idian fi«ii-l<a<8m.fl. 


(Milne) 



CHAPTER XVII 

BESSEL FUNCTIONS- 


17'1. The Beeed coeffieimte. 

In this chapter we shall consider a class of functions known as Bessel 
/motions or eytindrioal Junctions which have many analogies with the Legendre 
functions of Chapter zv. Just as the Legendre functions proved to be parti- 
cular forms of the hypergeometric function with three regular singularities, so 
the Bessel functions are particular forms of the confluent hypergeometric 
function with one regular and one irregular singularity. As in the case of 
the Legendre functions, we first introduce* a certain set of the Bessel functions 
as coeflScients in an ezpansioiL 

For all values of s and t (t • 0 excepted), the function 


e 



can be expanded Lanrent’s theorem in a senes of positive and negative 
powers of t If the oueflicient of <*, where n is any integer positive or 
negative, be denoted by (s), it follows, foom § 5‘6, that 

To express (s) as a power series in t, write w => Zt/s ; then 

•since the contour is any one which encircles the origin once counter-clockwise, 
we may take it to be the circle 1 1 1 •> 1 ; as the integrand can be expanded 
in a aeries of powers of x uniformly cmivergent on thia. contour, it follows 
from § 4'7 that 

Now the residue of the integrand at is ((n by § 61, when 

» -f- r is a positive integer or zero ; when n r is a negative integer the 
residue is sera 

J!1ierefore, if a is a positive integer or zero, 
rl(n-hr)l 


x“ 

‘8*nl 






l(a-hl)^SI‘.1.8(n+l)(n. 

* IMi pmoatos is das te gflliiasillnh, ZOtckeiftfllrMstk. und fSft. n. (IWW), pp. 117-165. 

SS-S 
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vhereu, when n is a negative integer equal to — m, 

r 5 

r-« r!(r-m)I *, («» + *)!•! ' 


and 80 J, (*) > (-)* (*). 

The function /■(sX which has now been defined for all integral values 
of n, positive and negative, ia called the Beittl eoejjhiient of order w; the 
series defining it converges for all values of s. 


We ehaU eee later ($ IT'S) that Beaad ooeffideDta are a particular oaie of a dies of 
fhuetioDs known as Bmdfunaioiu. 

The aeriee by which J^(t) ia defined occurs in a memoir by Kalar, on the vibnstiaaa 
of a stretched circolar membrsue, Jfon Chaim. Aead. Ponp, x. (1764) [Published 1766], 
pp. S43-M0, so investigation dealt with below in § IB'Sl ; it also oocun in a memtnr 
by lagrsnge on elliptic motion, Uin. de VAead. S. du SeC dt Btrlin, xzv. (1769) [PnUiabed 
17711 p. 223. 

The earliaat systematic study of the functions was made in 1824 by Baaed in his 
VnttmuAmg du TluUt dor pfanetorurAen Stirungn tuMer mu dtr Bnugwug dar Soniu 
entiUit {Berliner Abh. 1824) ; special cases of Bessel coefficients had, however, appeared in 
reaeaichee published before 1769 ; the earliest of these is in a letter, dated Ock 3, 1703, from 
Jakob Bernoulli to Leihnis*, in which occurs a aeriee which is now described as a Beaael 
function of order the Be n eel coefficient of order lero occurs in 1732 in Daniel Bernoulli's 
memoir on the oa^latione of heavy chains. Comm. Aead. SeL Imp. Petrop. vj. (1732-1733) 
[Published 17381 PP 108-122. 

In reading some of the earlier papers on the subject, it should be remembered that the 
notation baa changed, what was formerly written J^{b) being now written JKfif). 


Example 1. Prove that if 

mA a.A.Me.A mA. 

then s** ain is— d|,fi (f)4-d(,f| (s) +d|Ja (s)+ .... 

(Hath. Trip 1896.) 

[For, if the contour D in the s-plaoe be a circle with oeotie «— 0 and radius large 
enough to include the aros of the denominator, we have 


M-a 




t»al 


the aenea on the right converging uniformly on the contour; and ao^ uatng jj 4*7 and 
replacing the integrals Beaael ooeffidente, we have 


1_ 




(*)+^t'ft(*)+ jfiJi (s)+ ... . 


da 


• PnkUahed in tefbnUen Oeu Werke, DriUe Folge, in. (Balia, 1886)^ p 7C. 
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17-11] 


Id tte intcgnl on tbe left mrite ao thet aa u dewnbee a aide of 

ladiua if, ( deaonbee an ellipee with aemiaxea coahS and nahfi vitb foci at ~a±i; then 

we hare 


^1 , 


the ccntoor bemg the ellipae juat apeoified, which containa the leroa of <>+&'. ETalnating 
the integnd hj § 6*1, we haee the required result] 


ExampU 8. Shew that, when a is an integer, 
•4i(y+*)“ s 


,W- 


(K. Neumann and Sehladi ) 


[Conaider tbe expansion of each side of tbe equation 

“p{*(y+«) ('-7)}’'«*p{is'(*-F)} “p{**(‘-l)} J 

BxcmpU 3. Shew that 

a^'^f ’‘Jt (i) cos Jt (r)-f Si* cos S^| (r) + ... . 

Example 4. Shew thatif H— jfq-y* 

/,(r)-JiWJi(»)-SJi(T).f,(y)+8/.(«)Ji(y)-.... 

(K. Neumann and LommaL) 

17 ‘ 11 . BesuPa differtmtud equation. 

We have seen that, when n is an integer, the Bessel coefficient of order n 
16 given by the formula 

From this formula we shall now shew that /■(«) is a solution of the 
linear differential equation 

which is called Bessel's equation for functions of order n. 

For we find on performing the differentiations (§ 4*2) that 




' 0 , 


since 


■ exp(t—s'/4t) is one-valued. Thus we have proved that 

The reader wfll observe that sa«0 is a regular point and sai« an 
inegnlar point, all other points being ordinary points of this equation. 
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Xacample 1. By differantiatmg the expansion 

,**('■?)_ 5 «V.(s) 

with regard to x and with regard to t, shew that the Bessel ooeffieienta satisfy Be ss el ’s 
equation. (St Jidin's, 1B99.) 

JSzample 3. The function fV* satisfies the equation defined the scheme 

( . 4 »* ® 0 "1 

pj ^si ,»+l ^l; 

l-Jm -n -isi J 

shew that (a) satisfies the confluent form of this equation obtained by making 


IT'S. 7%e sohUion of Bessel's equaiion whm n m not necessarUy on 
integer. 

We now proceed, after the manner of § 15'2, to extend the definition of 
Jn(s) to the case when n is any number, real or complex. It appears by 
methods similar to those of § 17'11 that, for all values of n, the equation 



is satisfied by an integral of the form 

y = s»J^r— exp(f-£)<if 

provided that t~*~' exp (t — x’/4f) resumes its initial value after describing C 
and that differentiations under the sign of integntaom are justified. 

Accordingly, we define Jni*) l>y the equation 

the expression being rendered precise by giving arg s its pnnmpaJ value and 
taking | aig ( | < w on the contour. 

To express this integral as a power series, we observe that it is an 
analytic function of e ; and we may obtain the ooeffieienta in the Taylor’s 
series in powers of s by differentiating under the sign of integration (H 5*82 
and 4*44). Hence we deduce that 


•'•W 2»rl J., 

„ I (-Vs*** 

,-o2»+»'r!r(» + r+l); 

by § 12‘22. This is the expansion in question. 
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A<mrdMgly,far gmaral valuet of n,ve d^ne the Beasel funotioa J,(*) 
bjf ths eguatuM 

“ 2S (i ')" n’ “ p 0 " s> 

“ ,?» 2-+»T!r(n+r + l)‘ 

Hiu function tednoea to a Beasel coefficient when n is an integer; it is 
aametimea called a Beasel function of the fret kind. 

The reader will obeerre that since Bessel’s equation is unaltered by 
writing — n for n, fundamental solutions are J-n(e), except when 

» is an integer, in which case the solutions are not independent. With this 
exception the general solution of BeeeeVe equation is 

aJn(s)+fiJ^(z), 

where a. and are arbitrary constants, 

A second solution of Bessel's equation when n is an integer will be giren 
later {§ 17*6). 


17*21. The recurrence formulae for the Bessel function*. 

As the Bessel function satisfies a confluent form of the hypergeometric 
equation, it is to be expected that recurrence formulae will exist, corresponding 
to the relations between contiguous hypergeometiic functions indicated in 
5 14*7. 

To establish these relations for general values of n, real or complex, we 
have recourse to the result of § 17*2. On writing the equation 

at length, we have 


0 - + \ exp (<-£)* 

(s) - » (2s->)«/« (a)} , 


and so 




.(A> 


Next we have, by $ 4*44, 


E I*- <•)! - S /.7 •** “f (‘ - S ■* 


— jr»J’*„(s), 
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•nd CQDMciueiitly, if primes denote difierentiations with regard to s, • 

A' (») - J W (B). 

From (A) and (B) it is ea^ to derive the other recurrence formulae 

(C). 

and (D). 

EmmfU 1. Obtain these results from the power series for («). 

Bram^ 8. Shew that ^ {jV, (e)}—!* y,.! (»). 

SxamfU 3. Shew test JJ' (»)•■ -Ji (*). 

EmmfU 1. Shew that 


ie/.h (»)- J’,.4 W- U.-,(*)+6/.(*) - 4/.* , (»)+/. ^4 (*). 

KxampU 5. Shew that 

Baampl* A Shew that 

^ y.W-J,'' (*)-*-> 

17*211. Btlation between two Betsel fmetione whose orders differ by 
an integer. 

From the last article can be deduced an equation cormecting any two 
Bessel functions whose orders differ by an integer, luunely 

where n is unrestricted and r is any positive integer. This result follows at 
once by induction from formula (B), when it is written in the form 

17*212. The eownsetdn hsttoeen J»{ty and Ws^mfimetions. 

The reader will verify without diSSculty that, if in Bessel’s equation we 
write and then write Siec/2^ we get 

d's / 1 i — n*\ - 

whirii is the equation satisfied by ir 4 ,a(s!); it follows that 
» /«(s)-As-*if^,(2a»)+JBs-*lf.._(2i:s). 

Comparing the coeflSeients of s^* on each ride we see that 
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except in the critical cases when Snis a negative integer; when n is half of 
a negative odd integer, the result follows from Rummer's second fonnula 

(S wii)- 

17*22. The terot of Bestel funetioM vikote order n is real. 

The relatKms of § 17*21 enable us to deduce the interesting theorem that 
between any two coneeeutive real eeroe of e~*Jn(e), there liee one and otdy one 
eero* ofr^J^i(e). 

For, from relation (B) when written in the form 

^ (S)}. 

It follows from Rolle’s theoremf that between each consecutive pair of zeros 
of r^J„{e) there is at least one zero of 

Similarly, from relation (D) when wntten in the form 

It follows that between each consecutive pair of zeros of there is 

at least one zero of 

Further t~*J„{e) and have no common zeros, for the 

former function satisfies the equation 

and It 18 easily venfied by induction on differentiating this equation that if 
both y and ^ vanish for any value of z, all differential coefficients of y vanish, 
and y is zero by § 5*4. 

The theorem required is now obvious except for the numerically smallest 
zeros ± f of e~*Jn (z). smoe (except for z •• 0), r*J„ (z) and z"**** /^(z) have the 
same zeros. But z « 0 is a zero of («)> and if there were any other 

positive zero of say {i, which was less than f, then e^Jn(e) 

would have a zero between 0 and which contradicts the hypotheris that 
there were no zeros of (z) between 0 and 

The theorem is therefore proved. 

[See also $ 17'd ezamplee 3 sod 4, sod ezomple 10 at the end of the daptar.] 

* Piooft of this tbsotsin hart bssn givsn BSahss, BmU. dswneoa jracS. See. it. (1897), 
p. 908; Oegubansr, Umaitieft* SVr ZTeth. vm (1897), p. 888, and Portsc, Beit, diieneaa 
JTatk. See. it. (1888), p. 974. 

t Tniis is proved in Bnnside and Seaton's Thtary afBfaatOnu (i. p. 187) tor ptOpnoouaU. 
It mop be dsdnoed tor onp tnnotions with eontunions diltaential eoaSeieats bj using the First 
Mssa Tiioo Tluorem (| 4'14). 
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17 ' 38 . Beuel'a integral for the Betael eoeffidmU. 

We shall next obtain an integral first given by Bessel in the partieular 
case of the Bessel fiinotions for which n is a positive integer; in some respects 
the result resembles Laplace’s integnJs given in § 16'28 and § 15*33 for the 
Legendre functions. 

In the integral of § 17*1, viz. 

1 r(«+) 

"isj ^ 

take the contour to be the circle | u | = 1 and write h » s’*, so that 


Bisect the range of integration wd in the former part write —8 tor 6; 
we get 

J,(s) - ^ ^ J' e-’“*+“'^*dtf, 

1 f' 

and so Ja(s)>i-| cos(ntf— S8in3)d3, 

w 


which is the formula in question. 

Bxantjie 1. Shew tha^ when $ u reel and * la an iDtagsr, 

Smmfle S. Shew tha^ for all values of n (real or eSoqplez), the integral 
y— i j’eoa{ii0~tmnt)M 

satisfies 

which reduces to Bessel's equation when a le an integer. 

[It is easy to shew, hj* difibientiating under the integral sign, that the ezpieasioD 
on the left is equal to 

-I jl S {(p + ^ "" "-j 


17‘23L The modification of Beuel't integral when nie not an integer. 

We shall now ebem that*, for general values of n, 

M*)-- f'ooa(wd-S8uitf)«»-‘“?- 

WJo w Jq 

when B(e) > 0. This obviously reduces to thd result of § 17*23 when a is 
an integer. 

Taking tiiie integral of § 17*2, viz. 

2^-/r*^ “p (* -s*- 

* TUsiesaltisdnetoSsUfili, ira(h.dMt.ui.(Mn),p.Ut. 
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and supposing that t is positive, vre have, on 'anting t » | tu, 

3ut, if the contour be tahen to be that of the figure consisting of the real 
axis from -1 to -» taken twee and the ciicle )«|-1, this integral re- 
presents an analytic function of z when R (»u) is negative as | u | -s oo on the 

path, 1 e when | arg « 1 < j ir , and so, by the theory of analytic contmuation, 

the formula (which has been proved by a direct transfonnation for poathse 
values of s) » true whenever R{»)>0 

Hence 

where G denotes the circle (ai-l, and argus^^-w on the first path of 
integration while arg u b -f w on the thud path 



Writing integrals respectively (so that in 

each case aig 0), and in the second, we have 



do + 


I 2wi 


2wt 




Modifying the forcier of theae integrals as in § 17 23 and wnting s' for t 
in the latter, we have at once 


•/•(s)-^ |^0OB(a6-s8in6)<W + — J* 

which 18 the required resnlt^ when laig s i < j w. 

When I aig 1 1 lies bstwesn i* and », amoe j; 

U*oos{sS+ismS)«»-guis» »"**+'•*** el*| (Bh 

tbs upper or lower sign being tskao ss erg f> ^ or <- ^ 

■When a tt aa integer (A) redooes at once to Beseei’li lotegral, and (B) dooe eo when we 
make nee of the equation wbiohis true for mteger values of a. 
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Bqiuitiaii (A), u ilteady lUted, is dus to SohUfli, ItaA. Ann. tit. (1871), p. 148, Mid 
•qnntlan (B) was given by Senine, llatk. Ann. xvi. (1880), p. lA 

Tbau trigonometric intqgale for the Bniscl ftuictioDsmsyberagudedaaoorreBponding 
to Laplnoe’e integrals for the Legendre functions. For (§ 17’11 exMnpIe S) Jm (r) sstiafies 
the confluent form (obtnined by nuking n-»oo ) of the equation for PJ* (1 —PjW). 

But Laphoe’s integral for this function is a multiple of 

— J*|n-^ooB^+0(n“*)|^ oosm^eC^ 

The limit of the integrand as n-*-ai is ******* cosing, and this exhibits the similarii^ 
cf Laplace’s integnd for F.** (t) to the Beasel-SehlKfli integrsl for (x). 

£xampU 1. From the formula Ji ^-isoos* by a ^nge of order of 

integration, shew that, when n is a positive integer end cosd>0, 

/‘.(cos e-*"**j;(rsind)e“iir. 

(CaUandreau, Bull, da Set. Math. (S), zv. (1B81), p. ISl.) 

Akompb 8. Shew that, with Ferrara' definition of F,** (cos d), 

when n and m are positive integera and cos d >0. 

(Hobson, Proc. London Math. Sae. zzr. (1804), p. 49.) 

17'24. B«$»d functions whose order is half an odd integer. 

We have seen (§ 17 2) that when the order » of a Bessel function (a) 
is half an odd integer, the difference of the roots of the indicia! equation at 
a 0 is 2n, whidi is an integer. We now shew that, in sue)! cases, J. (a) is 
expressible in terms of elementary functions. 


For 7j(a)-?^{l-^ + 2 ;^-...}.(|)*sins. 
and therefine (§ 17*211) if ib is a positive integer 


(-)*(2a)*'*’* d* /sinaX 
<i(a'l*V * ) 


w* d (s')* 

On diCEsrentiating out the expresnon on the right, we obtain the result that 
J’k+ j(*) “ *> 

where Qi, arq poljmomials in a~ i 

rs\i 


Msamfls 1. Shew that •f-j (*)• eons. 
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17*84, 17*8] 

£lfampl* & ftova by iadootioD that itt be an integer and than 

(-y(4««-l»)(4a«-a«) ■■■ (4»«-(4r-»)«y 


+ein((-lne-4v) S 
m 


(Sr-l)! S»-*f*-* 


O’ 


the eammatiana being continued aa fur aa the terme with the nmiabing Ibctm in 
the numemton. 

Sxeanfle 3. Shew that **'*'* 

JCtampU 4. Shew that the aolution of t**'*'* + jr— 0 ie 


“0 


ia a aolution of Beaaal’a equation for 


>•0 

where q,, e,, ... are arbitnuy and a«, a,, ...a*, are the roota of 

i (LonuneL) 


17‘S. ffankel't contour tntegral* /or 
Consider the integral 

/■a+.-J-J , 

(f — l)*"»coe(*f)<if, 

where is a point on the right of the point t == 1, and 

wg (< - 1) « wg (* + 1) « 0 

at A ; the contour may conveniently be regarded as being in the shape of 
a figure of eight 

We shall shew that this integral is a constant multiple of It is 

easily seen that the integrand returns to its initial value after ( has described 
the path of integration; for (t— 1)"”I is multiplied by the fiustor s**"**®* after 
the circuit (1+) has been described, and (t + l)"'! is mnltiplied by the 
fiictor after the circuit (— 1 — ) has been described. 


converges uniformly on the contour, we have (§ 4‘7) 






»+W 


(2r)! 


’i 


r (<•-!)"-* lit 


To evaluate these integrals, we observe firstly that they are analytic 
functions of n for alt values of n, and secondly that, when i2 > 0, we 

may deform the contour into the circles |t— + and the real 
axis joining the points f 1 (1 — 8) taken twice, and then we may make 
8-40; the integrals round the circles tend to zero and, asrigning to t — 1 


• 'Mnth. Jum. I. (isesi, pp. 4eT-<01. 
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8od t + 1 their appropriate arguments on the medified path of integration, 
we get, if arg(l — P) *• 6 and (•««, 

=,#(*-«»*£■ V(1 -«•)“'* dt + I* ^t»(l -<»)»-* dt 

• — 4t sin — 5^ IT J P'(l — 

■= — 2t8in wj u’'“4(l — M)*"idu 

= 2i8jn^n4- wF ^*‘ + 3 ) r^n + 5 jyr(n + r + l). 

Since the initial and final expressions ate analytic functions of n for all 
valnes of n, it fiillows from § 6 5 that this equation, proved when 

18 true for all values of n. 

Accordingly 

- (_)<’^"+»2»sin(fl + i)irr(r+i)r(n+i) 

^“,7# (2r)T(» + r + l) 

«»2"+'tein^n + Jjwr(n-l- 

on reduction 

Accordingly, vhen Q ^ 0, tee hem 

Corollary. Whou A<a+i)>0, we may deform the path of integration, and obtain 
the reault 

£tampU 1. Shew that, when A (n+J) > 0; 

^fompU 2. Obtain the result 

•ban £(a)>0, by eqtaiiding m powen of « and intsgratiiig (Jj 4-7) tenn-by-tenn. 
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SaumfUi. Sh«w that when •/'.(() has an infiutemimber of iwdHrM 
[Lat w where m ia aaro or a povtive integer , then the eordlaiy above 


where a^— | y (1— <’)*'*ooa{(m+J)B<}<<«| 

aO) aince *-^<0, and hence •/'.(mv+iir) haa the aign of (-)" 

This method of proof for naO la due to Beaeel } 

EacmpU 4 Shew that if n be real, J, (a) haa an inlinite namber of teal aeros , and 
find an upper hmit to the nnmenoally amalleat of them. 

[TTae example 3 oombined with § 17 2S ] 

17*4. Cotmtanm ietvwn Btud cotjieitnu and Ltgmdn funeftont 
We aball now eatabhah a result due to Heme* which rendara pieciae the statement of 
§ 17 11 example S, ounceming the expression of Be a eel coefficients as hmiting fbnns of 
hypergeometnc funotiona. 

When I aig (1 ±x) I < w, n is unrestricted and m is a positive mtager, it follows by 
differentiating the formula of ^ IS 28 that with Fertera’ definition of 

andao, if (argf |<J», |aig(l-Ji*/B*) <*, wehave 

Now make n-v-t-oo (a being positive, but not neceaaanly integral^ ao that, if 
fi-*-0 continuously through positive values 

'r'sSSSsS’-. iv I ■»«. ■«- (. - a"- 

Further, the (r+l)tb term of the hypergeometnc senes is 
(-y(l-»i3)(l+a+wfi+r8)(l-(i> i-H) »ff^{l-(wi-81»3«l ■■ (1 -(«+r)«fi»} ^ 

(« + l)(m+2) ..(m+r).r' 

this IB a continuous Ainotion of t and the senes of which this is the (r+l)th term is 
easily seen to converge uaiformly in a range of values of i including the point fi«c0, so, 
bgr g 3 3|^ we have 

whudi w the relation required. 
iStompfr 1. Show thatf 

Jhm[e-/».-(co.?)]-,f«{,) 


* Hm apparantly different result givaa in Heinet ffiwrffWtnoaes is due to the diSbrawe 
between BeiM'a assoe i a tod Lsgendre function and Fetrste’ tonetion. 

t The spaeial eaaeol this when mwO was given by Mehlsr, feurws(/Br fifstk. uvm. (1868), 
p, 140; see also fifaU. 4wa. v, (1870), pp. 141-144. 



868 


THB T&AKSCENDBKTAli FCJIcnOMS [OHAP. XVn 

BtampU 8. Shew that Band'i equation ia tbe eoi>6uent fona of tlw equaiioiui 
ined the aefaemee 

rO®et /0«ei rO k e«t 

*■/ n M «“P.j » i 0 xi, P-j 1* 0 

i-a-wi-ie ' l-a |-Sm 2te-l J J 


the oonfloenoe heiag'ohtiUDed by mildiig . 

17'6. Asymptotic ssriss far </•(>) when j a | m large. 
We have seen (§ 17*212) that 








2*‘+*«*'"+*>’‘r(n + l) 
where it ia supposed that |arga) < w, — 2 w<aig( 2 w)<|w. 

But for this range of values of s * 

<«■) - yifW -■ «•) 

by §16*41 example 2,if-|ir<arg(-2»*)<|Tr; and so, when latg*l<w, 

^ ls» (»+ «" (2«) + e - i (»+*)«* (- 2ta)}. 

But, for the values of s under consideratiQii, the asymptotic expansion of 
H^ae(±2M)i8 

i 1 + (4"‘- y . (4a»-l»)(4a » - ») 

t * 8« 2!(atr)' *••• 

(tl)Fi4r.»-l«)14»»~3»}... |4n»- (2r-l) »} | 

r!(8w)^ 

and therefore, combining the series, the asymptotic expansion of Jn{*), when 
|x islargeand |aigs)<ir, is 

(li)* [“* (' ” ') 

X ll + i |4n«-3») ■■■ |4n»-(4r-l)» n 

r (2r)!2»s» I 

+sin(-,-|«w-iwl £ 

1 * * )rZt (2r-l)!2^s*?=: 

where — F,(s) have been written in plane of the aeries, 

The reader will observe that if n is half an odd integer these 
terminate and give the result off 17*24 example 2. 


senes 
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17 - 5 , 17 * 6 ] 


Svw when i is not very Istge, the value of J»(t) can be computed with great aoeunu^ 
from this (bnnula. Thus, Ibr all positive values of z greater than 8, the first three terms 
of tiie asymptotic e]^)ansion give tin value of ifz(z) and Jt(z) to six places of dedmal e . 

This a^mptotio expansion was given by Poiaaon* (for «»0) and by Jacobi t (for 
geoeral integral valnea of n) for real values of t. Complex valuee of z were considered by 
HaakelJ and lereral subsequent writers. The method ot obtaining the expanaum here 
given is due to Banweg. 

Asymptotic expansions for Ju (•) when the order n is large hare been given by Debye 
(Math. Ann. LXVtl. (1900), pp 53S-fi68, Milnehmer Sitzun^zbtriehte, XL. (1810), na 5) and 
Nicholson (PhSl. Mag. 1907). 

An approximate formula for A. (as) when n is laige and 0 < x < 1, namely 
a*axp(n</(l— j*)l 
(Sen)*a-Jr^{l+v'(l-J^}*’ 


was obtained by Cartini in 1817 in a memoir repnnted m Jacobi’s Ott. Werke, vn. 
pp. 188-S4S. llie formula was also investigated by Laqilaoe in 1827 in his Micanigaz 
v, supplement [Oeuvnz, v (1888)] on the hypothesia that x is purely imagiiiary. 

A more extended aocount of res e a r ehes on Beaael functions of large order is given in 
Proe. Ijonden Math. Soe. (2), XVL (1917), pp. 150-174. 

EzmnpU 1. By suitably modifying Henkel's contour mtegral (g 17-3), shew that, when 
|argr{<gn’aiid /l(n+i)>0. 




and deduce the asymptotic expansion of •f. (z) when z I is large and { arg 1 1 < gr. 

[Take the contour to be the rectangle whose comers are ±1, ±l-t-tA, the rectangle 
being indented at ± 1, and make ; the integrand being (1 - (*)”''i s"*.] 

Mxample 2. Shew that, when | argi | <gfr and A(n+g) > 0, 

>^» («) = /o** * "** ”** CCS*-* coeec** * ' d> sin {» - (n - J) 

[Write w->groot^ in the preceding example.] 

.fixus^a. Shew that, if |aigr|<ga' and A (ii4-i)>0, then 


A*“i 


■/; 




(1 +«•»)' 


• j~ »■"» (1 - w)“- * «-*« dv 


IS a solution of Bessel's equation. 

Further, determine A and B so that thu may represent (•). 

(Scha fh eitlin, Journal fUr MatK cxiv.) 

17*6. TK» second aohaion of Batsd’t equation when the order is an integer. 
We have seen in § 17 2 that, when the order r» of Bessel's difibrential 
equation is not an integer, the general solution of the equation is 

aJn{e} + 

where a and /3 are arbitrary constants. 

* Jauraal dt Palguchnigu* (1), cab. 19 (18tt), p. 8W. 
t Aztr, Kaeh. xxnn. p. 94. 
t Malt. Ana. I. (1669), ff. 467-601. 

I Traaa Coait. PkU. Soe, xx. (1908), p. 974. 


24 
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When, however, n is iin integer, we h»ve seen ^t 

and consequently the two solutions J»(») and J-nit) are not really distinct. 
We therefore require in this case to find another particular solution of the 
differential equation, distinot from ■/'•{«), in order to have the general 
solution. 

We shall now consider the ftmction 

which is a solution of Bessel’s equation when 2n is not an integer. The 
introduction of this function Y.(s) is due to Hankel* 

When m is an integer, yn(*) is defined by the limiting form of this 
equation, namely 

Y, (s) - lini 2we<^> « 

8in2(» + e)w 

- lim «-» (/,+. (*) -(-)•/__ (*)). 

To express Yn(x) in terms of Wt,m functions, we have recourse to the 
result of § 17'S, which gives 

Y,(x)- lim f le*<"+‘+«**r^*^(2«) + e-»<*+'+»»'‘ W^,^(-2w)} 

•-►Q (2w)* L 

-{-)» (s* W,,,.^.(2w) + e- -+ (- 2w)lj . 
remembering that 

Hence, sincef lim (2 m)— W,h,(2mX we have 

This function (« being an integer) n obviously a solution of Bessel’s 
equation ; it is called a Be$iel fmctim of the eecond kind. 

Another function (also called a ftmeticm of the second kind) was first used 
by Weber, jffofA. Atm. vi. (1873), p. 148 and by SchlXfli, Am. di Mot (2X Yi. 
(1876), p. 17 ; it is defined by the equation 

V Y,(s)ooeair 

^ sinnw “ ' 

* ttelt Ann. i. (18M), p. 4TS. 

t This is most ssstlp sssn bom the anitosgufy of the soaseqsaee with tsiatd to t of 
Benue' oontooi integisl (t U'4) lor 
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or by the limits of these expressions when n is an integer. This fonetion 
which exists finr att values of n is taken as the canonical function of the 
second kind by Nielsen, Hundbuch d«r Cylinderfunktionen (Leipzig, 1904), 
and formulae involving it are generally (but not always) simpler than the 
corresponding formulae involving Hankel’s function. 

The asymptotic expansion for F»(.z), corresponding to that of § 17'5 for 
is that, when | trgt | < w and n is an integer, 

F, (z) <* (^)* [sin ( a - j »w - j w) . IT, (z) + COB ( * - ^ nw - j ir) . F, (z) ] , 


where U»{t) and F.(z) ate the asymptotic expansions defined in § 17’5, their 
leading terms being 1 and (in' — l)/fiz respectively. 

SxampU 1. Prove that 




dJ.W , 

' dn ' rf* ’ 


where n u made ao integer after difierentiation. (Hankel.) 

Example 2. Shew that if T,(f) be defined by the equation at example 1, it is a 
eolation of Bessel’s eqoation when * is an integer. 


17*61. The aeeauting zzrtM far Y«(z) 

The series of § 17*6 is convenient for calculating Yn(z) when |z{ is large. 
To obtain a convenient series for small values of , z we observe that, since 
the saoending series for J±i»^ (z) are uniformly convergent series of analytic 
functions* of e, each term may be expanded in powers of e and this double 
senes may then be arranged in powers of t (§ 5*3, 5*4). 

Accordingly, to obtain Ya(z), we have to sum the coefficients of the first 
power of s in the terms of the series 

- (-)r(iz)*^ 2 (-y( iz)-*^ 

,_#rl r(n + € + r + l) ' ^ r-o r ! r(— n — e + r+ 1)' 

Now, if z be a positive integer or zero and t a negative integer, the 
following expansions in powers of « are valid : 


1 1 f, r'(z+i>, ) 

r(i+z+i)’“r(z+i) V* r(z+i) 

wrhere y is Euler’s constant (§ 12*1). 


The fnof of tfait is Wl to tiM nodw. 


34—2 
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Accordingly, pieking oat the coefficient of «, we aee that 

• W rrr(n + r+l) + < rir(-m-r+l)J 

^3orir(n + r+l)l’ .ti"* ) 

+ < ^ ArTr(-n+r + i)l'5^-.* «* ^ 

+ (-)« ‘2 r(n -rX 


and BO 




“,r« r! 


When n is an integer, fundamental solations* of BeBeel's equations, regular 
near s • 0, are J. (t) and y, (s) or Y« (*). 

Karl Nenmannf took as the second solution the fhnction K*** (s) defined 
by the equation 

r* (*) » J Y, (*) + /«(s) . (log 2 - 7) ; 
but F« (s) and Y« (s) are more useful for physical applications. 

EnmjiU 1. Shew that the funcbon F, («) utiafies the nonneDoe fonnulse 

Shew elan tiist Hukel’e fucction Ti,(«) and Neoaaaim's function (s) aatisfy the 
ume recunenoe formulae. 


[Theee are the nme as the rerurtenoe formulae aatisfisd by J’„ (<).] 

EsamjifaS. Shew that, when |arg rK^ir, 

sr.(r)ae J'sin(<aine-ed)M- 

fSohlafii, JfatA. Atm. in ) 

ExampU 3. Shew that 

rm (.)-/,(,) log f +2 {/, (*)- iJ, (»)+ ww- 


17‘7. Bettel funOiotu with puttly imaginary argumtnt. 
The function! 


/,(s)-»-"J,(ts)« 2 


(i*)* 


r-of!(B + r)! 


* Eoler gare a saeond aolunoo (mvolrug a logaiUlun) of the aquatton in Um apenad eaaaa 
a=0, esl, Inrt. Cole. Jet. n. (feterabuig, 17W), pp. 187, SN. 
t Thmie der BmeVt^un FanKiaaaa (liCtpaig, 1887), p. 41.. 

7 Thia netaSoB was introdooad tj Baaaet, Epdradpesariet n. (1888), p. 17; la 1888 ha had 
defined I. aa {>/,(<<); aee Free. Ctmh.PM. Soe.w. (1888), p. IL 
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is of frequent occorrenoe in veiioue bmnohes of applied mathematioe; in 
these applications s is usually positive. 

The reader should have no difficulty in obtainiuf; tbe following formulae : 

(i) 1*) - (s) - ~ In (*)• 

(ii) 

(iii) 

(v) When J1 > 0, 

(vi) When - ^ IT < arg a < J w, the asymptotic expansion of /, (*) is 


g-{n+i)wtg~, r - {4n*-l*l (4n*-3*l ... (4n*-(2r-l>»n 

■ rl2^>— -- J' 

the second series being negligible when jarga'< jw. The result is easily 

S • ‘a 

seen to be valid over the extended range — § tt < arg x < ^ tt if we wnte 


for #-("+!)« the upper or lower sign being taken sec(»ding as 
arg g is positive or negative. 

1771. Modified Beetel fimotume of the eecond kind. 

When n is a positive integer or 2 »ro, /_,(s)=/»(i); to obtain a second 
solution of the modified Bessel equation (iv) of § 17-7, we define* the function 
Kn (g) tor all values of n by the equation 

cos nwJr^,(2s), 

so that Mn (*) - J w {/_» (g)— In (*)I cot nw. 

* The notation IT. (•) was and by Banet in 1886, Pne, Camt. PM. See. vi. (1889), p. 11, to 
denote a fnnetion whi^ differed from the fnnetion now dedned hj the omieeion of the fintor 
ooasv, and Baeaet’e notation hae a(nn been need by varione writen, nataUy KaodomaM. The 
objeet of the ineeition of the bstor ii to make l.(<) and mtiefy the same mennenae 
fotmnlae. Bnbeeqeently Beeeet, gp d iu dp n e i t to u. (1888), p. 19, need the notation ff^(e) to 
denote a slightly different fnaotion, bat the latter oeage bee not been foilotred by other writere. 
The detnition of jr^le) tor ingegrat valoas of a irtiieh ie given here is doe to Qny and Matheve, 
Seuel PmietioHe, p. 68, and ie now eoamon (ass example 40, p. 684), bnt the eoctaepoading defi- 
nition (or non-integral valnss has the a«iooe diaadvantage that tbe hnstion vaniihae i d e nBoally 
whan 9n ie an odd integer. The Amotion was ooneideced bv Biem a nn , Am. der Pkf. xov. (1866), 
pp. 130-169 and Haakal, Math, Am. l (1809), p. 496. 
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Whe&tr M he an integer or not, this fimction is a solution of the modified 
Bessel equation, and when | atg s | < ^ w it possesses the asymptotic expansion 

W - (li) * - — r I W ^ J 

for large values of |s 

When n is an integer, (s) is defined by the equation 
K„ (s) - lim 5 w (s) - (s)} cot we, 

which gives (c£ § 17*61) 



as an ascending series. 

Smm^. Shew that S„ (r) satiafiee the same racuirenoe formula* as I„ (>). 


IT'h. tfenmamCe tscpanaion* of an analytie function tn a ssrtss of Bettel 
eoeffiiciente. 

We shall now consider the expansion of an arbitrary function f{t), 
analytic in a domain, induding the origin, m a senes of Bessel coefficients, in 
the form 

/(s) - a, J, (*) + a, J. (s) + (s) + . . . , 

where a,, Oi, St, ... are independent of x. 

Aawiming the poaaibility of expansions of this tjge, la^ as 6nt consider the expanaioD 
of !/(<->}; let it be 

(«)^c(*)+*Oi(f)^i (*)+SO| W w+..., 

where the Amotions 0, (t) are ind^Mndent ot m. 

We shall now detenniDe oonditions wbidi O, {!) must aatisfy if the senes on the ngbt 
IS to be a uniformly convergent senes of analytic functions ; by these conditions 0,(() 
will be detannined, and H will then be shewn that, if 0. (() is so detarminad, then the 
senes on the right actually converge* to the sum Iht-t) when js | <| tl. 



we have 

0,'(r)Ji(*)+* J i 0,(1)/.' (s)mO, 

s-l S-I 

so that, on replaisng £/,'(*) by/,., (t)-/,,i(s), we tnd 

{o,'(t)+o,(^} /,(*)+ 5 j*o,'(*)+a.„(»)-w,H.i«»/i(s)sia 

S«1 


* K. Msnmaaii, JounutlJUr Xatk. Lzvn. (tS87), p. 810; ess also X^tqni, Ann Xt ejBeolt 
nom. nv. (S), x. (18W), pi tOO. 
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Aeoarditiffl^ Uu nuoiMbit ftmetumM 0i (f), Ot(f\ 0% (0i —on dgUraantd hg tie neumnee 
/bmulae 

0, (0- - O; (»), 0, », (0- 0,_, (0- 20.' (t), 

and, putting fsaO in the original expanaon, m see that <^(() it to be defined bg tie 
eqtuUien 

' o,(o-i/<. 

These formnlaa diew without difficulty that 0. (() is a polynomial of degree a in Ijt 
We shall next prore by ioduotiao that 0,(t), so dedned, is equal to 

i j" s-*- [{«+.^(«»+i))-+{,_ V(**+ 1))*] «fa 

when it (0 > 0. For the expression is obriously equal to 0^ (() or 0| (t) when n is equal to 
0 or 1 respeetirely j and 

i J“e—{H±^(Hil-l)}—d»-^ |‘s-“{«±v'{«*+l>}*d» 

-i e-" {a±V(a*+l)}»-‘ {l+2a»±S»^/(«*+l)}ds 

-i 1“ e-‘e{u±J(,of+l)}’*tdtt, 
wheuoe the induction is obrious. 


Writing aasinh d, we see that, aocording as n is even or odd*, 

I "’^S(2a-2) " 8.4(*»-2)(2»^ 

and hence, when R (() > 0, we have on integration. 


V'^2T2a^)'*'2.4(2a-8)(8n-4)'*’" /’ 

the series terminating with the term in (■ or ; now, whether R(t) be poaitiTe or not, 
0.(0 IS defined as a polynomial in l/( ; and so the expannon obtained for 0.(0 is the 
Talue of 0.(0 for oU Tslues of t. 

JSwampte. Shew that, foi*all values of t. 


O.(0-j^, 

and verify that the ex p res s ion on the right satisfies the recurrence formulae for 0»(t). 


17 * 81 . Proof of Neumann’o oxpaimon. 

The method of § 17*8 merely determined the coefficients in Neumann’s 
ejipansion of l/(t— s), on the hypothesis that the expansion existed and that 
the reearangements were legitimate. 

To obtain a proof of the validi^ of the expansion, we observe that 


* Of. Bobsen, Ftaas TritODe me trg (1918), ffi 79, 984. 
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wliere ^,-* 6 , ^-*Oasn— »«, when t and t are fixed. Hence the eeiies 
0, (t) J, (x) + 2 2 0, (t) Jn it) s F it, t) 

fl«l 

is comparable with the geometrical progression whose general term is t'/C^^, 
and this progression is absolutely convergent when |x|<|t|, and so the 
expansion for Fit, t) is absolutely convergent (§ 2'84) in the same circum- 
stancea 

Again if | s | < r, 1 1 1 > iZ, where r<R, the series is comparable with the 
geometrical progression whose general term is r*/JZ^', and so the expansion 
fi>r Fit, 0 converges uniformly throughout the domains | x | < r and 1 1 1 > .S 
by § 3'34. Hence, by § S'3, term-by-term differentiations are permissible, 
and so 

( 3 ® 0 = 0 .'lt) 2^2 0 .'(t)/,(x) 

+ 0,it)J,'it)+2 2 0,(0/,(x) 


^[o:it)+o,it)]j,it)+ 2 ( 2 o.'(<)+o,+,(z)-o_,(<)IA(*) 

i»«l 

- 0 . 

by the recurrence formulae. 

Since S + 

It follows that Fit, t) is expressible as a function oft—t; and since 
FiO.O-O^iO^l/t, 
it is clear that F it, f) •• 1 /it ~ t). 

It is therefore proved that 

r^-0. («>/.(*)+ 2 2 0,it)J„it), 

t — t 

provided that I x , < j t {•. 

Bence, if/(x) be analytic when \s\<r, we have, when | x | < r, 



//<0{o.(<>J,(x) + 2 2^C>,(t ) dt 
^JAt)fiO)+ 2 '^’'^lo„it)fit)dt, 

n.i m j 

1^ § 4*7, the paths of integration being the circle 1 1 1 •> r ; and this establishes 
the validity of Neumann’s expansion when |x| < r and f(t) is analytic when 
|x|<r. 
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Stample 1. Shew that 

ow t « (<) - 3Jt (*) + SJiW - . , 

siu i - 1^1 !z) + iJi (t) — . (K Xeutnonn ) 

Bxemjple S. Shew that 

(J,).- ; ' y.+*(,). (K. Neumanii ) 

raO ' 

SsampU 3 Shew that, when I < | < ( , 

«sl /O 

2 /.W{*+^(4r'+«*)}-*r 

JO * 

-r% (Kaptoyn ) 


17*82, SehlomtUA’t txptMnon of m arbUnry fimetum m a urias of Bond coafiamtt 
of ordar aero. 

Schlomileh* has given an expanaioii of quite a difierent eharaoter ih>in that of 
Kaumann. Hia raault may he stated thua 

dny fmetioH f{»), vdaek kaa a conttnuoiu difermtud eoe/iaaiU mtk linuted total 
Jluetuatum for all talvaa of s in lAe doted range {0, n), may be expanded m the tenet 

f(x)ma,+aiJo{x)+a,Ja(ix)+a,da{3r)+..., 
valid tn tilt range, toAere 

o»**/(0)+- {’o f^/'(nBm&}didti, 

^ J 0 Jo 

“•“w/o j^f (uam8)dSd* (n>0) 

SchlOmilch'a proof la aubatantially aa follows 

Let F{x) be the continuous solution of the integral equation 


Then (§ r*81) 


/(*)-^ F(xtimit>)d<lK 

f’(*)-/(0)+» (^f’ixaine)de. 


In order to obtain SchlOmiloh'a expansion, it is merely neoeasaiy to apply Founet'a 
theorem to the function /'fxsin ^). We thua have 


/(*)»£ je 2^ J' coB»ucoB(»ixain^)/'(«)*i|- 

— i F(H)dti+- 2 (' ooanuF{a)Ja{nx)dn, 
a Jo numi Jo 

the mterchange of aummation and integration being permiaaible by §§ 4*7 and 9 44 


* Zeaeahrift fttr Matk. and Phge. u. (1M7), pp. UT-165. Sea Chiqiman, Quarterly Journal, 
sun. (1919), pp. 94-47. 
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In this eqoation, replace JF[u) hj its value in terms of /( h). Thus vre have 

J’ 1/(0)+“ J^*'/'(«ein «<m| <fH 

+1 S^Jo('He) J’coe«iH|/(0)4-Hj^/'(«Bintf)rftfJ'(lH, 

which gives SchlOmileb’s expanuon. 

Shew that, if 0 < x < v, the expression 

a {j, (x)+i /, (ar)+i ,f, (&*)+...| 

is equal to x; hut that, if « <x<8e, its v^ue is 

X4- tw aro ooa (»*“’)— B^(je* - r*), 

where arc cos (»x~>) is taken between 0 and ; . 

3 

Find tile value of the e xp r e ssion when x lies between 8w and Sw. 

(Math. Trip. IBBA) 

IT'ft TtAuUUioiio/JBmel/iMelioiu. 

Hansen used the ssymptotir expansion- (§ 17-5} to calculate tables of (x) which are 
given in Lommel’s S/tuBm Ubar die Beueftehm FtadUietiai. 

Meisael tabulated /« (x) «nd J\ (x) to 18 places of decimals ftom x»0 to x~ IS'5 (dM. 
der Ahad. tu JBeriin, 1888), while the BritM Auoe. Beport (1909), p. 33 gives tables by 
which /«(x) and ^^(x) may be calculated when x> 10. 

Tables of /j(x), •fj(x), d_^ix) are given by Dinnik, drcAfv der JfotA «wi 

i%jra zvnt (1911), p, 337. 

Tables of the seoond solution of Bessel’s equation have been given by the Ibllowing 
writeta: B. A. Smith, liemxger, zzvi. (1897), p 98; /\Uf. Mxg. (6), xtv. (1898), p. 106; 
Aldis, Proe. Boj/ei Soe. vm. (1900), p. 32 ; Airey, Phil. Map. (6), szii. (1911^, p. 

The functions /, (x) have been tabulated in the Britieh Aeeoc. JteporU, (1889) p. SB, 
(1893) p. 223, (1896) p. 96, (1907) p. 94 ; also by Aldis, iVes. Bopal Soe. Lxiv. (1899)-; by 
Isherwood, Proe. Mmukoitir let. and Phil. Soe. xlvul (1904) ; and by E. Anding, Siehi- 
•teUige Tdfd% der BeeteCoehex FwMemee inagimree, Arpwmentee (teipsig, 1911). 

Tables of Jj, (xsfi), a Ihnction emph^ed in the theory of altenuiting currents in wins, 
have been green in the Bridek Auoe. Beporit, 1889, 1893, 1896 and 1918 ; by Kelvin, JfotA 
tnut Phgt. Pespere, in. p. 499; by Aldis, Proe. Bopal Soe. UVI. (1900), p. 38; and by 
Saridge, PhO. Mag. (6), zix. (1810), p. 49. 

Formulae tor oomputiiig the seres cf •^(s) were given by Stokes, Cdmb. PkU. Trax*. n. 
and the 40 smallest seres were tabulated by Willson hnd Pairae, BaU Amerixm JfotA 
Abe. m. (1807Xp. 1B8. The roots of an equation involving B esse l fhnctiona were computed 
by Kslkhne, ZeUedurift f(tr Math. wtdPhgo, uv. (1907), p. 66. 

A number of tables conneoted with Bessel fuiK^oos sre given in BritiA Auoe. Roporte, 
1910-1914, and also by Jahnke und Snide, PanttitmttUafda (Leipeia 1909). 
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HiaCKLLANBOUS EXAMPT.18. 

I. Shew that 

008 (i Bin d)^ J'o(*)+8/|(z) coe SS+iJt (<) ooe 4d+ ... , 

sin (jsin A)—%>t (<) sin d -t. S/g (z) am 3d4-8J[ (z) rin 5d4- .... 

(K. Meumann.) 

8. Bf expanding eaoh side of the equatione of example I in powen of ^ d, express z* 
as a aeries of Bessel coeffloients. 

3. By multiplyine the expansiona for exp and 

oouaidering the terms independent of (, shew that 

{j'.(z)}t+9 {/, (z)i*+8 {/,(z))»+a y,(z)}»+. .-1. 

Deduce that, for the Bessel ooeffioient>>. 

|/.(*)I<1. !-/.(») S2'*. (t^l) 

when z is real. 

4. If /e s cos(siit-zsm n'ld* 

^tbia function reduoes to a Bessel coefficient when t is xero and m an integer), shew that 
/»‘fz)- I 

where is the ‘Cauchy^ number’ defined by the equatioD 

s-"*»(e^+«-'»)*(*«-«-»)»rfii. 

Shew further that 

and sJ^(z)- W^' (f)-S(*+l) (z) (z)}. 

(Bourget, Jonmal do MM. (8), VI.) 

6. If V and if ate conneoted the equations 

M^X-etinJB, »hoie|e|<l, 

sbewthe^ v>*Jf+8(l S S (l«)*,^*(ms) -sinmif. 


(Bougat) 



380 


THB TBAIfBCBKDEMTAL FUtrOTIONb 


[chap, xvn 


& Prove that, if m and n are integars, 

P.-(ooe«)-^ y, {<**+*^*sl ■ 

where esrooed, s*+j''»r'inn'd, and cu* ia independent of < _ 

(Math. Trip. 1883.) 

7. Shew that the eolation of the diflerential eqoation 

where ^ and ^ ore vbitraiy ftinationa of «, is 

#-(^)* {M W+A^-.W)- 


A Shew that 


[ji w+ j’ {JM+Ji m «*- >]• 


(Trinity, 180a) 


A Shew that 


T ; ( -)»r(«.-tv+2n + l)(4sr+*^» _ 

‘ ,iia!r(^+«+i)r(vh»+i)r(#.+»+»+i) 

for all values of /> and r- 

(Sohlafli, JfatA. Aim. m. (1871), p. 143; and SohOnbolaer, Bern diaaertatinn, 1877.) 


VV. Gbew that, if win a powtive integer and nk4-3a 4-1 ia positive. 


3f*Jn* 1 (*) .f.-i (e) ‘ (J.+t (*) Jm-i (») - Ji? (»)} ^ I, *’• 

(Hath. Tnp, 1899 ) 


11. Shew that 


IS. Shew that 


lA Shew that 


j, (,) + 3 ^^*>+4 


<i*>* li!? 

y,(s) II4-1 -a4-S-«4-3-... 


J-,(s) (»)+/-„, (»)/.(*)■ 


Ssineir 

K ■ , 


(Lommel.) 


lA If ^ denoted by 0, (s), shew that 

- J - «. W+* {«.<*))’• 

15. Shewthat, if iP»r*+ri*-8rr,caedancIr|>r>0; 

•^sW"*^»W"^«(’‘i)+* 3 Js (r) •f* (ri) ooe ad, 
r,(fl)«J',(r) r,(r,)+8 X /.(r) r,(r,)ooa«d. 

ftvl 

16. Shew that, if il(n4-j^)>0, 

/^(8sooed)dd-tw{/.(f)}«. 


(K. Heumann.) 


(K. Neiunaaa) 
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17 Shew how to expraet ***J'*i(*) in the form where 17 era poly 

numiaJe in t , end prove that 

Ji(«i)+8y,(9*)-0, 3/,(30*)+&/,(aol)-0 

(Math Tnp 1886 ) 

18 Shew that, if a 4* |8 aod a > - 1, 

(a« - If) (ax) |,f. (a*J ^ J. (S*) J, (a,)J , 

So* J**{J’.(o*)}*<ie-(a*x»-a»){J. («*)}»+!* 


19 Fiore that, if «> - 1, aod while a* fi, 

J‘xJ,(ax)J.(fix)dr^O, and 

Hence prove that, whan a> - 1, the roote at y«(r)a>0, other than earo, are all real and 
unequal 

[If a could be complex, take ^ to be the coqjugate complex ] 

(Lommel, Stedien. Ohrr du BetetCeekte Fmektumai, p 68 ) 

SO Let x^/(r) have an afaeotutel} convergent integral in the range 0<a<l , let B 
be a real conatant and let a ^ 0 Then, if it], 1^, denote the poeitiveroota of the eqnation 

ehew that, at any poiut x for which 0 < v < 1 and / (x) aatiafiea one of the oonditiona of 
^ 8 43, / («} can be expanded in the form 

/(*W I 

wi 

where J^x/(x)J,(i,x)dx 

In the epeuai ooee when B^ -n, it, la to be taken to be lero, the equation deter 
mining ii, it, being J,-,i (t)— 0,and the firet term of the expanaion le where 

jlo-(8«+2) j^***>/(*) <** 

Uiaoueo, in particular, the caae when B la infinite, ao that J, (it)>0, ahewing that 

(4r)}-* f'^xf(x)J.{trX)dx. 

[This neult le due to Ilobeon, Free London Math. Soe (8), vu (1809), 348 , aee 

also W H Young, Proe London Math Soe (8), zvill vl8S0), ppi 163-900 Hie fomial 
expanaion was given with B infinite (when n»0) by Fourier and (for general valuea of a) 
by Lomuid , proofa ware given by Hankal and Sohlofli The formnla when B^n -n waa 
given mcorrectly by Dmi, Sene di Bonner (Fiaa, 1880X the term il»a* faemg printed aa At, 
and thiB error waa not oonectad by Nialaen See Bndgeman, BhU Mag (8), xvx (180BX 
)t. 847 and Chree, JPhU Mag tfS), zvn (1808), p 330 The expanmon la uou^y called the 
Fonner-Be—el exfxmnon ] 


81. Prove that, if the expanaion 

«•- r*- di Ji c)+ AtJt (»t*)+ 

exiateaaa unifomly convergent aenea when —a^e^o, where Xi, X|, . are the poaitive 
roota of a/,(Xa)»0h then 


4 .- 8 {eX,»Ji(X,o)}-> 


(Oar^iaOO) 
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[chap. XVII 


SS. If ij, Iki are the positive roots of J, {ka)>mO, Sud if 

jC+*- 1 
r«l 

this senes oonveigiiig uniformly when 0 <x<a, then 

'' (Math. Tnp. 1906.) 

83. Shew that 

.fTn/ s f*'.f«(#sin6)oos**"*““‘6sin“+>6«W 

wben »> m > - 1. (Sonine, MatA. Amt. XVL) 

34. Shew that, if e > 0, 

(Nioholaoii, PhO. Mag. (6), xvin. (1809;, p. &) 
SA. If SI be a positive integer and <(>0, deduce from Bessel's integral formula that 
J (2Ta>s~w* secb u. 

86 Prove that, whenx>0, 

/o(*)”- f Bin (x cosh «) <f(, ro(*)»--j i»e(xcoah<)i)ft 

rjt tt J t 

[Take tne contour of $ 17'1 to be the imaginary axis indented at the origin and a 


(Math. Tnp 1904) 


semicircle on the Idt ot this line 1 
87. Shew that 


(Sonine, MatA. Ann. ZTl.) 


and that 


0<(<l\ 

»>1 J 


j x~'y,(xe)Biaadsa«^« 

j »'>.fj(*()sinx<i*— t“*{I-(l-(*)i} 0<»<ll 

-t-‘ <> I j 


88. Shew that 
is the solution of 


(Weber, Journal fitr Math. LXXV.) 
«"''“**{d+£log(rsin*6)}di> 

<f>s . 1 dit 


dr* ( 




(Poisson, Journal da tSotii PolgUchnijaa, zn. (1888), p. 476; see also Stokes, 
Comb. PAd. Trtmt. iz. (1836), p. [38].) 

39. Prove that no nlatian of the form 


» Wy,„(x)-0 

can exist for ratiaiial values of If„ n and x except lelatioiis which are satiafied when the 
Baaad fonotions an replaced hj aihitraiy aolutioiisof the leoaneDce formula of g 17-81 (A). 

(Math. Trip. 1901.) 

[Express the left-hand side in terms of ,^(x) and (x), and Asw by eiampls IS 
tlutt rf.+i (x)/J,(x) is irratiimal when * and x are rationaL] 
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30. Provethat,«hea3(«)>-|, 

(Hai'gteaT«, PhiL Trmu. 1848 ; Maodonald, Pne. London McUh. Soe. zux.) 

31. Shew that, when Ji (n-t-i) > 0, 

(* sin 8) ein*'*'* 8 (*)• (Hohaon.) 

32. Shew that, if 8it4-l>m> -1> 

(Weber, Journal filr Matik, Lziz. ; Math. Trip. 1898.) 

33. Shew that 

i *-2^ {^,+4 (*)}*• (Lommel.) 

p*Q » 

34. Ill tb^ oquation 

n IS real ; shew that a soIutioa.U given b; 

, , . ! (-)»«^ooe(»_-«loK*) 

ooe(*]ogs)- 3 1— i j- — -B-i r> 

“■•I 2*" la !(H-n’)H*+»*)*— 


where «m denotes 2 arc tan (n/r). 

rmt 


(BUth. Trip. 1894.) 


38. Shew that, when n is large and positive, 

J’,(»)-2-t3-*w-‘r(J)»-i+o(»-‘). 

(Canoh;, Comptu Rtndtu, xzxvin. (IBM), p. 993 ; Nicholson, PhiL Mag. 
(6), XVI. (1908), p. 276.) 

36. Shew that 

(Mehler, Journal filr Math. Lxvm.) 


37. Shew that 


e*«-*-3-‘r(i.) 3 (a+i)C’(eoe«)X— /,.»9i). 

k-O 


38. Shew that, if 


(Math. Trip. 1900.) 


If- y. (ow) /.(&»)/«(«) »>— (is. 


d, b, « being poeitive, and m is a poaitiTe integer or nro, than 
If— 0 ((»— i)*>e‘, 

a~w J— m j— » 


If- 


9»— >,r*r(ai+i) 

lf-0 (a+4)«>()«. 


{83*M-S(ri)*'» (o+6)«>e*>(o-4)», 

(Sonuie, Math. An*, xn) 
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39. Shaw that, if ud 

a, i,e being poaitive, than 
tP>0 

<!’>(a+ 5 )*, 

where I*— (»•+&*— «*)/So6, 

(Maodonald, Pne. Lendm MeOk. Soc. (S), til) 

40. Shew that, if A («+!)> 0, 

/o’”"*' 

and, if largo I <i«', 

/;.-“-'‘*.inh-*dA 

Prove also that 

(0)— »"* 8 " *" r (m+i) ooe «iir J («•+«•)“■“* eoa 11 du. 

(Hath. Trip. 1888. (X Barnet, iVoe. Oseii. Phil Soe.'vi.) 
[The fint integral may be obtained by expanding in powers of x and integrating tena- 
by-term. To obtain the second, ronmder 

/ H+. -Hi _ 1 

wbeninitiaUy aig((-l)— aig(<>t-l)»0. Take |r|>l on the contour, expand((*- 1 )"~Md 
descending powers of t, and integrate term-by-term. The result is 
Ste^'sin (SiBir)r<im)B“**r(l— s»)/_„(r). 

Also, defonniog the oontour by flattening it, the integral becomes 

8»A^i?"sin8i»w e-'‘(<*— J e'** (l _ ; 
and conaequently 

W- *>"■* 

41. Shew that 0» (i) aatie&es the differentis] equation 
d»0,(») 3dO.{r) I 

-ssr-+i cU •+V — 

where ?«■"»'' (* even), g,— n»"* (s odd). (K. Neumann.) 

4S. If /(o) be analytic throughout the ring-shaped region bounded by the cirdas c, C 
whose centres are at the oripn, eetablieh the expansion 

W+or*^! (•)+— 

fifllo<V(*)sn9,0,(>>+«iO,(f)-h..., 


where 


“.“’i/j/(<>0.(»)*i A.**i/^/<OJ'«(0<*- (K. Neumann.) 

ire] 

1: 


43. Shew that, if x and y m pomtive, 


where r— •h%^[a*+ii*) aiidB— -hVi**— 1) or « V(1 - i*) according as k> 1 or i< 1. 

(Math. T)ripL 1900.) 
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44 Shew th&t, with luiteble reatnctiona on n and on the form of the fanction f{x), 
f («) - j' J, (te) 1 1^' f{3f ) ./, (r**) y etr’l dt 

[A proof with an hiatonoal aoaoiiiit of this important theorem is given by Nielsen’ 
CyhndtrfmituMtK, 860-363, It is due to Hankel, but (in view of the result of § 9 7} 
It 18 oftm called the Fountr-Butd ttUegral ] 

46 If <7 be any closed oontonr, and m and » are integers, shew that 

(f) <*) ^“jc 

unless C contains the origin and won , in which case the first two integrals are still sero, 
but the thud is equal to « (or Siri if ansO) if C encircles the origin once counter- 
olodkwiae (K Neumann ) 

46. Shew that, if 

pijt 

and if A be a positive integer, then 

* 


'•“>1® *’**‘““«-i«-iOo(*)+2 Z o,-„_,,+„.iOj,(z) 

(K Keumann) 

47 If fl.(y)^ \ l««-(»-l)«} 

iii«o xia ' 

shew that 

V#’-a^)-Uo,(y){J'o(a))^+8 Z O. (y) {,7. ( r)}» 

»"i 

when the eenes on the right converges (K Neumann, Jfort dnii m) 

48 Shew that, if oO, Il(»)> -1 and R(a±hf>0, then 

/.(a) j;(6)m^ |'■*^'<-■oIp{(t«-o•-^») (»'} In{ablt)dt 

(Macdonald, Proc. L(mdon Math Soe xxzix ) 

49 Deduce from example 4^, or oUierwise fwove, that 

(o*+6*- 2a6 cos d)"*" 2a6 oos d)*} 

“2'*r(rt) i («+»)a'*6“»J^«^«(a)./«*.(6)C«»(coed) 

•laO 

(Qegenbauer, ifuner SUxu»gt6eneA(e, LSix ucxiv ) 


50 Shew that 


satisfies the equation 




Rimes its imtial value after descnbing the oontour. 

Deduce that, when 0<s<l, 

(Sohsfboithii, JfoM Ana zzx , Math Trip 1908.) 

2S 


W. M. i. 



CHAPTER XVm 

THE EQUATIONS OF HATHEHATICAL POTSICS 


18 1 The differential equaiume of mathemaihcal phyetoe 
The functions which have been introduced in the preceding chapters are 
of importance m the applications of mathematics to physical investigations. 
Such i^hoations are outside the province of this book , but most of them 
depend essentially on the fact that, by means of these functions, it is possible 
to construct solutions of certam partial differential equations, of which the 
foUovnng are among the most important* 

(I) Laplaoe'e equation. 


^ ^ anf 
a** ay* a** 


0. 


which was originally introduced m a memoir* on Saturn's rings 

If (4i, y, t) be the rectangular loordioatee of any point ui epaoe, this equation le 
eatufled by the foUowmg functions which ocoor in various btanchea of matbamatiaal 
phynoB 

(i) The gravitatioua]. potential in regions not occupied by attracting matter 
(u) The ehx.traatatic potential m a uniform diolaitnc, m the theory of electro- 

atatioa 


(ui) The magnetic potential in free aether, m the theory of maguetostatioa 
(it) The eleotnc potential, m the theory of tiis steady flow of eleotno ourreute in 
■olid cunducton. 

(r) The tempemture, in the theory of tbemiat equihhnum in aolida 
(vi) The velocity potential at points of a homogeneous liquid moving imtationally, 
in hydrodynamical problems 

Notwithstanding the Cynical diflbtenoes of these theories, the mathematioal mveati 
gstiona are much the same for all of them thus, the problem of thermal equihbnum m a 
aohd when the points of its surboe are maintained at given temperatures is mathe- 
matioally identiosl with the problem of determining the electno intensity in a region 
when the points of its boundary are maintsmsd at given potentials 


(U) The equaboH of Wive motione 

?? ?!r L?!r 

ay* ■*" 3** “e* df ■ 

This equation is of general occaRenoe m inveetigatioas of unduUtoiy distnrbaueee 
pKqwgated with velocity e indeiwndent of the wave length ; for example, in the theory of 
deotnc waves end the electro magnetic theory of light, it la the eqoation aabsfied by awrii 
component of the eleotno or magnetic vector, m the theory of elastio nfanattona, it 
la the equation aatiafied by each oomponent of the diaplaeemant ; and m the theory 
of aoand, it is the equation satiafied by the valoaty potent in a perfcot gaa. 

* Jlfia. i€ VAeed. let Beiemeet, 1787 (pabliabod 1788), p. 8f A 
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(III) The cgwotton of wnduetion of heat 

^ ^ ^ i^r 

This is the equation satisfied by the temperature at a point a homogeneous isotropic 
body ; the constant k is proportional to the heat conductivity of the body and inveisely 
proportional to its spedfio hwt and density. 

(IV) A particalar case of the preceding equation (II), when the variable 
e is absent, is 

a** 0y* “c* 0f ■ 

This 18 the equation satisfied by the displacement in the theory of transverse vibrations 
of a membrane ; the equation also occurs m the theory of wave motion in two dunensions. 

(V) The equation of telegraphy 




This is the equation satisfied by the potential in a telegraph cable when the inductance 
C, the capacity K, and the resistance R per umt length are talcen into account. 

It would not bo possible, within the limits of this chapter, to attempt 
an exhaustive account of the theories of these and the other differential 
equations of mathematical physics; but, by considering selected typical 
cases, we shall expound some of the principal methods employed, with 
special reference to the uses of the transcendental functions. 


18'2. Boundary conditions. 

A problem which arises very frequently is thexletermination, for one of the 
equations of § 18'1, of a solution which is subject to certain boundary con* 
ditions ; thus we may desire to find the temperature at any point inside a 
homogeneous isotropic conducting solid in thermal equilibrium when the 
points of its outer surface are maintained at given temperatures. This 
amounts to finding a soflition of Laplace's equation at points inside a given 
sur&ce, when the value of the solution at points on the sur&ce is given. 

A more complicated problem of a similar nature occurs in discussing 
small oscillations of a liquid in a basin, the liquid being exposed to the 
atmosphere ; in this problem we are given, effectively, the velocity potential 
at points of the free surface and the normal derivate of the velocity potential 
where the liquid is in contact writh the basin. 

The nature of the boundaij conditions, necessaiy to determine a solution 
uniquely, varies very much with the form of difierential equation considered, 
even in the case of equations which, at first sight, seem very much alike. 
Thus a solution of the equation 


£!*• 3y* 


-0 


38—9 
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(which occurs in the problem of thermal equilibrium in a conducting 
cylinder) is uniquely determined at points inside a closed curve in the 
d^bplane by a knowledge of the value of V at points on the curve; but 
in the case of the equation 

0^_1^ 

a** c* at* 

(which effectively only differs from the former in a chang^e of sign), occurring 
in connexion with transverse vibrations of a stretched string, where V 
denotes the displacement at time t at distance te from the end of the 
string, it is physically evident that a solution is determined uniquely only if 

both V and ^ are given for all values of x such that 0 when t»0 

(where I denotes the length of the string). 

Physical intuitions will .usually indicate the nature of the boundary 
conditions which are necessary to determine a solution of a differential 
equation uniquely; but the existence theorems which are necessary from 
the point of view of the pure mathematician are usiuilly very tedious and 
difficult* 

18‘S. A general solution of Laplace's equation f. 

It is possible to construct a general solution of Laplace’s equation in the 
form of a definite integral. This solution cam be employed to solve various 
problems involving boundwy conditions. 

Let V (w, y, x) be a solution of I^place’s equation which can be expanded 
into a power series in three variables valid for points of (a, y, s) sufficiently 
near a given point (x;,, y,, x«). Accordingly we write 

+ y = yo + F, swme, + Z-, 

and we assume the expanrion 

V + 61^ +Ci^ + 0*^* + 5*1^* +C|^* 

+ id,TJS + 3e,ZX + 2/^X7+..., 

it being supposed that this series is abscdutely convergent whenever 

where a is some positive oonstantj. If this expansion exists, V is said to 
be analytic at (x,, y„ s^- It can be proved 1^ the methods of Jg 3’7, 47 

* te ag. Fonirth, Thary sf Pmetimt (1918), M SI 8 - 8 W 1 elwie sa mputatlr dmpte 
problro i» aiimwsd. 

t WUttskCT, Hath. Am. tvis. (1909), p. 888 . 
t ThsftnwtioiiiofspplwdiiiitlwniaUaitatM^tluttandttloii. 
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that the senes converges uniformly throughout the domain indicated and 
may be differentiated term-by-term with regard to X, F or Z any number of 
times at points inside the domam. 

If we substitute the expansion in Laplace’s equation, which may be 
wntten 

^ ^ a*F 

and equate to zero (§ 3*73) the coefficients of the vanous powers of X, F 
and Z, we get an infinite set of linear relations between the coefficients, 
of which 

a,-H6j-|-Cj = 0 

may be taken as typical. 

There are | n (n — 1) of these relations* between the ^ (n 2) (n + 1) 
coefficients of the terms of degree n in the expansion of V, so that there 
are only ^ (n-(- 2)(n-)- 1) — |n(n — 1) = 2n + 1 independent coefficients m 

the terms of degree n in F Hence the terms of degree n m F must be 
a linear combination of 2n -f- 1 Imearly independent particular solutions of 
Laplace’s equation, these solutions bemg each of degree n in X, F and Z 

To find a set of such solutions, consider (F-f- tX cos u + tFsin u)* , it is 
a solution of Laplace’s equation which maj be expanded in a senes of sines 
and cosines of multiples of u, thus 

2 gM(X, Y, Z)c<mmu+ 2 A„(X, T, Z)ainmu, 

««• M-l 

the functions ym(X, F, Z) and Am(X F Z) being independent of u The 
highest power of Z in F, Z) and k^{X, F, Z) is X*"* and the former 

function 18 on even function of F, the latter an odd function, hence 
the functions are linearly independent They therefore form a set of 
2n -t- 1 functions of the type sought 

Now by Fourier’s rule-f (§ 9 12) 

F, Z)’= j (Z +tX <soa u + lYaiau'y' coamudit, 

, irkg, (X, Y, Z)^J (Z+tX cos « -h »Fsin «)" sin-mudu, 

* F (whtra r.|-<-l-(»a) be the eoeSowiit ol A'PZ' lo F, end U the tecme of degree 
s-S in + jpj + be ansnged ptmenl; in poweri of X and eesonduily in powen of Y, 

the ooeSoieiit dose not oeenr in anj term after (or X'P~‘i‘ it r=0 or 1), and 

benoe the relatume are all liaearlr independent. 

t Sr mnet be mtten for r in the ooeffldent ol p, (X, Y, X). 
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and 80 any linear combination of the 2 r + 1 solutions can be written in the 
form 




(^+ iZ cos u f t'F sin u)*/, («) du, 


where f»{u) is a rational function of e”*. 

Now it is readily verified that, if the terms of degree n in the expression 
assumed for F be written in this form, the series of terms under the integral 
sign converges uniformly if jZ{‘+|F|*+jZ|* be sufficiently small, and so 
(§ 4'7) we may write 

y =■ I 2 (Z+iX COB It +»y’ sin «)•/,(») eiw. 

But any expression of this form may be written 

F-J' FiZ + iX cos ti + tFsin u, ul du, 

where F is a function such that differentiations with regard to X, F or ^ 
under the sign of integration are permissible. And, conversely, if F be any 
function of this type, F is a solution of Laplace’s equation. 

This result may be written 

F = f /(* + 1 * cos u + ty sin tt, «) du, 


on absorbmg the terms — x, — MgCosit — iygsinw into the second variable; 
and, if differentiations under the sign of integration are permissible, this 
gives a general solution of Laplace’s equation ; that is to say, every solution 
of Laplace’s equation which is analytio throughout the interior of some 
sphere is expressible by an integral of the form given. 


This result u the thtee.dunenBi<nuU aiialogae of the theorem that 


18 the gaueral solution of 




a»r, c*r 


0 . 


[Nora A distinction has to be drawn between the primitive of on ordinary chfferential 
equation and general integrals of a partial di&rential equation of order higher than the 
first*. 

Two apparently distinct primitivee are always directly tnoaformable into one another 
by means of suitable rtiatites between the coestaats', thus in the case of we 

can ohtun the primitive fftin («+*) from A <xmx+Bmat by deBniog C end • by the 
equatione Cam <>»A, Cocmt—B. On the other hand, every sidation of Isqdaea^a equation 
ia exptendUe in each of the forms 


J' /(x cost +y sin (+»,<} <ff, J y(yoos«q-stin«+<*, 


* For e diseneelflii of geaanl iotsgnls of seah eqeationt, lae Forsyth, Ttaery qf l>(fsr«iilia( 
EfmOitm, rt. (IWW), (%. so. 
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but if tiuM an known to be the etone eolution, then appears to be no general analytical 
relation, ecmneoting the fhnctions / and g, which will directly tienaform one form of 
the eolation into the other,] 

Bxam,^ 1. Shew that the potential of a particle of unit mass at (a, h, e) is 

_1_ du 

SrJ~n (t-e)+i(s-a)ooau+i(jf-b)ianu 

at an points for which s> c. 

JBxamfiU i. Shew that a general solution of Laplace’s equation of xero degne in 
Ay,*ia 

j U^(sooet+yant+u)g{t)dt, if j" 

Express the solntions and log in this form, where 

SmtmpU A Shew that, in the case of the equation 

^wben Charpit’a subeidiaiy equatioos (see Eonsyth, Diftmtial 

Bguatumt, Ohap. ix.) are 

(i) o, 

(ii) pmg-i-aK 

Deduce that the ooiresponding general integrals ate derived from 

(i) s-i(»+«)>+J<y-«)>+/’(«)i 

0-(*+o)«-(y-a)»+E’(o) f ’ 

(ii) 4t-] (*+y)*+8o* (x-y)-o‘(j:+)f)-*+<?(o)) 

0— to(x-y)-4<i»(x+y)-‘+<?'(o) j’ 

and thence obtain a differential equation determining the function 0 (a) in terms of the 
Amotion F{a) when the two general mtegtala are the same 

183L Solution* of Laplace’* equation involving Legendre function*. 

If an expansion for V, of the form aasnmed in § 18*3, exists when 

we have seen that we can express F as a series of expressions of the type 

^ (x + teooe« + tyBin«)*oaemueIi(, j (* + icpoeu + iyaiiiu)^anmudu, 

where n and m are integers snob that O^m^n. 

We shall now examine these expres^ons more dosely. 

If we tdce polar coordinates, defined by the equations 

wasrsindcoB^, y varsin doin^, x-roos8. 
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we have 


J (j:+iweoau + iymnuy^coemudu 

= r*J’ {eo 8 tf+t 8 iii^C 08 («-^):j*C 08 niMdu 
= »*f (coed +»ein cos ■^)'*co8ni + 

= j*J (eostf + <«intf cos'll" cos TO + 


= r“COSTO^J (cos + 18111 ^C 08 '^}*C 08 TO'^d'^, 

since the integrand is a periodic function of ^ and 

(cos fl + 1 sin cos ■^)" sm my/t 

is an odd function of Therefore (§ 15'61), with Ferrers’ definition of the 
associated Legendre function. 



+ urcos u + t^sin «)"co8 mudn 


2wt'".n! 
(n + w) ! 


r"P„”* (cos ff) cos mtp. 


Similarly 

j (s+t«co8u + ty8in»)"8inTOudu> 


2iri”. n 
(n+ to) 


r^Fn'" (oos 0) sin 


Therefore (coe 6) cos and r*P„" (cos 0) sin are polynomials 
in m, y, s and are particular solutions of Lapkut^s equation. Further, hy 
§ IB'S, every solution of Laplace’s equation, wkUk is analytic near the oriyin, 
can be expressed in the form 

2 r* j,d«/'»(costf)+ 2 (iln'*' coe + 5 b'"’ sin TO^)'i’n" (cos tf)l 
»-o ( i»-i J 


Any expression of the form 


A,P,(co8tf)+ 2 (AB’^’ooamf + 5«'"> sin (cos tf), 

where n is a positive integer, is called a surface harmonic of degree n ; 
a snrftce harmonic of degree n multiplied by r” is called a solid harmonic 
(or a spherical harmonic) of degree n. 

Ibe carves on a unit sphere (with oentre at the origin) on which Pb(ocs^) vanishes 
are n parsllela of latitude which divide the surfhoe of the sphere into sones, and so P. (cos t) 

is oalied (see§ lb'l)s tonal harmenie; and the carves on which |^in^.PB*'(aosd) vanishes 

are n-oi parallels of latitude and Sm meridians, which divide the suiftce of the sphere 
into quad r angles whose angbs are tight angles, uid so these fimetiions an called teiseral 
hmvunaa. 
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A Mild harmomo of degree n le evidentt;r a homogeneoua polynomial of degree « in 
X, y, t end it aatiafiea Laplace’s equation 

It la evident that, if a ohonge of rectangular coordinates* la made by rotating the axes 
about the origin, a Mlid harmonic (or a surface harmonic) of degree it transforma into 
a Mbd harmonic (or a surface Jiarmonic) of degree n in the new coordinates 

Spherical harmonics were investigated with the aid of Cartesian coordinates by 
W Thomson in 186S, see Phil Traia (1863), pi> 573-682, and Thomson and Tait, 
Tnatut on Katmal Phlotophy i (1879), pp 171-218 , they were also investigated 
independently in the same manner at about the same time by Clebech, Journal fUr Math 
LXI (1863), pp 195-262 

Sxample If coordinates r, 6, ^ are dehned by the equations 

satrooed, y=(r*-l)^aiuSoos<^, <»(r'-l;^8indsin0, 
shew that (r) /*/■ (cos d] cos satisfies LapI ice s equation 


18 4 The solutton of Laplace’s equation which satisfies ass^ned boundary 
conditions at the surface of a sphere 

We have seen (§ 18 31) that any solution of lAplace’s equation which 
IS analytic near the origin can be expanded in the form 

V (r, 6 , 4 ,)= 2 r" {JbPm (cos 0 ) 

s»o I 

+ 2 (2l»*“eosm^ + J3,i">8mw^)P**(cos^)l, 

«•! j 


and, from § 3 7, it is evident that if it conveiges for a given value of r, 
say a, for all values of 0 and ^ such that — vr<^<ir, it converges 

absolutely and umformly when r < a 


To determine the constants we must know the boundary conditions 
which V must satisfy A boandaiy condition of frequent occurrence is 
that F 18 a given bounded integrable function of 0 and say f{0, ^), on 
the surfiice of a given sphere, which we take to have radius a, and V is 
analytic at points inside this sphere 

We then have to determine the coefficients A„, A*"*', Bn*"’ from the 
equation 

f{0,4t)<a, 2 a" |a«jP„(cos tf) + 2 (A»'"cos»»^+B»**'sinw^)P,"(co8^) 

l»«0 ( 


Assummg that this senes converges uniformly t throughout the domain 


multiplying by 


P,»(C08tf)^^TW^, 


* opantor ^ laTUSMit for ohuiget of rMtangnlar ues 

t This M nmoUy tho o«m m pbjwaal probiami 
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integrath]^ tenn-l^-tenn (§ 4*7) and nsing the reeults of 16*14, 16*61 (a 
the integral properties of Legendre itinctions, we find that 

6^d(yd<l>' » ’ra* 5.«, 

f,lt ^ ““ S'dffd^: = 2iro» -4,. 

TheieSire, when r<a, 

V (r. 6, *) = f ^ Q" 1'^ JJ/ (tf*. *') jp, (eoe 4) P. (cos O') 

+ 22 — j P^* (cos d) P," (cos d") cos i« (A — ^')l sin d'dd' d^’. 

a^i (n + m) 1 ; 

The series which is here integrated tenn-by-term converges uniformly 
when r<a, since the expression under the integral sign is a bounded 
function of 0, ff, and so (| 4*7) 

4wr(r, d, f) J^(2« + l)g)’’ jp,(co8d)P«(cosd') 

+ 2 2 52r^ipr(co8^).P«"(«>8d')oo8«(*-(^')l8ind'dd'd*'. 

Now suppose that we take the line (d, as a new polar axis and let 
(^I'l be the new coordinates of the line whose old coordinates were (d', 
we consequently have to replace P» (coe ^ by 1 and P," (cos d) by zero ; and 
so we get 

4»F(r. d, ^)- 1' f) J^(2n+l)Q’‘P.(coed.')8ind/dd.'ii^,' 

If, in this formnla, we make uae of the result of example 23 of Chapter xv 
(p. 832), we get 

a T /'//«' « (»* - > ^) sin d'dd'd^' 

and so 
4wF (r, d, 

•a(a»-f)r r . 

[T* — 2or {coed coed' + sin d Bind' COB (^-^')} + a?]* 

In this compact ibnttala the Legendre fonctioDs have ceased to appear 
eiqilicitly. 
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18 - 5 ] 


The laet fonuuk ean be obtuoed bjr the theoiy of Orem’* fmetum* For properties 
of such ftanctions the nader u referred to Thomaon and Tait, Ifataral PkSMOphy, 
S§ 499-619 

[NoTK. From the integrals for V (r, 6, (f) involving Legendre fiinctionB of ooa d/ and 
of cosd, coeF nepectively, vre can obtain a new |>rnof of the addition theorem for the 
Legendre polynomial 

For let 

X. (F, ♦ ) - P, (ooe d,') - |P. (coa d) P. (coe F) 

^ w)' ♦ )}• 

and we get, on comparmg the two fonnalae for V (r, d, ^), 

®”/l, (0*** ^ 

If we talce/(d', 0 ) to be a enrfeoe harmonic of degree n, the term invblvmg r* le the only 
one which oooiirs in the integrated senes , and in particular, if we take/(F, i^*) ~X> (F, 
we get 

J' J'{x,(F,*))*ainF(fF<i(fr-0 

Since the integrand is continuous and is not negative it must be aero, and so 
Xn^d, ^)sO, that M to say we have proved the fonniila 

P«(cosd, )»P«(cosd)P«(o»F)+S S ^^^-^P,"‘(cood)P,"(cosF)ooe«(^-^')> 
wherein it is obvious that 


cos d|' = ooa d cos d' +sin d sin d* toe 
from geometrical considerabona 

We have thus obtained a physical proof of a theorem proved elsewhere* (§ 16 7) 
purely analytical reasoning ] 


Example 1 Find the solution of Laplaces equation analytic inside the sphere r— I 
which has the value sin 3d cos ^ at the surface of the sphere 

[^r*Pj* (ooa d) cos ^ - JrP,* (cos d) cos ^ ] 

Examph S Let /,(r, d, be equal to a homogeneous polynomial of degree n 
m X, y, s Shew that 

/ I /a(a, d, ^)P.{ooBdaoBF+BindsinFoo8(^— n'smdddii^ 

-*J9 

[Take the direction (F, 40*** axia] 


IB'S SohOum* of Laplacift equation wkwh involve Battel eoeffieimU, 

4 A particular case of the lesnlt of § 18 3 ib that 

j' ^W+tso««+Hfeas)cog^^^ 

la a solution of Laptaoe’s equation, k being any constant and m being any 
integer. 

* n* ehsenee of the fester (- )" which ocoais m 1 16-7 u doc to the feel feat the foaiSieas 
now essployed are Fenenf a aeoal et ed faneaens. 
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Taking ojlmdncal-polar coordinates (p, t) defined by the equations 
x^pcoa^, y=pBmi, 
the above solution becomes 

a*« J ^-*>eog mu du^e^J «*►“"’ cos »»(v+^) dv 

= I cos mv cos tru^dv 

=> 2s*' 008 (m^) J* e'*'“*’oos mvdv, 

and BO, using §171 example % un set that 2irt'*s*'cos(m^) Jm(kp) ts a 
wdutum of La/flace’s equation analytic near the ortyin 
Similarly, from the expression 

j"' ^tt+acMv+tyUau, gm 

where in is an integer, we deduce that 2irt* s** sin (m^) J„ (Jcp) ts a lolutton 
of Laplace' t equation 


U‘61. The penade of nbntton of a uniform membrane* 

The equation aatisSed by the diaplacenient V at time { of a point {x, y) of a uniform 
pbrne membnme -nViratn^ harmonioidly n 

3»F 3»r 10«F 

da* 0jf* "*c® 0tt * 

when < IS a oonatant depending on the tenaiou and denuty of the membrane The 
eqnatioa can be reduced to Laplace’s equation by the diange of ramble given by zneti 
It foUowa from § 18 5, that expteeaions of the form 


''' BIU ^ Bin 


Mtuiy the equation of motion of the membrane 

Take ai a partKidar earn a drum, that u to ny a memhnine wtfA a fixed oiretUar 
boundary <f rodum R 


Then one poaaible type of nbntion is givso by the equation 

(ip) eon con cH, 

prondad that TaO when p = A , % that we bare to cbooee k to satisfy the equation 

Thu equation to determine k baa an infinite number of real roota (§ 17 3 exam{de 8), 
^it h%, aey A pcaaible type of vibration u then given by 

^ rw/,(i^)ooe»i^ooB«M (r-l, 8, 3, ) 

This w a penodio motiod edth period Sw/(eiv)( and eo the calculation of the penoda 
dependa eeeentiatty on calculating the seroa uf Beeeel ccefliowntt (see § 17*8) 


* Snbt.MHa Cemsi deail Pnrof x <17U) [puUnbed 1786], pp 343-360 , Pomes, Utm. 
it VAteiemu, Tm.<183»), pp SS7-S70, Bougal, dm ie TfMt norm np in (18(i6), pp S5-8S. 
For a detailed duenmon of ribiations o( mcateanei, eee eleo Bayleigb, Tkrerp qf Sound, 
Chapter ix. 
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Jbnmph The equation at motion of air in a ciroular oylmder nbratmg per^ 
pendioularly to the axis OZ of the cylinder is 


^ a*r 1^3»V 
W’ 


V denoting the velooity potential If the cylinder hare ndiiie K, the boundary condition 
dV 

IS that ^ ••0 when p— B Shew that the determination of the free periods depends on 
finding the seros of ({)»0 


18 6 A general eolution of the equation of wave motions 
It may be shewn* by the methods of § 18 3 that a general solution of 
the equation of wave motions 


^ ^ i?!? 

a*> au» 0s* “ c* 



where / is a function (of three variables) of the type considered m § 18 3 

Regarding an integral as a limit of a sum, we see that a physical 
interpretation of this equation is that the velocity potential F is produced 
by a number of plane waves, the disturbance represented by the element 
/(aSSin ucosti + ysin uamv+sooau + et, u, v)SuSv 
being propagated in the direction (sin u cos v, sin u sin o, cos u) with velocity c 
The solution therefore represents an aggregate of plane waves travelling in 
all directions with velocity c 

1861 Solutions of the equation of wave motions which involve Bessel 
functions 

We shall now obtam a class of particular solutions of the equation of 
wave motions, useful for the solution of certain special problems 

In physical investigations, it is desirable to have the time occurring by 
means of a factor sin det or cos ckt, where k is constant This suggests that 
we should consider solutions of the type 

Phyncally this meous that we oomider motioiiB in which all the etementaiy waves 
have ^e same penod 

Now let the polar coordinates of {x, y, s) be (r, 0, and let (as, ifr) be the 
pokr coordinates of the direction (u, v) referred to new axes such that 
the polar axis is the direction (0, ^), and the plane ^>0 passes through 
OZ, so that 

cos m » cos 3 cos u + sm 8 sin u cos (^ — v). 

Bin u sin (^ — v) sm w sm 

* See the papsr preneiisly eitsd, JfolA iisa avn (1903) pp 843-845, at Jfutnesr JfatSs 
siatiei, xzxn. (1907), pp 90-106 
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Also^ttake the arbitrary fnnctioB /(u, e) to be 3^(«, «)Bini{, where 8n 
denotes a snz&ce harmonic in u, v of degree n ; so that we may write 
(«, e) - S, ^ ; w, 

where (§ 18*S1) is a surface harmonic in ^ of degree n. 

We thus get 

V -■ «*« j j" S« (d, ^ ; «, ^) sin ladvdir- 

Now we may write (§ 18'31) 

8n(0,^-, «», ^).P,(C08««) 

+ 2 (0, cos + BJ^ {0, sin P*"* (cos «*), 

where An (0, 4‘)> (.0> 4") (0> i>) ^tre independent of ^ and w. 

Performing the integration with respect to we get 

V’si2‘ir^*‘‘ An(0,di)j e**'’“*“ P, (cos «>) sin wdo) 

= awe*’* An (d, I’ ^ e>*'<‘ P„ Oe) 

- 2we*‘ An (0, ^)f_^ «*>• 

by Bodrigues’ formula (§ IS'll); on integrating by patrts n times and using 
Hankel’s integral (§ 17'3 corollary), we obtain the equation 

9ir r> 

ri, (0. (ih-r f^r dM 

~{2■«■)i^^0*^(kr)-iJ„^^{kr)An{0. <k). 

and so F is a constant multiple of ^ r~i Jn^^(kr) An{0, ^). 

Now the equation of wave motions is unaffected if we multiply x, y, t 
and t by the same constant foctor, i^ if we multiply r and t by the same 
constant foctor leaving 0 and 0 uiaaltered; so that An(0, may be taken 
to be independent of the arbitraiy constant k which mnltiphes r and (. 

Hence Um e**^r~*i“*~id‘„^j(ifcr)A«(S, is a solution of the equation 

of wave motions; and therefore T"An(0, is a 8 oluti 0 n'(independent of t) 
of the equation of wave motions, and is consequently a solution of Laplace’s 
equation ; it is, accordingly, permissible to take An (0, to be any surface 
harmonic of degree ti ; and so vs obtain ths result that ' 

(^) ^ ^ 

ts a particular solution of As eguation of vane motione. 



899 


THE BQI7A.TION8 OF MATHEJCAITCAJ. FHYBIC8 

18*611. ApfKeaUM | 18*61 to a pkgiieal preUtm. 

The eolutlon jost obtained for the equation of ware motioDB may be used in the 
faUowing manner to determine the periods of free vibration of air contained in a rigid 
sphere. 

Hie velocity potential r satisfies the equation of wave motions and the boundary 
oondition is that mO whan r— a, where a is the radios of Om sphere. Hence 

(if) f,- (coed) ^ s.^ ^ cb 
gives a possible motion if i is so chosen that 

7^''**'.+4(*-)U.-0* 

This equation determines i; on using § Vl-IA, we see that it may be written in 
the form 

tan 

where f^(ta) is a rational function of to. 

In particular the radial vibrations, in which V is independent of 6 and ^ are given by 
taking a— 0; then the equation to determine t beoomes simply 

taiiia»ka; 

and the pitches of the fundamental radial vibrations oorreapond to the roots of this 
equation. 
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Miscellaneous Examples. 

I. If F be a solution of Laplaces equation which is symmetrical with reepeet to OZ, 

and if on OZ^ shew that if /{{} be a Amction which is analytie in a domain of 

values (which contains the origin) of the oomplez variaUe than 

F-i J’f{t+i(a*+y*)ioont}dp 

at any point of a certain ihiee^limeiisional r^on. 

Dedtwe that the potential of a uniform eircnlar ring of radiua e and of mass M lying in 
the plane XOF with its centre at the origin is 

{s-t-i (*»+y»)* cos i 
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S. If r be a aolution of IiaplMe^ aqiution, which U of the form /''(p, «), where 
(p, ^ r) are oyliodrioel ootadioetee, and if tbia eolution ie approsimatdj equal to 
p**e^/(«) near the axia of a, where /<{) ia of the character deaoribed in example 1, 
ahew that 

(Dougall.) 

3. If « he determined aa a fonction of x, y and r by means of the equation 

4»+^y+C»»l, 

where A, S,0 are functiona of » audi that 

d»+fl»+C*-0, 

ahew that (aubjeet to oertain general oonditiona) any function of « is a solution of 
Laplaoe’s equation. 

(Forsyth, Jfawaeyar, xzviL (1898), pp. 99-118.) 

4. A, B are two points outside a sphere whose centre is C. A layer of attracting 
matter on the surface of the sphere is such that its surface density Cp at P is given by 
the formula 

r,(t(AP.BPr'- 

Shew that the total quantity of matter is unaflectad by varying A and B so long as 
CA . CB and are unaltered ; and prove that this result is equivaleut to the theorem 
that the aui&oe integral of two harmonica of different degrees talren over the sphere 
is aero. 

(Sylvester, Pha. Mag. (6), tL (1876), pp. 891-307.) 

5. Let V (x, y, t) be the potential function defined analytically as due to particles 

of massa Xt-ip, X-»p at the points {a+ia', b+iV, o+id) and (a— Kf, e~ud) 

respectively. Shew that V (x, y, x) is infinite at all points of a oertain real circle, and 
if the pmnt (x, y, r) describes a circuit intertwined once with this circle the initial 
and final values of V (x, y, t) are numerically equal, but opposite in sign. 

(Appdi, Math. Aim. ZZX. (1867), pp. 168-186.) 

6. Find the aolution of LapUce^s eqtution analytic in the region for which a<r<d, 
it being given that on the spheres r^a and r=A the solution reduces to 

Z c.P,(oosd), Z C.Pa(cosdX 

respectively. 

7. Let O' have coordinates (0, 0, c), and let 

pdZmt, P(jfZ-f, PO^r, PO'-r'. 

Shew that 


P, (cos ff)_P, (coed) ^ ^ ,,cP,+|(ooe*) . (»+l) (»+8)c*P,*,(ooed) . 

according as r>c or r<e. 

Obtain a similar expansion ftw l'•P^ {ecm0). (Trinity, 1893.) 

8. At a point (r, d, ^) outside a uniform oblate spheroid whose semi-axes are a, 6 and 
whose density is p, shew that the potential is 

n>« P,(cosd» A(coBd) T 
3.6 r> +6.7 r*— -J* 

where mf=a*-lh and r>in. Obtain the potutial at pifinta for whioh r<si. 

(St Johnh, 1899.) 
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(Lam«) 


9 Shew that 

*^“**-(4»)* S 

(Bauer, Journal fur Math Lvi ) 

10* Shew thatif x±ty»Acotih(f +ti)),the equation of twu^imensiooal wave motions 
in the coordinates ( and i) is 

3«r,^cl>F 

11. Let «aE(e+rooBd)co8^ ya(e+roOBtf)Bini^, r^rsind, 
shew that the surfaces for which r, d, ip respectively are constant form an orthogonal 
system, and shew that Laplace’s equation in the coordinates r, ^ va 

r 

c+rcostfS^ 

(W D Niven, Afeumger, s ) 

12 Let P have Cartesian Loordiuatirs (a, y, t) and polar coordinates (r, 6, Let 
the plane POZ meet the circle <<=0 in the points o, y, and let 

^og(PalPy)~ir 

Shew that Laplace’s equation in the coordinates c, », <fi is 


0 f , „,3V1 , 1 3 f , . -,3n 


IL 


nh g ®*nh(r dK) 

r COH « 3<r / ^ Pm (ooah tr — cos tadtt j 


1 


?»r 


8inh <r ^cosli IT — COB w ) 0 ^* 




Binh^ 
do" ^cosb O’ ^ 

And shew that a solution is 

r=a(ooflhff— ooe«)^ooMri«coe*a^P* (cosher) 

"“i 

(Hicks, Phil T)qm cLXXll p 617 et seq ) 


13 Shew that 


(J?* + p*-2flpCO80 + C*)-Oas Z 

>i->0 


'r'““"coam»<ii., 


!'«« /■« n 

and deduce an expression for the potential of a particle m terms of Bessel functions 


14 Shew that if a, 6, c are oonstanta and X, p, r are confocal coordinates, defined as 
the roots of the equation in t 

-'ll 


** o._S!La. t. 


then Laplace’s equation may be written 

Ax (p- ») I (a* + a,. (v-X) I; |am If) + A, (X -p) i {a, |1 j =0, 

where A*-V{(a*+h)(fi'+X)(e»+X)} 

(lismd ) 

• Examples 10, 11, IS and 14 are most aanly proved by using Lamd’s result (/oursol de 
I’ZeoU Polyt, XIV . cahiar SS (1884), pp. 191-S88) that if (X, p, v) be orthogoual soordmates for 
which the liiie.el«nient is given by ^ tumnla (4x)’+(<|f)*-t-(>s)*=(liri>X)'+(H«<p)'+(H,(r)', 
L y l soe’s equaton m these coordinates is 

8 /B^Sr\^ 3 /g,H,3P\ . 3 (H,H,9V\ . 

R i 3x j + 3? (-hT 3? ("BT 5? ) “ ® 

A simple method (doe to W. Thomson, Oomi Math. Journal, it. (1845), pp. 38-42) of proviiig 
this result, by means of aignments of a physical chaiastsr, is reprsdoced by Lamb, Hydre- 
dpnasifes (1910), f 111. Analytical proofs, based cn Lsmd’s proof, are given by Bertiand, 
Trail/ de Cofaul Diff/nnhilb (1864), pp. 181-187, sad Ooorsat, Cours d’Analyce, i. (1910), 
pp 158-189; and a most compact proof IS due to NsviUs,Qaartsriyafotirsal,xcix. (1928), pp 888- 
86A Another proof is given by Hdoe, Tkamt /tr f ups(fisnet<aiies, i (1878), pp. 808-806. 

W. V. A. 26 



402 


THB TBANBCENDENTAI. FUBOIIOlfB [CHAF, Xrni 

15. Shew that a general aolntion of the equation of wave motions is 

r«-J /'(xoaetf+|rBiatf+^ jr+ueintf+etoostf, 

(Bateman, Proc. Landm Jfath. Soe. (S) I. (1904), p. 467.) 

16. If V’mffjg, y, s, t) be a sedation of 

1 317 9V»V91T 
<? 3t “ «*• 

prove that .another solution of the equation is 

17. Shew that a genetal eolatioa of the eqoatioa of wave motionSf wheo the motioD is 
independeni of ^ ie 


L 


/(s+ipoostf, et+p»aS)i6 


where p, ^ s aie c^lindrioal coordinates and a, 6 are arbitrary constants. 

(Bateman, Proe. London Math. See. (S) l, (1904), p. 468.) 

18. If /(.r, y, f) is a solution of '.aplaoe’S equation, shew that 

V- ^ f { ." \ 

8»(w-w)’ *-W 

is another solution. 

(Bateman, Proc. London Jfatk See. (S) viL (1909), p 77.) 

19. If y, s, t) is a solution of the equaticB of ware motions, shew that 

another solution is 

a^-L.f(JL. _y_ ^ 

s-ot-'Vs-et’ s-e*’ 3(s>.<!t)' 9c(s-c«)/ 

(Bateman, Proe. London Math. See. (S) vn. (1909X P 77.) 
SO. If I.«x->y, n^t+iw, »«**+y»+i»+i^, 

X«*+»y, paS-MS, »«.-l, 
so that A4.«p+ni'ai0, 

shew that any homogeneous solation, of dggree aero, of 

3«tr 3ii7 a'cr ^ 

5?+^+5f+ay”® 

and obtain a solution of tUs aquation in the form 

fa, S. « ) 

f-X-'«i-V-''n-r,-r'pJ., ft y, fV, 

U, ft </ J 

where IX..(6-e)(£-a), mp»(o— e)«-6), wr—lo— 6)(f-e). 

(Atteasaii, /Voo. London Jfatk See. (8) vti. (1809), Ri. 78-81.) 
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SI* If (r, 8, m spheroidal ooordiDstes, defined by the equations 

«_e(r*'fl)^siDdoos^ y— e(r*-l'l)^sindBm^ s»crcoBd, 
where x, y, e are raotsogolar ooordiaatae and <. le a constant, shew that, when n and m are 
integers, 

t* _ /xoost+yaint+uN oos _ (»—*)' »_/ \n_/ „>oob . 

c ) *m (»+iSr' ^ sin 

(Blades, Proe Sdtniutgh Math Soc zxxni ) 


82 With the notation of example 81, shew that, if s 4 = 0, 


r.M 


'x ooB rf jr Bin < + 008 

c /Bin 


(Jcfibry, Proe Edinburgh Math Soc xxxin ) 


23 Pnnc that the most genoml solution of Laplace’s equatinu which is of degree scro 
in a, y, e is expressible iii the form 



wheie / and /'are aibifanr; functions 

(Doukm, Phil Trant 1857 , Hobson, Proe London Math Soc (1) xxii p 422 ) 


* The fnnotions mtndnecd in examples 21 and 22 are known as iMemol and external 
tpherotdal harvuMiee respeotirely 


36—3 



CHAPTER XIX 


MATHIEU FUNCTIONS 

19'1. The diffarewtial equation of Mathxeu. 

The preceding five chapters have been occupied with the discussion of 
functions which belong to what may be generally described as the hyper- 
geometric type, and many simple properties of these fiinetions are now well 
known. 

In the present chapter we enter upon a region of Analysis which lies 
beyond this, and which is, as yet, onlv veiy imperfectly explored. 

The functions which occur in Mathematical Physics and which come 
next in order of complication to functions of hypergeometnc type are 
called Mathieu fimcttons', these functions are also known as Ae fuiiett'nis 
associated mth the Mipttc eyhnder. They anse from the equation of twu- 
dunensional wave motion, namely 

^ 3T ly;- 

3a* ?y*'"c* 3P ' 

This nartul difierentul equation oocura in the theory of the propegatioD of electro- 
magnetic waves ■ if the ekctnc vector in the wave-front is parallel to OZ and if E denotes 
the electric force, while H„ 0) aie the com})ciieDts of magnetic force, Maxwell’s 
fundamental equations are 

St “ d' cy ’ ct ^ ’ ~S( ” ’ 

e denoting the velocitv of hght ; and these equations give at once 

1 ^ ?>£ »E 

In the case of the soattenng of waves, propagated parallel to OX, incident on an 
elliptic cylinder for which OX and OT are axee of a principal section, the boundary 
condition is that E should vanish at the surface of the cylinder. 

The same partial differential equatklii occurs in connexion with the vibrations of 
a unifonn plane monbrane, the dependant variable being the dieplaoement perpendioular 
to the membrane ; if the membrane he in the abape of an ellipae with a rigid boundary, 
the boundary condition is the same aa in the electromagnetic proUem just discuaaed. 

Tbe differential equation was discussed by Mathieu* in 1868 in connexion 
with the problem of vibrations of an elliptic membrane in the following 
mannei 

* Jaenal it Hath. (2), xm. (IMS), p. U7. 
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Suppose that the membrane, which is in the plane XOY when it is 
in equilibrium, is vibrating with frequency p. Then, if we write 
V=«(ai. y)co 8 (pe + e), 

the equation becomes 



3*u 


+ 



0 . 


Let the foci of the elliptic membrane be (±h,0, 0), and introduce new 
real variables* 17 defined by the complex equation 


x + iy = h cosh (f + m;), 

so that IE aah cosh f cosy, y vhsinh f siny. 

The curves, on which { or y is constant, are evidently ellipses or hyper- 
bolas confocal with the boundary ; if we take (>0 and — w < y $ w, to each 
point {x, y, 0 ) of the plane corresponds one and only onef value of ((, y). 

The differential equation for u transforms into^ 



3*tt . h*p* 


3y' 


•; + (cosh* f — cos* y ) u •• 0 . 


If we assume a solution of this equation of the form 
«-/’(f)(?(y), 

where the factors are tunctions of { only and of y only respectively, we see 
that 





[ 1 d>6(v) 

iG'(y) dy* 



Since the left-hand side contains $ but not y, while the right-hand side 
contains y but not (, F (() and G (y) must be such that each side is a constant, 
A, say, since f and y are independent variablea 


We thus arrive at the eqnations 

‘?^ + (^oosh*{-4)/-(f)«0, 

_ (^coCy- j) (?{y)-0. 

By a slight change of independent variable in the former equation, we see 
that both of thou tquaiwM are linear differential equaHone, of the second 
order, of tike farm 

^ (a 16q cos 2s) H K 0, 

H 

* The introdoetionirftlMHvarisUaiis dmto LuoAeboasUsdt dwtAmMMMlrwfsMawlcr. 
Thsr sie man nsaellrlaumutMeonfotaltoardmattt. See lastS, Aw to /rncMow taMiwr iet 
tmucnuUaaa, 1** Lovod. 

f This migr M mb oMat aaolbr t; sgniiitoring tbs a lHy si obtslaod i^viag f vsriou 
posltiTa vsloes. It ito aUlpn to dmvm thraosh a doSslte polat ((, «) of tto plana, a is tho 
issa ntel e angle ol that point on toe olHpto. 

; Apnof otthlsnanU, duto IsHot, it giTiaianainataas taat-books; atop. 401, footaoti. 
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where a and q are constants*. It is obvious that every point (infinity ex- 
cepted) is a regular point of this equation. 

This is the equation which is known as Mathieii’a equatim and, in certain 
circumstances (§ 10‘2), particular solutions of it ore called Mathieu futuAwna. 

19 * 11 . Tie /arm of the lolnHoH of if aikitu’t equation. 

In the physical problems which suggested Mathien’s equation, the constant 
a is not given a priori, and we have to consider bow it is to be determined. 
It is obvious from physical considerations in the problem of the membrane 
that u(x, y) is a one-valved function of position, and is consequently unaltered 
by increasing i; by 2w j and the conditronf G{ti + 2w) » 0 (q) is sufficient to 
determine a set of values of a in terms of q And it will appear later (§§ 19*4^ 
19*41) that, when a has not one of these values, the equation 

is no longer true. 

When a is thus determined, q (and thence p) is determined by the fact 
that A* (I) ■> 0 on the boundary ; and so the periods of the firee vibrations of 
the membrane are obtained. 

Other praUeme of Mathematical Phymes which involve Hathien fiinctions id tlieir 
solution are (!) Tidal waves in a cybiidricid vessd with an elliptic boundary, (ii) Certain 
fonns of steady vortex motion in an elliptic lytinder, (iii) The decay of magnetic force 
in a metal cylinder^. The equation also occurs in a proUam of Kigid Uynamica which 
is of general intareatg. 

19 * 12 . HdPs equaHoii. 

A differential equation, similar to Mathieu’s but of a more general nature, 
arises in G. W. Hill’sH method of determining the motion of the Lunar 
Perigee, and in Adams'lT determination of the motion of the Lunar Node. 
Hill’s equation is 



The theory of Hill's equation is very similar to that of Ifathien's (in spite 
of the increase in generality due to the presence of the infinite series), so the 
two equations will, to some extent, he considered together. 

* Theirsetiisl vatuM inawd-M|i'/(ie*), jsk'^/pSe'); the footer 16 is iniarted to avoid 
powon of S in fiio soiiitian. 

fin 

t As ehaiMBtaiy aoalogus a( this retnh is that a soSntloD of ^ +aiiiB0 has pariod Sr if, 
and only if, a is the sqatn of an intogorl 

t%.C. Msofoaiiii, Proas, 0mA. PhiL Soc. xvn. p. 41. 

I A. W. Toans, Pne. BiMuurglt Math Sac. zxzn. p. XL. 

n Jam Math, vm, (1886), BOl’s momolr was originally j^Uiihad in 1877 at Oaabridgo, 

II MoatMy Satlaaa Xi A. xxxvm. p. 43. 
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19-1 1-19-213 

In the astronomical applioationa 6„ ... are known constants, so the 

problem of choosing them in such a way that the solution may be periodic 
does not arise. The solution of Hill’s equation in the Lunar Theory is, in 
fact, not periodia 

19*2. Periodio aolutions of Mathiat’t equation. 

We have seen that in physical (as distinguished from astronomical) 
problems the constant a in Mathieu’s equation has to be chosen to be such 
a function of q that the equation possesses a periodic solution. 

Let this solution be 0(e) then G (e), in addition to being periodic, is an 
integral function of e. Three possibilities arise as to the nature of G (e) : 
(i) G(e) may be an even function of e, (ii) G (e) may be an odd function of s, 
(iii) G(e) may be neither even nor odd. 

In case (iii), i {Q'(s)+G(— s)) 

is an svsn periodic solution and 

J{G(s)-6(-s)} 

is an odd periodic solution of Mathieu’s equation, these two solutions forming 
a fundamental system. It is therefore sufficient to coniine our attention to 
periodic solutions of Mathieu’s equation which are either even or odd. These 
solutions, and these only, will be called Mathieu functions. 

It will be observed that, since the roots of tbe indicial equation at are 0 and 1, 
two even (or two odd) periodic eolutioua of Mathieu's equation cannot fium a fundamental 
eyetera. But, so far, there seems to be no lesson why Matbieu’e equation, for special 
values of a and should not have one even and one odd periodic solution ; for com- 
paratively small values of | ? I it can be seen {§ 19'3 example 2, (ii) and (iii)] that Uachieu’s 
equation has two periodic aolutions mily in tho trivial case in which ; tbe result that 
there are uever paiie of periodic eolutions for larger values of | g | is a siieoial case of a 
theorem due to Uille, Proo. London Math. Sac. (8) zxili. (1984), p. 284. See also Inoe, Proc. 
Camb. pm. Soe. zzi. (1888), p. 117. 

1921. An integrai equation satisfedhy eeen Mathieu functions*. 

It will now be shewn that, if G (9) is any even Mathieu function, then 
0 (9) satisfies the homogeneous integral ^nation 

G(9 )-xr 

* J-r 

where I;s>v'(329). This result is suggested by the solution of Laplace’s 
equation given in § 18’8. 

* This integral sqnaUon and the expansiosa of | U-S were pabUshad by Whittaker, JVoe. 
let. Oonsrsu gf JTstk. 1918. The integral eqaation was known to bjm as early as 1904; ass 
Tram. Ctnab. PkO, Sts. xxi. (1919), p. 19B. 
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For, if a!+ty»Aco8h(f +iif) and if F{f) and ©(ij) ate solutions of the 
differential equations 

- (-i + m'A* oosh* f ) F(f) - 0, 

+ <4 + m*A* ooe* i,) Q (n) = 0, 

then, § 19‘1, F(()0(if)e^ is a particular solution of Laplace's equation. 
If this solution is a special case of the general solution 

j /(/tcodi(ooBi)coaff-i-hamb(sun)siDff + ii,ff)d6, 

given in § 18*3, it is natural to expect that* 

/(s,0)sF(0)s»»^(0), 

where ^ (fi) is a function of ^ to be determined. Thus 

[ F(0) ^ (tf) exp {»nA cosh f COB 1 } cos 

+ mA sinh ( sin i; sin 9 + mu) dO. 

Since ( and fi are independent, we may put f 0 ; and we are thus led to 
consider- the possibility of Mathieu’s equation possessing a solution of the 
form 

1922 . Proof that the evm, JHathieu funotioM satisfy the integral equation. 

It is readily verified (§ 5-31) that, if ^(fi) be analytic in the range (- w, w) 
and if G(r;) be defined by the equation 

G(v)=’f 

then 0 (if) is an even periodic integral function of and 
^ 2 ^— + (4 + w*A* cos* 1 )) ff (ij) 

=• J {w*A*(8in’ijcoe*tf +co8*i>)— mAoosijcosfl + .4) 

= - |^{mA sin cos (tf ) + 

+ J' {<^" W -<• <4 + m'A* cos* tf) ^ (tf)} emSto,^im»dfi, 

on integrating by parts. 

* The eontSDt P(0) U iosRtsii to aimpU(|r ibt sigeba. 
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19-22, 19-3] 

Bid %f ^(6) be a penodic function (with period 2ir) eudi that 
tl/'(0) + (A+m'h>coB>ff)4>(0) = O, 

both the integral and the integrated part vanieh , that is to say, 0 ( 17 X defined 
by the integral, is a penodic solution of Mathien’s equation 

Consequently G ( 1 ;) is an even penodic solution of Mathieu’s equation if 
^ (0) IS a penodic solution of Mathieu’s equation formed with the same con- 
stants , and therefore ^ (d) is a constant multiple of G (0) , let it be \G (ff) 

[111 tbe case when the Mathieu aquation has two penodic solutions, if this cose exist, 
we have 0 {6)^X0 (e)+Oi (d) where <?i (d) is an odd penodic function , but 

j* ,»*«»»<»• 

vanishes, so the subsequent work is unacted.] 

If we take a and q as the parameters of the Mathieu equation instead of 
A and mh, it is obvious that mh^ ^(32^) = L 

We have thus proved that, if 6(i}) be an even penodic solution oi 
Mathieu s equation, then 

which is the result stated in § 19 21 

From § 11 23, it is known that this integral equation has a solution only 
when \ has one of the ‘ characteristic values ' It will be shewn m § 19 3 that 
for such values of X, the integral equation affords a simple means of con- 
Btructmg the even Mathieu functions 

Example 1 Shew that the odd Hathieu functions satisfy the integral equation 

0(ii)=X j'' sin(i'smv8ind>0(d)dd 

Example 2 Shew tiiat both the even and the odd Mathieu ftinctuioa eatufy the 
integral equation 

Example 3 Shew that when tbe eccentricity of the ftindameiital elhpee tends to sero, 
the confluent form of the integral equation for tbe even Mathieu functions is 

* 

19 3 The conetnutum of Mathieu functime 

We shall now make use of the integral equation of § 19 21 to oonstmct 
Mathieu functions , the canoiueal form of Matiuen's equation will be taken as 

d‘u 
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In the special case when q is zero, the periodic solnkions are obtained by 
taking a » n*, where n is any integer ; the solutions are then 
1, ooes, coeZe, 
sin s, sin 2s 

The Mathieu functions, which reduce to these when q-*- 0 , will be called 
ee,(»,q), o»,(»,q), ee,(t,qX..., 

»e,(s,g). q), .... 

To make the functions precise, we take the coefficients of cos as and sin tu 
in the respective Fourier swies for ct%(s, q) and se«(s, 9) to be unity. The 
functions c0k(s, q), at^ (*, q) will be called Jfaihxeu fundiona of order n. 

Let os now construct ce^ia, q). 

Since oa^(s, 0 )» 1 , we see that X-»( 2 w)~' as o-» 0 . Accordingly we 
suppose that, for general values of q, the characteristic value of X which gives 
rise to eat (s, q) can be expanded in the form 

( 2 -rrX)r'»l + a,g + a,9*+ ..., 
and that ce, (s, 9) » 1 4 q$, (s) + (s) + ... , 

where Uj, Ot, ... are numerical constants and ^i(s), Ot(r), are periodic 
functions of a which are independent of q and which contain no constant 
term. 

On substituting in the integral equation, we find that 

(1 +B,j + ab 5 * + ...)ll+gA(s)+5*A(x) + ...} 

— ( 1 +V( 32 ?).coe a cos ^ + 169008^ ecoS*fi+ ...} 

X {l+gA(d) + g*/3,(tf) + ...}dd. 

Equating coefficients of successive powers of q in this result and making 
use of the fact that A(x), /3i(z), ... contain no constant term, we find in 
succession 

«i“ 4 . A(*)“ 4 oos 2 r, 

(^>■ 14 , / 3 |(x)>b 2 cos 4 x, 

and we Urns obtain the following expansion : 

««•{*, 9)*"1 + ^ 4 g- 28 g* + ?^?f»-...^cos 2 x + ^29»-^9*+ ...^coe 4 s 

the terms not writtra down being 0 (9*) as 9 -» 0. 

Q|» OQ 

The value of « is — 329*42249* ^9*+ 0 ( 9 *); it will be observed 

that the coefficient of cos 2s in the series for oe«(s, 9) is —0/(89). 
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19'81] 

The Mathieu fhnctioiis of higher order may be obtained in a similar 
manner from the same integral equation and from the integral equation of 
§ 19'22 example 1. The consideration of the conTOtgence of the series thus 
obtained is postponed to § 19*61. 

BseampU 1. Obtain the following ezpanaions* ‘ 

(i) oa,(*, g>-l+ 

(ii) «,(«i y)-oo..+^i^ 

(“) {(;+l);r! + (r+l)7?+Tr' 

+ (V-r5f7/+T)-!+0(?'+*)} »ii>(8»-+l) «. 

(iv) j)-|-2g+y}»+0(j‘)|+«ia2» 

where, in each case, the constant implied in the symbol 0 depends on r bnt not on *. 

(Whittaker.) 

Sample 3. i^hew that the values of a associated with (i) csg(s, q), (u) «i(t, q), 
fiii) ss, (s, }), (it) m, (t, q) are respectiTely • 

(I) -asq*+S!Uq*~^^q‘+0[f), 


(li) l-8y-8}»+89>-|j* + 0(8‘), 

(ui) 1+8 j-8«*-8}»-?(i«+0(8‘), 

(IT) 4+^9*-^g*+0(/). (Mathieu.) 

Example 3. Shew tUht, if n be an integer, 

«»i+i(*+4w. -g)- 

19 ' 31 . The integnd formulae far the Mathieu functione. 

Since all the Mathieu functions satisfy a homogeneous int^ral equation 
with a symmetrical nucleus (§ 19'22 example 3), it follows (§ 11*61) that 

I cem{*,q)e»n(t,q)d*^0 (m^n), 

t J *•» 

j Mn,(*,q)ean(*.q)de’^0 (mi*") 

j ee»{».q)*en(».q)dsm.o. 

* The leading terms of thase ssrisB, as giTSO in axampis 4 at the end of the alngitsr 6>. 487), 
ware ebtainad by HatMen. 
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JStaagUe 1. Obtain expanaiona of the form : 

(i) »»«<«»“••« 5 il,«a,(a,j)oa,(tf, j), 

(U) ooe(i(r8m<^^« % Bmee^{$,g)ce9{Btg), 

a» 

(lii) am (i; am a ain 4W S C.taw (*> jf) (^i ;)i 

where im^(stq). 

Eaamptt 2. Obtaio the eipanaioti 

2 J; {*)«"♦ 

aa a confloeiit form of expaoaiona (ii) and (lii) of example I. 

19'4. The nature of the solution of Matkieu's general equation; Floquefs 
theory. 

We shall now discoas the nature of the solntion of Mathien'e equation 
when the parameter a is no longer restricted so as to give rise to periodic 
solutions; this is the case which is of importance in astronomical problems, as 
distinguished from other physical applications of the theory. 

The method is applicable to any linear equation with periodic coefficients 
which are one-ralucd fhnctions of the independent variable; the nature of 
the general solution of particular equations of this type has long been per- 
ceived by astronomers, by inference from the ciroamstaoces in which the 
equations arise. These inferences have been confirmed by the following 
analytical investigation which was published in 1888 I7 Floquet* 

Let p(x), A(x) be a fundamental system of solutions of Hathieu’s equation 
(or, indeed, of any linear equation in which the coefficients have period 2ir) ; 
then, if F(t) be any other integral of such an equation, we must have 
F(s)’^Agie) + Wi (*). 
where A and B are definite constants. 

Since gie+ Sir), h (x -f Sir) are obviously soIntionB of the equation f, they 
can be expressed in terms of the ooutinnationB of g (x) and 4 (s) equations 
of the type 

p (x + 2w) n,p (x) + s^(x), A (X 4. 2w) » Ap (x) 4- AA (x), 
where a„ a,, A> A VK definite constants; and then 

J*(x + 2ir) >• ( J 0, 4- AA) P (*) + (Aa, -f AA) A (x). 

* jtna, <fe rSaofe anna (S), xn. (UBS), p. 47. PlscaiPa'aaaljidi is a aatacsl ssqasl 
lo S cud's fbsetj oi dUhsmtUl aqoatiau witt daoUf-psriodia eoaSsHBts 0 SO‘1), sad t« (be 
(hso .7 of the fsodaiswitst eqsatum doe to Fadw sad Bamboxiw. 

f These sohitioiis stay not be idsntisol with e{s), t(s) tespsatbily, aa the selattoa of on 
ecooBon with periodic eo(< lmsnt s is not n e c esassUy pottodie. TotahsaBsplestae,sas*siai 

is a sointiea cf ^ - (1 4-eats) naO. 
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Con« 0 jtMnt/y F(* + 2ir;v liF(t), mhert k u a constant*, %f A and B 
chosen to that 

Aoi BBi ^ kA f Aog + BBa^kB 

These equations will have a solution, other than A ^B = 0, if, and 
only if, 

a,-*:, A -0, 

0, , Bt-k 

and if ifc be taken to be either root of this equation, the function F(t) can be 
constructed so ae to be a solution of the differential equation such that 

F(z + 2‘n‘} = kF(t) 

Defining /i by the equation fc — and writing <^(z) for e~>^F(t), we see 

that 

4>(t + 2ir) = e-T‘<«+«^ F(« + 2Tr) = <^ (r) 

Hence the differential equation hat a particular solution of the form 

^ (s), where ^(t)is a periodic function imth period 2ir 

We have seen that in physical problems, the parameters involved m the 
differential equation have to be so chosen that A. = 1 is a root ot the quadratic, 
and a solution is periodic In general, however, in astronomical problems, m 
which the parameters are given, k^l and there is no periodic solution 

In the particular rase of Mathieu's general equation or Hill s equation, a 
fundamental system of solutions f is then es'^(r) r), since the 

equation is unaltered by writing —t for t, so that the complete solution of 
Mathieu's general equation is then 

a «• (r ) + (— t), 

where c,, c, are arbitraiy constants, and ^ is a defamti function of a and q. 

Example Shew that the rooia of the equation 

I at t ft-A 1 

ate indepeodent of the particular pair of solutions, g (c) and A(r), chosan 

19^. HtU’s method of salutum 

Now that the general functional character of the solution of equationB 
with periodic coefiSments has been found by Floquet’s theory, it might la, 
expected that the determination of an explicit expression for the solutions of 
Ifethieu’a and Hill’s equations would be a comparatively easy matter , this 
however is not the case For example, in the particular case of Mathieu’s 
general equation, a solution has to be obtained m the form 

* The tjrmbol k i* and in thu paidsalar msm onl/ m this Mction It muit not be eouioeed 
with the eottitent fc ot t IB BI, whiOb woe mneiated with the nerometer q ot Mothien'e equetian 

t The isiio ot theie eolutaone le not even penodio , itiU lees n it a oonetaat 
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lere ^ (*) is periodic and ^ is a function of the parametets a and q. The 
canox of the problem is to determine /t; when this is done, the determination 
of ^ (s) presents comparatively little difficnlty. 

llie first socceaefal metiiod of attacking the problem was published by- 
Hill in the memoir cited in § 19*12; since the method for Hill’s equation is 
no more difficult than for the special case of Mathien’s general equation, we 
shall discuss the case of Hill’s equation, viz. 


(ft* 

dj* 


+ J(s)tt-0. 


where J{z) is an even function of t with period w. Two cases are of interest, 
the analysis being the same in each : 

(Z) The astronomical case when s is real and, for real values of s, J (s) 
can be expanded in the form 

J (s) a> d, + 2d, cos 2s -t- 2^, cos 4is + 29, cos 6s + ; 


the coefficients d« are known constants and S converges absolutely. 

(11) The case when s is a complex variable and J (z) is analytic in a 
strip of tiie |dane (containing the real axis), whose sides are parallel to the 

C0 

real axia The expansion of J{z) in the Fourier series 0,+2 S 6^<x»inz 
is then valid (§ 9*11) throi^hout the interior of the strip, and, as before, 
2 ds converges absolutely. 

Defining d_« to be equal to we assume 

« -> «« 2 

as a solution of Hill’s equation. 

[In ease (II) this is the aotntioa aoal^o to the strip (§$ 10-8, 19*4); in case (I) it will 
bava to be shewn oltimatel]' (am the nots at the end of g 19-48) that the valnas of 
which will ha detetmioad ate sooh aa to make X «*&. alaolutely oonvecgant, in order to 
jnsti^ir the p r o c i a ase whioh wa afaall now czirj out] 

On Bubstitation in the equation, we find 

S (#» + 2Bt)*h,e'^-«^* C ^ 5 » 0. 

Mnltij^ying oat the ahsolntely convergent aeries and equating ooeffidenie 
of powers of s^ to sere (§§ 9‘6-9'632X we obtain the system of equaticms 

(jz + tMfb,+ 2 d,6^-0 (»-..., -2. -1,0, 1.2,...). 
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If we eUminftte the ooefficients 6. determumatally (after dividing the 
typical equation by 0, — 4n* to secure convergence) we obtain* Hill’s deter- 
minantal equation : 


(V.+4)«-«, 

-a, 

4*-«. 


-A 

srrA 

~ A - 

4»-A " 

-A 
'■ snrj; 

(v+*)»-e. 

P-6, 

— 

-A 

2*-A 

-A 

a»-A - 

o«-«. 


{^)*-A 

o*-A 

-A 

o»-A 

-A 

o*-A ■■ 

—fli 

• s*-«. 

“4» 

i*-«. 

»-Oo 

(iM-S)*- 

s*-A 

A -A 

2*- A " 


-«> 

4*- A 

-tf. 
4*- A 

-A 

4»~A 

(v-4)*-A 
4»-A •• 


We write A (ift) for the determinant, so the equation determining /i is 

A(vt)-0. 


19-42. Tie maluation of HxlFs determinant. 

We shall now obtain an extremely simple expression for Hill’s deter- 
minant, namely 

A (Vi) = A (0) - sin* cosec* (^w 

Adopting the notation of § 2*8, we write 

A(^)=[A».,], 


where 


. (t/»-2m)*-tf, . 




The determinant is only eonditimaUy convergent, since tne product 
of the principal diagonal elements does not converge absolutely (£ 2-81, 2-7). 
We can, however, obtain an ahsolutriy convergent determinant, A,(t/aX by 
dividing the linear equations of § 19-41 by 0,— {%n — 2nkf instead of dividing 
by 4)t*. We write this determinant A,(i)t) in the form [^J, where 


•“ 1» .fin,* “ 




(mf a). 


m 

* The absolute oonvergence of £ €» secures the convergence of the deter- 

minant except when n haa such a value that the dmiominatm’ of one 

of the expresaimiB vanishes. 


* SiBM Um amlUsfasiU ly, sie not sU sarok ws mv obtain tha i n fln i t a iiatanntnant aa tha 
eUminaat of tha Qatam of Unaar aeoatlons bj molttpljfng thaaa sqoatioaa bf anitaUr ahoaan 
oolaakn and addiag - 
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From the definition of an infinite determinant (§ 8'8) it follows that 
A W- lim . 


and 80 A (*/») <» — A, (t/») 


sin sin + fit) 

sin“(iirV4*«l 


Now, if the determinant Aj (t/i) be written out in full, it is easy to see 
(i) that A, (i/t) is an even periodic function of ft with period 2t, (ii) that A, {tft) 
is an analytic function (cf. §§ 2*81, 3*84, 5'3) of ft (except at its obvious simple 
poles), which tends to unity as the real part of ft tends to ± oo . 

If now we choose the constant K so that the function L {ft), defined by 
the equation 

D (ft) = A] (ift) — K (cot iw + V®*) — cot 4 IT (i^ — •J0,)], 

has no pole at the point ft “ it/0,, then, since D(ft) is an even periodic 
function of ft, it follows that D (ft) has no pole at any of the points 

2ni ± it/0e, 

where n is any integer. 

'The function J)(ft) is therefore a periodic function of ft (with period 2t) 
which has no poles, and which is obviously bounded as Ii(ft)-f±ec. The 
conditions postulated in Liouville’s theorem (§ 5'63) are satisfied, and so D(ft) 
is a constant ; making /*-» + oo , we see that this constant is unity. 


Therefore 


A, (ifi) = 1 + fir (cot Iw (t;» + V^«) - cot 4 w (ift — t/O,)], 

and so 

To determme £, put /t •• 0 ; then 

A (0) *• 1 + 2K cot (4w t/0,). 

Hence, on subtractioa. 


which is the result stated. 


A (iii) = A (0)— 


2%e roots of HilPg (tsfermwiontat equation ors therefore the rooU of the 
equation 

sin* (^irift) =■ A (0) . sin* (^w t/0,). 

When ft has thus been detennined, the coefficients can be determined 
in terms of b, and oofiustore of A(«)t); and the solution of Hill’s difierenti^ 
equation is complete. 
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[In cue (I) of § 18*41, the oonrergenoe of Z | i, | follows from the reanangsmept theorem 

of §8-BS; for Zn* 1 6, 1 is equal to 1 6,1 Z |(7«.,|-j-|Cua|, where<7,n,i8 the oofoctoi of 

in A] (^) ; and Z | Cjm, { is the deteraiinant obtained by replacing the elements of the row 
through the origin by numbers whose modub are bounded.] , 

It was shewn by Hill that, for the purposes of his sstronomical problem, a remaihably 
good approximation to the value of p could be obtained by considering only the three 
eentral rows and oolumns of his determinani 

19*6. 7%« LindemanTt-Slitkjes’ theory of Mathdeu’i general equation. 

Up to the present, Mathieus equation has been treated as a linear 
differential equation with periodic coefficients. Some extremely interesting 
properties of the equation have been obtained by Lindemann* by the sub- 
stitution [i—ooS'x, which transforms the equation into an equation with 
rational coefficients, namely 

4{r(l - f) ^ H- 2 (1 - 2?)^ -Ko - 169 -I- 32,f) « - 0. 

This equation, though it somewhat resembles the hypergoometrio equation, is of higher 
type than the equations dealt with in Chapters xiv and zvi, inasmuch as it has two 
regular singularities at 0 and 1 and an irregular singularity at a> ; whereas the three 
singularities of the hypergeometric equation are all regular, while the equation for Wn,,,.!!) 
has one irregular singularity and only (me r^ular singularity. 

We shall now give a short account of Lindemann’s analysis, with some 
modifications due to Stieltjesf. 

19'S1. Lindemann't form of Floquet'e theorem. 

Since Mathieu's equation (in Lindemann’s form) has singularities at 0 
and 1, the exponents at each being 0, there exist solutions of the form 

i y« = ir* 

•-0 

y., - 2 «.'(! - ?)-, y„ - (1 - ?)* 2 K' (1 - f )-; 

*•0 

the first two series converge when | d < 1, the last two when j 1 — f j < 1. 

When the Jf-plane is out along the real axis from 1 to -I- » and fimn 
0 to — CD , the four functions defined by these series are one-valued in the 
cut plane ; and so relations of the form 

y»*“«yw+;9yB. yn^yy-^+hn 

tdill exist Uironghout the cut plane. 

Now suppose that [T describee a closed ciicuit round the origin, so that the 
circuit eroases the cut from — co to 0 ; the analytic continuation of y» is 

* Jfolk. dim. xxn. (188S), p. 117. 

t Attr. Wash. ax. (1884), ado. 148-181^ 881-388. Th* anslyiit ii nrj umiUr to that 
oapiayui by Honnito in his keturw at fhii icoie Polytaehiilquo in 1873-1878 [Ownvi, m. 
(Paris, 1911), ^ 118-118] in ooansxisn with LamS's squatioa. Bos t 38*7. 

W. K. a. 


27 
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*yeo~/9jbi (since y„ is unaffected by the description of the circuit, but ym 
changes sign) and the continuation of y^ is >yyn - fiyu ; and «o Ay^ + wiU 

he unaffected by the description of the circuit if 

A («y» + ^y„)> + B (w. + fiy^)* a A (ay» - /9y «)» + B {yy» - 6y«)*, 
ue. if Aafi +ByS’^0. 

Also Ay„* + Byu* obviously has not a branch-point at and so, if 
Aa^+ByB = 0, this function has no branch-points at 0 or 1, and, as it has no 
other possible singularities in the finite part of the plane, it must he an 
integral function of 
The two expressions 

A*y»-*-i^y,„ A*y„-i5*y„ 

are consequently two solutions of Mathieu’s equation whose product is an 
integral function of {f. 

[This amounts to the fact (§ 19'4) that the product of and 

(— s) is a periodic integral function of s.] 

19‘S2. The determination of the integral ftneticn associated with Mathieu’s 
general equation. 

The integral function j'(s) = Ay„*-f £yu', just introduced, can be deter- 
mined without difiiculty ; for, if y„ and yu are any solutions of 

their squares (and consequently any linear combination of their squares) 
satisfy the equation* 

+ 3P (?) g + [P' (?) + 4Q (?) -H 2 [P(?)l']^ 

+ 2t«'(?) + 2P(?)e(?)]y“0: 
in the case under consideration, this result reduces to 

-^(«-l-163 + 329?) (?) “ 0. 

Let the Madaurin series for i'(?) be 2 c^,?*; on substitution, we easily 

i»«0 

obtain the recurrence formula fi>r the coefficients On, namely 

* U »®»+1 + *•! 




(n-(-l)f(» + l)'-o + 169 ! 

’ 169 ( 2 a + 1 ) ’ 


»(n+ 1)(2 b-I- 1) 
829(2»-.l) • 


Apsdl, O tmf lm Xes^u, m. (U80), pp. Ml-Ui ; ot sxawpls 10, p. SOB M|pra. 


where 
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At first sight, it appears fiT>m the lecurrence finrmula that c, and c, can 
be chosen arbitrarily, and the remaining coefficients c,, c,, ... calculated in 
terms of them ; but the third order equation has a singularity at 1, and 
the series thus obtained would have only unit radius of convergence. It is 
necessary to choose the value of the ratio e,/e, so that the series may con- 
verge for all values of ^ 

The recurrence formula, when written in the form 


(Cn/iW,) “ -H/ 


V||+l 


(Cn+i/Cn+i) * 

suggests the consideration of the infinite continued fraction 


« 5 ±; + 5 

•Wi + •*»«+ ••■ ■-••1 


'IW-I 

Wl + • • • + U»+laJ 


The continued fraction on the right can be written* 
u^K (n, n + m)IK (n + 1, n -H m), 


where 


if (b, n m) — 


1 . 

- . 

0 . 


0 . 

1 > • 
~ “«+« • 1 > 


I 

I 


I 1 1 

The limit of this, as m -> ao , is a convergent determinant of von Koch’s 
type (by the example of § 2*82) ; and since 

i I I'JK ^OasB-oo, 

r=n I “rWr+i 

it is easily seen that ir(»,ac)-»laSB-^x. 

c» a,A'(B, ») 


Therefore, if 


jfiT (n + 1, ® ) ’ 


then Cn satisfies the recurrence formula and, since Cn+ilCn 0 as n x , the 
resulting series for F(^) is an integral function. From the recurrence formula 
it is obvious that all the coefficients c. are finite, since they are finite when n 
is sufficiently large. The construction of the integral function F(S) has 
therefore been effected. 


19 * 53 . Th» tUution of MatiaeK’s equation in tervM of FiX). 

If til, and til, be two particular solutions of 

thenf Wits,' — exp | (f) (i{;| , 

* Bylvastw, PhU. Meg. (4), v. (ISO), p. 446 [Votk. i. p. 6W]. 
t Ahsl, J ee me lflhr Math. a. (1M7), p. M. Fnmas daaoto dtthnatlatimM iritii Mgati to f. 

27—2 
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where C is a definite constant. Taking to, and to be those two solutions of 
Mathien’s general equatiim whose product is F{^), we have 

_ W G !f!L + !!!l ^ 

«oi «’* •»» ^(f)’ 

the latter following at once from the equation vi,Wt^F(iy. 

Salving these equations for to, '/tv, and tOt/tv„ and then integrating, we at 
once get 

where 7,, 7, are constants of integration; obviously no real generality is lost 
by taking 7, - 7,= 1. 

From the former result we have, tor small values of | ^ 
tv, = 1 + + i (c. + f + 0 (f*), 

while, in the notation of § 19‘S1, we have aja,m — ^a+ 8q. 

Henco C’— I65 — a — e,. 

This equation determines C in terms of a, q and c,, the value of c, being 
j8:(1, «)-^{u,Jir(0, »)). 

ExampU 1. If the eolutione of Hathiea’e equatioD he where ^(t) le 

periodic, chew that 

Rvamplt S. Shew that the zeroa of /*(() are all Bini{de^ unless C— 0. 

(Stieitjea) 

[If E^C) oould have a repeated aero, and v, would then have an essential singularitjr.] 

19*6. A second method of constructing th» Malkisu function. 

So for, it has been assumed that all Uie various series of § 19'3 involved 
in the expressions for esg^s, q) and ssy (s, 9) are convergent. /( mil now be 
shewn that esg (t, q) and ssg (r, q) are integral functions of s and that the 
coefficients in their expansions as Fourier series are power series in q which 
converge absolutely when 1 9 , ts tuffiemtUy small*. 

To obtain this result for functions eeg(s, 9), we shall shew how to 
determine a particular intqgtd of the equation 

-h (a + 169 cos 2s) u — ^ (a, q) cos Ns 

* The essential put of this Uieoteni is tbs proof of the lenetrsenee ef tke triet lehkh oooer 
in the ea<pMenti; it is stasadp known (H 10-2, lO-Sl) that sohitioas of llathiaa's equation set 
integral fanetions of x, and (in tha oaso of penodte solotionsl iho of tho Vooiiar 

oxptnoion foOowe tasn 1 9*11. 
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19-6] 

in the form of a Fonrier series convergiiig over the whole s-plane, where 
yfr (a, q) is a function of the parameters a and q. The equation (a, q) = 0 
then determines a relation between a and q which gives rise to a Mathieu 
function. The reader who is acquainted with the method of Frobenius* as 
applied to the solution of linear differential equations in power senes will 
recognise the resemblance of the following analysis to his wortc. 

Write tt«> JV* + 8p, where If is zero or a positive or negative integer. 
Mathieu’s equation becomes 

— — 8(p + co8 2z)u. 

Ifp and q are neglected, a solution of this equation is u = cos JITz 
Bay. 

To obtain a closer approximation, write — 8 (p + 2g cos 2z) U, (z) as a sum 
of cosines, i.e in the form 

— 8 {yco8(A''— 2)jf + pcos Jirr + joos(A' + 2)x} = F, («), say. 

rm. T 

Then, instead of solving + N‘u=‘ F, (z), suppress the termsf in F, (z) 

which involve cos Nz ; i.e. consider the function W, (z) where J 
W, (z) F, (z) + 8p cos Nz. 

A particular integral of 

g+j\r*u-ir.(z) 

is 

tt - 2 I j ^ j cos (JV - 2) z + ^ + 2) z| = U, (z), say. 

Now express — 8(p + 2^cos 2z}f/i(z) os a sum of cosines; calling this 
sum F,(z), choose Ca to be such a function of p and q that F,(z)-|-a^cosNz 
contains no term in cosNz; and let F,(z)+ OaCoeNz= ir,(z). 
cPtt 

Solve the equation + N'u * W, (z), 

and continue the process. Three sets of functions L'n(z), F.(z), (^) 

are thus obtained, such that (z) and Wm (z) contain no term in cos Nz 
when m ^ 0, and 

W„ (z) = F* (z) + cos Nz. F» (z) =« - 8 (p + 2? cos 2z) (z), 

where Om u a function of p and q but not of z. 

* Jatnat flr Math, txirt. (187S), pp. S14-SM. 

t TIm tsssoa for ibis zop pr iss i o n is that tbs putiealat integnl of ^ + tPu^aoa Ifi 
aontsini aon-pstiodiii tonaa 

J tInlaM Wail, ia wbiah etw ir,(»)=F,(z)+8(p+j)ooi». 



422 


THE TBANSCENDEKTAL FOECITIONB 


[OHAF. XIX 


It follows that 

- 2 F*(«)+( 2 Ocos-ftT# 

mml \m^t / 

»-l / # \ 

“ ~ 8 (P + 2? cos &r) 2 U^, (*) + ( £ Om ) cos JV>. 

mrnU \m«l / 

Therefore, if If (i) = S [f„(s> be a uniforaly convergent scries of analytic 
{hnctions throughoat a two-dimensional region in the s-plone, we have 

(S 5 - 3 ) 

— -I- (a 163 cos ff (z) — ^ (a, g) cos Nt, 

where 

It is obvious that, if a be so chosen that ^ (a, q) = 0, then U (s) reduces 
toeej,(*). 

A similar process can obviously be carried ont for the functions teg (s, 3) 
1^ making use of sines of multiples of s. 

1941. W« eonvaymee of tke oeriti dejiniitg Mathmt fmuHoni. 

We shall now examine the expansion of § IM more closely, wiUi a view to investigating 
the oonveigpnoe of the aeries Involved. 

When a ^ 1 , we may obviously write 

£?■,(*)= * •i8fcrCoe(A-Sr)x+ z o^rODeCA-l-Zr)!, 
r«l r..l 

the aateriak denoting that the first summation ceases at the greatest value of r for which 
r<iir, 

®*““ ^■+i(*)“«s»iOOsAi-8(j»-f8jooe9t)0’,(*X 

it follows on equating coeffieMiti of co8(/f ±2r)f on each aide of the eqnationt that 

(sai+iSai)! 

i>(r+Jf)o.+,.,-9 {javr+gte,. r-l+WvT + l)} (^“II *> -.)> 

These formulae hold imivarsally with the following eonventions| : 

w Vo-^s.#”® (»-I,2,...); (r>«), 

(S) ^s,Jjr+i“3,,jjv-j '•hen S is even end r-JA, 

when 2f is odd sod r«J(A-^l). 

• + When S=0 or 1 these equations most be modified by the snpprssalon id sU the eosflMsnts 
t The enavsntions (il) end (lU) ere due to d» het that eossweM(-s), eMlsweoi(-2c). 
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The neder mil easily ohtaiD the following special formulae 
(I) o,.8f^ o,-8(j>+j), 

(III) aa,r and Ai,, are homogeneous polynomials of degree a in p and q 
If 1 ag,r~d„ 2 A,r**^r> 

nmr %mr 

we have ^(a, g)-^-(-8g(Ai+B,) 

r(r+iir)i,-S{pJ,+j(d,-.+il„,)} (A), 

r(r-y)Br-i{pBr+q(Br^i+B„{)} (B), 

where do— Bg— 1 and B, is euh]ee( to conventions due to (ii) and (in) above 
Now write »,= -j {r (f+JI0“2f>}~*» »/— -j{r(r-lV)— 2p}“* 

The result of eliminating At, At, . Ar~i, d,^i, . . from the set of equations (A) is 
drA,=»(-)'WlWl -WfA,, 

where Ik, is the infinite determinant of von Koch’s type (g S‘82) 

dr— 1 1 ^T+l, ® j 0 t • 

Wf+J, 1 < W,4.|, 0 , . . 

t 0 , ^r+t* 1 > *r+8» 

The determinant converges absolutely (§ S 82 example) if no denominator vanishes ; 
and d,*— 1 as r-—as (of g 12 02). If p and q be given such values that doi<>0, 
ipi^r(r+y), where r— 1, 2, 3 , , the senes 

«D 

2 (-)'»jtCi...w,a,ao~*oo8(d^+2r)» 
r«l 

represents an integral function of a 

In like manner B,Dt— ( - )’‘W|'«^'. v,'D„ where D, is the finite determinant 

1 . ^r*t, 0 , |, 

W’r+it I * trV+Si •> I 


the last row hemg 0, 0, ... 0, 2i«’jj,, 1 or A 0, ^+’*'i«v-i) «»o«hng as 

N IS even or odd. 

m 

The senes 2 (I,(s) is therefore 

eoBNs+do~‘ > (“)'»i’»8 .wvdrCos(N+2r)s 
r«l 

+d),"* » {-ywi’«k'...»//>,oos(jr-2r)s, 

thsae aeries convergiiig uniformly m any bounded domam of values of i, so that tann-by> 
term difiRventiations ate penniaaible. 

Tmther, the condition ^ (a, })— 0 is equivalent to 


If we multiply by 


pivOt-q d,)-a 



424 THB TBANBOBNDBNTAL rUNOTlOMS [cHaB. XIX 

tbe ezpnasiou on the left beoomee on integral Amotion of both p and 4’ (a, 3 ), my , the 
tenne of •* (a, 3 ), which are of loweet degraea m p and 3 , are reapectively p and 

Now expand i j ^ 

m aaoanding powere of p (of § 7 31), the contour bemg a smaU oirole in the p plane, with 
centra at the origin, and | ; { being ao umall that (y +8p, 3 ) haa only one xero inside the 
contour Then it follows, just as in § 7 81, that, for sufficiently small Tulues of |g|, 
we may expand p m t, power senes in 3 commeneing* with a term >n g* , and if | 3 
he Buffioiently small />, end A, will not vanish, since both are equal to I when {>^0 

On substituting tor p in terms of 3 throughout the senes for U (t), we set that the 
senes involved in etjf (t, 3 ) are absolutely convergent whan | ; | is sufficiently small 
The senes involved in ttjf (s, ;) may obviously be inieatigatad in a similar manner 
19 7, vuthod of ehangt of parameUr^ 

Tbe methods of Hill and of Lindemann Stieltjes are effective in determmmg p, but 
only after elaborate analysis Such analyms is inevitable, as p is by no means a simple 
function of 3 , this mav be seen by giving 3 an assigned real value and making a vary 
ftom - oD to <1-00 , then p alternates between real and complex values, the changes taking 
place when, with the Hill Mathieu notation, A (0) sm* Ja) passes through the values 
0 and 1 , the complicated nature of this condition is due to the fact toat A (0) is an 
elaborate expieaaion involving both a and 3 

It IS, however, passible to express p and a m terms of 3 and of a new parameter <r, and 
the results are very well adapted for puipoees of numetioal computation when t ? ) m smelly 
The introduction of tbe parameter <r is suggested 1^ tbe senes for CS| (>, g) and Hj (s, g) 
given in § 193 example 1 , a consideration of these senes leads us to investigate tbe 
potentiahties of a solution of tlathieue general equation in the form jr>s'"4(^)i where 
^(s)>:ain(t-ir)-l-a3aos(3s-w)+issin (3r-e')d-a(C0B(Sr-ir)+iasio (6r-ir)+ , 

the paiameter v being rendered definite by tbe fact that no term in cue (t - o) is to appear 
in 4 ^s), tbe special functions ssi (s, g), csi (j^ g) art ths cas e s of this solution m which 
wisOorlw 

On substituting this expression in Mathieu’s equation, tbe reader will have no difficulty 
m obtainiDg the following approximations, vahd for ^ small values of g and real valuaa 
of r 

p i,r4gsmSa'-lSg'smS<r-12g*8in4<r+0(g*), 

a wl-(-8gco8 2<r+( -16-f8aos4w)g*-8g*oas80’+(*jH‘-88ooster)g‘+O(g*), 

e<<»3g'Bin 3<r+3g*sin4a'-|-(-S^sin9e"f9mnee')g*-l-0(g*), 

br — g+g* 008 2c’+(- *^+8006 4(r)g*+(—V®®eS*'+7oos6ir)g*+0(g*), 

Of —Vg'smgw+lfg^sm 4w+0(^)i 

>»" i «*+ 1 S* *<r +(“ W + W ® (S*)' 

<H-^g*ainS<r+0(gi>), ^-Ag*+Ag*oos8ir+0(g»), 
os = 0(g*)i 8s*‘iJc^+0(g‘h 

the constants involved in tbe vsnona ftinctioiie 0(g*) depending op ir 

* If Nsl this result hss to be modified, sinee there is an additional term g on ths right and 
the term g*/W - 1) does not sppssr 

t TThittoker, Ptoe Edmimrfh Math Soe xxxn (1014), pp 78-80 

g They bnve been spidted to Hill's prablsm by Inss, UontSly Notuot of tie R,d 8 . lxxv 
(1918), pp 4B6-44B 

I Tta parsmetsts g and v are to be Mgsrdsd ss fondamsntsl in this analysis, Instssd of 
s a^ g as hitherto 
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The domaine of values of ; and v for which these aenea converge have not yet been 
determined* 

If the solution thua obtained be called A (a, r, q), then A (t, ir, ;) and A (x, - e, g) form 
a fundamental ayatem of aolutiona of Mathieu’a general equation if ^>0 

SmmpU 1. Shew that, if 0=1 x 0 S and then 

a>lia4,S41,4 , 0046 993,6 , 

shew alao that, if 0—1 and then 

<t-18!i,ie9,3 , /i^txO 146,087,6 

ExamfU 2 Obtain the equations 

ft =•49 am So— 4^0], 
a I + 8; cos 2o — M* — 8^ , 

expreaaing /, and a in finite terms aa functions of q, o, and ij 
Example 3 Obtam the recurrence formulae 

{ - 4n (n + 1 ) 4 8q cos 80 - 8^6, 1 6qt (Sn -I- 1 ) (Os - sin So)} 4. , + 8; (S|. _i + tb s) -O, 

where tb^i denotes fib+id-tOb,] or 6,1,41 -niiati, atcording as the upper or lower sign » 
taken 

19 & 7%< atgmpMM eolution of Jfo/Aieu < equation 

If in Matbieu a equation 

^ + (a + 2 cos 84) a - 0 

we write i siu <•{, we get 

J+f 

where Jf'sa+Ji* 

This equation has an irregular singularity at infimty From its resemblance to Besael’a 
equation, we are led to wnie ««=«'*{”*» and substitute 
t'—l+(ai/0+(atJ{‘) + 

in the resnltmg equation for 1 , we then find that 

«,= -*• (i-dri+n 

the general coefficient bring gi\eii by the recurrence formula 

2i (r+ 1) .,4 , = {*- Af»+I'+r (r+ 1)) +(2r - 1) -(,* -8r+J) iV-i 

The two aeries 

+ ). e-tr*(i-“^ + p- ) 

are formal aolutioiis of Hatbieu’s equation, reducing to the well-known asymptotic 
sulutions of Bessel’s equation (§17 6) when i-a-O The oomifiete formulae which oonuect 
them with the solutions s*''*^(±s) have not yet been nubluhed, though some atqie 
towards obtaining them have been made by Doogall, Ave EdiuJmrgk Math. Soe zzziv 
(1916), pp 17S-19» 

* It aaems highly ptohaUa that, if | g | la safUcieDtly small, the senes eonverge for idl real 
values of v, and alao for eomples values of e for wbieb { /(r) | is auflleiently email It may be 
aotieed that, when q la real, real and purely imaginary values of e eorreepond re^eetively 
to real and purely imagmary values of a. 
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MiSCKLLANEOOS ExAEPUS. 

I. Shew that, if k^J(3Sq), 

Streteih q)=ott(<i, q) j' ooa(hmnnint)cef(8,q)dt. 

8. Shew that the even Hathien fimotionB satiafy the integial eqnation 
0(t)mh j* Jt(fi())ona+<x»l)]0 (E)d8. 

A Shew that tiie eqaation 

(o^+e)^+l«^+(X%i*+m) »-0 

(when a, X, ei an oonataiita)il wliaAed Iqr 

*«/•*"» (a) rfi 

tatoawiand an a p p ro pri a te eentoor, provided that r (i) aatiaSea 

{wP+e)^^+3at^ +(XVi»+«) » (.)-0, . 

wUrii ia theaaiM aa the aqnatinn for n. 

Darin the integral eqnationa aatia&ed bj the Hathien fonotfona aa partionlar caaaa of 
thia naalL 

* A aamriata hililingiaply <a rim bf Bombert, Fonedoat dt Mathitn at foaeUont dt Lamd 
FUtelMri, 
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4. Shew that, if powen of q above tiie fourth are neglected, then 
;)»aoee-l-;ooe3t+9*(ieoa&2-coi>3i 

+9* (<1^ cos 7«- 4 coe 5t+} cos 3;) 

+J* (rlo °“® A ®‘’® **+ V ®<* **)> 

«i(<i 3)=‘Sins+j’nn3e+}*(iain6f-|'Sin3r) 

+ 9 * (]^ Bin 7 e -t - 1 sin H- i Bin 3 ;) 

4-9* (tIo Bin 3t + fr Bin 7: + i sin St - Y- ein 3s), 
«. (*,?)=«<“ 2»-f9 (4 CUB 4* - 2)-hi9* uw Gi 


(Mathieu ) 


-t- 9 ' cos Bs -f f 9 COB 42-|-4(>) 

+5* (lie «* 

S Shew that 
^3(s> 9)=coB3s-^9(-aaaB-t-^o08Ss) 

-I- 9 * (CCS s CCS 7r)-t-9* ( - i COB s -I- ^ cos 5,. + cue 9i) -I- 0 (9*), 
and that, in the case of this function 

a-9-|-49*-89*-f 6(9*1 

(Mathieu ) 


6 Shew that, if ^ (s) he a Mathieu function, then a second solution of the coneeponding 
diffinential equation is 

»(*) /*{y «)}-** 

Shew that a second solution* of the equation for Mo ?) >* 

3oa^(s, 9) -49 am 2s- 39* sin 4s- 


7 If ji (s) be a solution of Mathieu’s general equation, shew that 
{y<.-f2w).fy(s-2w))/y(s> 

IS constant 


8 Express the Mathieu functions as senes of Bessel functions in which the coefficients 
are muItiplaB of the coefficients in the Founer senes fur the Mathieu fiinotiona 

[Substitute the Founer senes under the integral sign in the mtegral equations of 
$1928] 

9l Shew that the confluent form of tho equations for oe. (s, 9) and as^ (i( 9}, when the 
eooentncity of the fundameotal ellipse tends to aero, is, in each osse, the equation satisfied 
by </o(ticoBf) 

10 Obtain the psnbohc oyhnder fonetions of Chapter zvi as confluent forms of the 
Mathieu functions, by makmg the eccentricity of the fondamental elhpse tend to umty. 

11 Shew that os, (a 9} can be expsmded m senes of the form 

2 4|,caal**s or 3 fi„eos'~*'*s, 

aooordmg as a is even or odd; and that these senes converge when { aasi|<l. 


* This solution IS eallsd <a,(s, f) ; fhs sssend solotieaB of tbs sqnattons satisfied by Ifsthwin 
fonetions have been mvestigstsd I? bee, Frae. Siinbartk Hath. See. ximi. (UU), pp. 2-U. 
Basalto|19-2. 
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12. With the notation of example 11, ihew that, if 


«.(*.?)=>. g)dg. 


then Xk le given by one or othei of the aenes 

0 )a«i flB 

provided that these aeriee converge 


_(2^+l) 

2^+»m '(«+!)' *’ 


13 Shew that the differenti il equation aatiafied by the product of any two Nolutione 
of Beeaele equation for fonctioua of order s is 

3 (3 - M) f3+2H) K+4t> (3+ 1) icO; 

where 3 denotes t ^ 

Shew that one solution ot this equation is an integral fonctiou of r, and thence, by the 
methods of 19 6-19 63, obtain the Bessel functions, diacusaing parbcularly the case in 
which a 18 an integer 


14 Shew that an approximate solution of the equation 
^+(3 +jt*smh*i)«— 0 

IS u ••('(coBocht)^ sin (I cosh s+<}, 

where C and < are oonstants of integration it is to be assumed that k is large, A is not 
very large and i is not small 
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ELLIPTIC FUNCTIONS OENEBAL THEOREMS AND THE 
WEIERSTRASSIAN FUNCTIONS 

20 1 . DovMy-penodtc functtmu 

A most important property of the circular lunctions Bm«, cosr, tsmr, ... 
IB that, if f (t) denote any one of them, 

f(t + 2ir)=/(z), 

and hence /(r -I- 2nir) =/(/), for all integer values of u. It is on account 
of this property that the circular functions are Irequently described as 
penodic functioni with period 2w To distinguish them from the functions 
which will be dtscussed m this and the two tollowing chaptere they are 
called nngly-penodie fuzushumt 

Let »i, (tf, be any two numbers (real or complex) who»e ratio* wnot purely 
real A function which satisfies the equations 

/(s + 2 (b,)-/(x), /{x+2o)0-/(x), 

for all values of t for which /(x) exists, is called a douhly-penodv; function 
of t, with periods 2e),, 2ai«. A doubly-penodic function which is analytic 
(except at poles), and wHich has no singularities other than poles m the 
finite port of the plane, is called an eUtpHc function. 

[Non. What u now known as an elUptic mtegrali ocean in the leaaarobes of Jakob 
BsmouUi on the Elastics Hadaunn, Fagnano, I«gen<ire, and othan considered sudi 
integrals in connouon with the problem rectifying an arc of an ellipse, the idea of 
‘inverbng an elliptic integral Xl 7) to obtain an elhptic function is due to Abel, 
Jacobi and Qauaa] 

The periods 2o),, 2et| play much the same part in the theory of elliptic 
functions as is played by the single penod in the case of the circular 
functions. 

Hefore actually constructing any elliptic functions, and, indeed, before 
establi^iDg the existence of such functions, it is convenient to prove some 
general theorems (§§ 20T1-2014} concerning properties common to all 
elliptic functions, this procedure, though not strictly logical, is convenient 

* II U|/w, IS rial, ths panllelogiams deflusd in | >0 11 odlapos, and lbs firaotion reduses to 
a aingly-panadio ftanotion wha «•/», is taliaaal , and whan u^/w, is imatioaal, it has been shswa 
by Jacobi, Jonnut /Br Math, tut, (1838), pp. tt-8l> [On Vtrhe, ii. (1883), pp. 38-36] that tbs 
funotlon nduoas to a constant. 

t A briat dissuislnn of slliplie intagrals will be fonnd in (f 33'7-33‘74i. 
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because a latge number of the properties of particular elliptic funotioiis cai 
be obtained at once by an appeal to these theorema 

JQmmpfe. The dittontist oeeffieient an elliptio ftmction is itself an dlipti 
function. 

20*11. Period-paralMograms. 

The study of elliptic functions is much facilitated by the geometrica 
representation afforded by the Argand diagram. 

Suppose that in the plane of the variable s we mark the points 0, 2u, 
Su,, 2ah + and, generally, all the points whose complex coordinates are 
of the form Strut, + 2neii„ where m and n are integers. 

Join in succession consecutive points of the set 0, 2w,, 2(ii, + 2a>i, 2tt„ 0, 
and we obtain a’ parallelogram. If there is no point et inside or on the 
boundary of this parallelogram (the vertices excepted) such that 

/(« + »)-/(*) 

for all values of x, this parallelogram is called a fmdaviental period-paraUelo- 
gram for an elliptic function with periods 2a>,, 2(u,. 

It is clear that the X'plane may be covered with a network of parallelo- 
grams equal to the fundamental period-parallelogram and similarly situated, 
each of the points inur, + 2«ei, being a vertex of four parallelograms. 

These parallelograms are called period-pmrvMograrns, or meshm \ for all 
values of X, the points x, x + 2<»,, ... x-f 2ma^-f 2n«>a, ••• manifestly occupy 
corresponding positions in the meshes ; any pair of such points are said to 
be congruent to one another. The congruence of two points x, x' is expressed 
by the notation x' s x (mod. 2a>,, 2ec)). 

From the fundamental property of elliptic functions, it follows that an 
elliptic function assumes the same value at every one of a set of congment 
points ; and so its values in any mesh are a mere repetition of its values in 
any other mesh. 

For purposes of integration it is not convenient to deal with the actual 
meshes if they have singularities of the integrand on their boundaries ; on 
account of the peciodio properties of elliptic functions nothing is lost by 
taking as a contour, not an actual medi, but a parallelog^nun obtained 
by translating a mesh (without rotaticm) in such a way that none pf the poles 
of the integrands considered are on the ndes of the parallelogpram. Such a 
parallelogiam is called a cell. Obvioudy the values assumed by an elliptic 
fonctimi in a cell are a mere repetition of its values in any mesh. 

A set of poles (or zeros) of qn elliptic function in any given cell is called 
an trreiiueiUe set ; all other poles (or zeros) of the fhnction are congruent to 
one or otimr of them. 
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20*12. Simple properties of elliptic fmctione. 

(I) The ntmber of poles of an elliptic function in any cell is finite. 

ITor, if not, the poles would have a limit point, by the two-dimensional 
analogue of § 2*21. This point is (§ 5*61) an essential singularity of the 
function ; and so, by definition, the function is not an elliptic function. 

(II) The number of teroe of an silicic function in any cell is finite. 

For, if not, the reciprocal of the function would have on infinite number 
of poles in the cell, and would therefore have an essential singularity ; and 
this point would be an essential singularity of the original function, which 
would therefore not be an elliptic function. [This argument presupposes 
that the function is not identically zero.] 

(III) The sum of the residues of an elliptic function, f(x), at its poles in 
any cell is tero. 

Let C be the contour formed by the edges of the cell, and let the comers 
of the cell be f, t + 2tti, t + 2<Si -(■ 2a)i, t + 2a)|. 


[Notk. In futuie, the periods of an elliptic fUnotion will not be called Sat, 
indifferently ; but that one will be called Sa, which makes the ratio aj/a, tam a fOtUim 
imaginary part ; and then, if U be described in the sense indicated by the order of the 
eomera given above, the description of C is (Mvnter.efoeiwua 

Throughout the chapter, we shall denote by the qrmbol 0 the contour formed by 
the edges of a oelL] 


The sura of the residues of / (z) at its poles inside C is 




t+tmj 


J/H 


+r \fwdz. 


In the second and third integrals write # + ,r + 2»i respectively for 
Sy and the right-hand side becpmes 


1 1 

{/(»)-/(* + 2®.)}*-^. {/(*)-/(*+ 2m.)j<i*, 

and each of these integrals vanishes in virtue of the periodic properties of 
f(s ) ; and so f /(a) dz » 0, and the theorem is established. 


(IV) liouviUe's theorem*. An elliptic function, /(s), with no poles in a 
eell^is merely a oonstant. 

For if /(s) has no poles inside the cell, it is analytic (and consequently 
bounded) inside and on the boundary of the cell (§8*61 corollary ii) ; that is 
to say, there is a number K such that |/(s) | < K when e is inside or On the 
boundary of tiie cell From the periodic properties of/(s) it follows that 


* This modillcatloD of the iheonm of | 8*63 it the reeult on which Lionville beied hie 
leotaiat on elUptlo fanotlisit. 
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f(t) is analytic and |/(*) { < JT for all values of t; and so, by § S'dS, f(t) is 
a constant. 

It will be seen later that a very large number of theorems oonoeming 
elliptic fiinctions can be proved by the aid of this result. 

SlhlS. order of an olliptie function. 

It will now be shewn that, if f(t) be an elliptic function and c be any 
constant, the number of roots of the equation 

/('>-« 

which lie in any cell depends only on f{e\ and not on c; this number is 
called the order of the elliptic function, and is equal to the number of poles 
of f(e) in the cell. 

By § 6'31, the difference between the number of zeros and the number 
of poles of f{s)—e which lie in the cell C is 

Since /'(s+2«,)»/'(« + 2ai,) —/'(*), by dividing the contour into four 
parts, precisely as in § 2012 (UI), we find that this integral is zero. 

Therefore the number of zeros of /(*! — c is equal to the number of 
]>ole8 of/(s) — c; but any pole of /(z) — c is obviously a pole of /(s) and 
conversely; hence the number of zeros of f(e)-~c is equal to the number 
of poles of f(e), which is independent of e; the required result is therefore 
established. 

[Nora. In dfltermiiiiDg the order of sn eUiptie fonotion by counting the number of 
he irreducible pdlee, it is obvious, Aom § 6-31, ttat each pole has to be reoiconed aooonling 
to its multiplicity.] 

The order of an elliptic function is nstwr less than 2; for an elliptic 
function of order 1 would have a single irreducible pole ; and if this point 
actually were a pole (and not an ordinary point) the residue there would 
not be zero, which is cootcaty to the result of § 2012 (III). 

So far as singularities are concerned, the simplest elliptic functions are 
those of order 2. Such functions may be divided into two classes, (i) those 
which have a single irreducible doable pole, at which the residue is zero in 
accordance with § 20*12 (HI) ; (ii) those which have two simple poles at which, 
by § 20*12 (in), the residues are numerically equal but opposite in sign. 

Functions belonging to these respective riasses will be discussed in this 
chapter and in Chapter XXII under the names of WeierstraaaiBn and 
Jacobian elliptic functions respectively; and it will be shewn that any 
elliptio functimi is expressible in terms of functione of either of these 
types. 
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2014. BelaHonbetmentheMroa andpoles o/anelhpticfututum 

We shall now shew that the sum of the affitees of a set of vrredveMe 
zeros of an elltptie fmabum u congruent to the sum of the affuces ^ a set of 
trreduoihle poles 

For, with the notation previously employed, it follows, from § 6 31, that 
the difference between the sums in question is 


_Lf 

SsrtJcfit) 


dx 


2lrt Ji+Sm, j e+tm,l f(z) 

1 (*) _ {£^+ 2tt),)/' (s + 2i».) | . 

Swi / ( I f(s) f(t + Zu,) I 

_ J_ iCif) _ (* + 

Zmlf \/(z) /(s+26>.) ) 


dx 


“ 1“ + 2«.[log/(s)]'^*“*| , 


on making use of the substitutions used in g 20 12 (III) and of the periodic 
properties of f{x) and /' (s) 


Now /(s) has the same values at the points ( + 2c0,, (-t-2ai, as at t, so 
the values of logf(x) at these points can only differ from the value of f(x) 
at t by integer multiples of 27n, s<iy - 2n7rt 2'/>7rt , then we have 

2^0 = 

and BO the sum of the affixes of the zeros minus the sum of the affixes of 
the poles is a pcnod , and this is the result which had to be established 


202 The oonstructton of an efhpttc /unctson DeJmUxim of f{t) 

It was seen in § 20 1 that elliptic functions may be expected to have 
some properties analogous to those of the circular functions It is therefore 
natural to introduce elliptic functions mto analysis by some definition 
analogous to one of the definitions which may be made the foundation 
ofthe theory of circular functiona 

One mode of developing the theory of the ciroular functions is to start 

firom the senes S {z-mvY', calling this senes (8ms)~*, it is possible 

to deduce all the known properties of sms, the method of doing so is bnefly 
indicated in §20*222 


W. ILA 
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The analogons method of founding the theory of elliptic functions is to 
define the function |* (s) by the equation* 

2' ) 1 ^ I 

«* «., )(«— Smai, — Sna),)* (2miB,+2»a>,)*J ’ 

where &>,, ai, satisfy the conditions laid down m §§201, 20*12 (111), the 
summation extends over all mteger values (positive, negative and zero) of 
m and n, simultaneous zero values of m and n excepted 

For brevity, we wnte in place of 2ma>, + 2na),, so that 

^(x)=x^«+ 2' {(x-n„,,r*-Xi;*,} 


When m and n are such that |fl«,n| is large, the general term of the 
senes defining is 0(| 11 «,k|~*), and so (§3 4) the series converges 
absolutely and umformly (with regard to x) except near its poles, namely 
the points A., . 

Therefore (§ 5 3), (p (s) is analytic throughout the whole x-planc except 
at the points Cl,^ where it has double poles 

The introduction of this function |l(x) is due to Weierstrass'l' , we now 
proceed to discuss properties of ^ (x), and in the course of the investigation 
It will appear that (x) is an elliptic function with periods 2s>, , 2o>, 


For purposes of numerical computation the senes for p (s) is useloas on aooouiit of the 
slowness of its convergence Elliptic functions free bom this defect will be obtained in 
Chapter XXI 

Bxamplt Proyf that 

20 21 Penodvxly and other ‘properties of p (x) 

Since the senes for §p(x) is a uniformly convergent senes of analytic 
functions, term-by-term differentiation is legitimate (.§ 5 3), and so 




= -2 2 


.7. (^ -«««)• 

The funetton p'(e) t» an odd /unction of z, for, fium the definition of 
pf (x), we at once get 

ip'(-x) = 2 2 (x + n*.,)- 


* Thron^oot ib« dupter 2 will be wrilteo to denote » eummatiou oeor ell integer vnluee 

M,S 

of m and n, n prime being maerted (2^) when the tenn for whieb msnsO bM to be omitted 

<lla« 

from the mmmatioil It is also eastomai7 to writs |1' (>) for the denvate of ||I (<) The nas of 
the prune In two mases will not oaose oonfoaion 

t Iferiu, u (1B9S), pp t4S-SBfi The subject msttsr of the greater part of this chapter is 
due to Weieretraw, and la eootained in hie Isotares, of which no socoont has been pubbebed bj 
Sehwars Fmaeln mi LthrtHte cssi Oebraueke ier iUiftiuhm fmktumtn. Alack VorUnmgtii 
wid iefxticlmmgt* iet Herra Pnjf S WeirrMrau (Berlin, UU), See alco Oajrler, Jonmal de 
Jfotk z (ISUS), pp SSd-daO [Math Papert, i pp. U6-18S], end Eicanstam, Journal for Math. 
zxzT. (1847), pp 187-184, 188-974. 
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But the set of points — is the same as the set and so the 
terms of a) are just the same as those of — fp' (z), but in a different 
order. But, the series for |i'(a) being absolutely convergent (§ 3‘4), the 
derangement of the terms does not affect its sum, and therefore 

p'(- a) 

In like manner, the terms of the absolutely convergent series 

2' |(a+n„..)--niM 

IN, N 

are the terms of the series 

M. n 

in a different order, and hence 

p(-a) = p(a)i 

tiiat is to say, |i (a) is an even function of z. 

Further, jf»' (z + 2aii) = — 2 S (a — fl«,« + 2a>,)“* ; 

m,n 

but the set of points « — 2<u, is the same as the set so the series 

for p'(a + 2a>i) is a derangement of the series for ff (z). The series being 
absolutely convergent, we have 

• p'(a + 2<a,) = j>'(a); 

that is to say, (z) has the period 2ai,; in like manner it has the period 2 cb,. 

Since (a) is analytic except at its poles, it follows fiom this result that 
I*' (a) is an elliptic function. 

If now we integrate the equation p'(z + 2®,) = p'lz), we get 
p(a + 2®.) = p(a) + i4, 

where A is constant. Putting a = — <■>, and using the fact that p (a) is an 
even function, we get .4 » 0, so that 

p(a + 2®.) = FW; 

in like manner p (a + 2(9,) = p (a). 

Since p(a) has no singularities but poles, it follows from these two results 
that p (a) M on elliptic function. 

There are other methods of introducing both the cironlar and elliptic fnnotians into 
analysis ; for the drculsr fonetions the following may be noticed : 

* (1) The geometrical dednition in whiob sin a is the ratio of the side opposite the angle 
a to the hypotenuse in a rightsuigled triangle of which one angle is a. This is the definition 
given in elementary text-books on Trigonometry ; from oiir point of view it has various 
disadvantages, some of which are stated in the Appendix. 

(2) The definition by the power sense 

s» 

ri+51— " 

28—2 
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(3) The definitioii b; the pnduiiit 

(4) The definition by ‘invenion * of an integral 

The periodioity propeitieB may be obtained easily from (4) by taking suitable pattia of 
integratimi (of. Forsyth, Theory of PmustUmt, (1018), § 104), but it is extremely difficult to 
prove that sins defined in this my is an analytm function. 

The reader will eee later (§§ 22*83, 23*1, 30*42, 20*82 and § 80*63 example 4) that 
elliptic functions may be defined by definitions analogous to each ti these, with corre- 
sponding diaadvantages in the eases of the first and fourth. 

BaampU. Deduce the periodicity at f> (s) directly from its definition as a double aeries. 
[It is not difficult to justify the necessary derangement.] 

20*22. 7%b differmtiod eqttalion latitfitd by y (a). 

We shall now obtain an equation satisfied by f> (a), which will prove to 
be of great importance in the theory of the function. 

The function ^ (a) — 1 ~*, which is equal to 2' {(a - ft*, ,)”• — ft^,*,}, is 

■hs 

analytic in a region of which the origin is an internal point, and it is an 
even function of a. Clonsequentiy, by Taylpr’s theorem, we have an expansion 
of the form 

!> (a) -a-* - -b ip,** + 0 (a*) 
valid for sufficiently small values of | a |. It is easy to see that 
sr.s=60 2' y,-i40 2'xC,. 

«!•» mn 

Thus + + 

differentiating this result, we have 

p' (a)- - 2a-' p,a T i ifta* -b 0 (a*). 

Cubing and squaring these respectively, wp get 

p* (a)=a-'-b^y,a-*-bpp,-b0(a'>, 

p^fa) - 4a-- 1 g.a- - -b 0(a*). 

Hence + 

and so f>'’(a)-4p*(a)-bg,p(a)-bsr,» 0(a*). 

That is to say, the function p^fa) — 4p*(a) + p,p(a)*bp„ which is 
obviously an elliptic function, is an^ytic at the' origin, and consequently 
it is also analytic at all congruent points. But such points axe the only 
possible singularities of the function, and »o it it an Miptie function with 
no oingularitiei ; it is therefore a constant (§ 20*12, IV) 

On maldng a-eO, we see that this constant is xero. 
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Thu*, finally, the fimoHon ff{t) eaUefiet the differential equation 
|»^ (*) = 4 p* («) - g,p (e) - g„ 

where gt and g, (called the invariamte) ate given by the equations 
g,~60T.'n-\. g,^14l>V 

OonveFsely, given the equation 
if numbers to,, at, can be determined* such that 

^,-60 S' n-*.. .gr,-i 40 S' n;^., 


then the general eolation of the differential equation is 

y-i>(±* + «). 

where a is the constant of integration. This may be seen by taking a new 
dependent variable u defined by the equationf y = p (u), when the differential 


equation reduces to 



Since pw is an even function of *, we havf' y p (r ± a), and so the 
solution of the equation can be written in the form 

without loss of generality. 

ExampU. Deduce from the diffisreutial eqo&tiou that, if 


. 6 . 


04 1^ T 1 1 


p (*)-*-»+ Z Cfc**-, 

C4=tfi/2*.7, ci=y,*/2‘.3.6*, 


a*'. 5'. 7.11’ 


2*.3.5’.13’^8‘.7».13’ 


- 

■2‘.3.5«.7.11 


20*221. The integral formula for p (r). 

Consider the equation 

MSB 

s=j^ (W-g,t-g,)~*dt, 

determining * in terms of ^ ; the path of integratimi may be any curve which 
does not pass through a zero of 4^ — — g,. 

On differentiation, we get 

andso f~p(s + a), 

where « is a constant. 


* The diffioolt proUen of eeUblisliinz the ezietanee of enoh namhen sad ubsa /g and 
ate gieen ie solved ha 1 31 73. 
t This equation in « slwva has eolations, by 1 90*18. 
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Make C-* oo , then « — » 0, since the integral converges, and so a is a pole 
of the function p, le., a is of the form and so + 

s r* 

'The result that the equation *= j (4i*— — is equivalent to 
the equation is sometimes nntten in the form 

s— f — 9i) 

'!»(«) 

X*2!i2. An tUiutratum from tht thoorg of the amdar fanetume 

The theoEema obtained in ^ 80'S SO SSI may he lUuetrated by the corresponding 
reenlta in the theory of the oircnlor functions Thus we may deduce the proiierties 

of the function cosect t from the senes 2 (r— ms)~* m the following manner 

MB-dB 

Denote the senes by/(s) , the senes converges absolutely and uniformly* (with regard 
to t) except near the points mw at which it obviously has double poles Kxoept at those 
points, /(e) IS analytic. The effect of adding any multiple of w to i is to give a senes 
whose terms ore the some as those occumug in the original senes; sinie the senes 
converges absolutely, the sum of the senes is unaffected, end so /(<) u a penodte function 
o/tmthpanod n 

Now ocnsider the behaviour of f(s) m the stnp for which -4fr<N(rX^ir From 
the penodicity of /(x), the value of/(x) at any point in the plane is equal to its value at 
the conesponding point of the stnp In the strip /(r) has one singulanty, namqly 1^=0 , 
Olid /(t) IB bounded as e-»~iio in the stnp, beosiise the terms of the senes for /(t ore 

small compered with the oorresponding terms of the oompenson senes 2' m'* 

In a donuun includmg the point 0, /(i) -s~' is ooslytio, and is an eieu function , 
and consequently there is e Uaolaunn expansion 

/(»)-r-»= 2 

vidid when U | < ir It is easily seen that 

a.-2w-'*(a.+l) 2 i»-'^-‘, 
mb] 


and BO at=6ir-* 2 "•"‘“A 

Hence, for small values of 1 1 1, 

/(#)-.-*+J+Ar*+0(**) 

Differentiating this result twice, and also squaring it, we have 

r(*)=8s-‘+A+0(x»), 

«(»)-.-‘+|*-*-bH-bO(«’) 

Itfollowsthak /"(s)— q/'*fx)+^(x)=0(xq 

That IS to say, the fiinotioii /"(s)-6/t(x)+t/(s) n analytic at the origin and it is 
obviously penodw Sinoe its only pcsmble singulanties ore at the points mw, it follows 
from the penodic property of the function that it is au integral function, 

m 

* By companson with tbs senes Z' •->. 
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Further, it is bounded as in the strip since /(s) is bounded 

and so is*/" (s). Henoe/" (s) - 6/* (s)-(-4/(s) is bounded in the strip, and therefore from 
its periodicity it is bounded ererywherc. By LiouviUe’s theorem (§ 6‘63) it is therefore 
a constant By making >->-0, ne t>oe that the constant is sero. Hence the function 
ooseot z satisfies the equation 

/”W-6/*(»)-4/(*). 


Multiplying ly !/'-(<) and integrating, we get 

f'‘'z)=4P(z){f(s)-l)+e, 

where c is a constant, which is easily seen to be sero on making use f the power series 
for f (s) and / (z). 

We thence deduce that Sz^ f 

iM 

when an appropriate path of integration is chosen. 

Bnimple 1. It y^piz) and primes denote differentiations with regard to z, shew that 

where r„ Cj are the roots oi the equation 
[We have y’=4y*- jsji-y, 

= 4(y-e,)(y-«,)(y-ei) 


Diflerontiatuig logarithmically and dividing by /, we have 

r»l 

Uifierentiating again, we have 


> ■ y* 


- i (y-e,)-’. 


Adding this equation multiplied by ^ to the square of the preceding equation, 
multiplied by wo readily obtain the desired result 


It should be noted that the left-hand side of the equation is half the Schwaraiau 
denvativet of i with respeut to y ; and so z is the quotient of two solutions of the 
equation 




ExampU 8. Obtain the -properties of homogeneity’ of the function |l>(t}, namely that 


where denotes the function formed with penods 2«i, Swt and P(s; y„ yg) 

denotes the function formed with invariants yg, yg ■ 

[The former is a direct consequenoe of the definition of f (•) by a double series ; the 
latter may then be denved foom the double series defining the y invariants.] 


* The terias'ror/"(z) may be sompsred with Z' is**. 

MW 

t Oayleyi Oamb. JPMl. Tnau, xm. (188S|, p. 5 [tfeit. Pftn, n. p. 14B]. 
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30'S. The addition-theorem for the fitncHon p(t). 

The fanctiou (p (e) poaeesses what is known os an addition-theorem, ; that 
is to say, there exists a formula expressing f> (s + y) as an idgebraic function 
of |p(x) and f>(y) for general values* of t and y. 

Consider the equations 

which determine A and B in terms of « and y unless f>(x)~p(y), ie. unlessf 
«= ±y (mod. 2»„ 2a,\ 

Now consider !>'({)— -4|> (f) — B, 

gvO function of t It has a triple pole at {;<s0 and consequently it has 
three, and only three, irreducible zeros, by § 20 13 ; the sum of these is a 
period, by §20-14, and as x, S=y are two zeros, the third irreducible zero 
must be congruent to — z — y. Hence - x— y is a zero of (X)-B, 

and so 

|»'(-z-y) = ^|>(-z-y) + & 

Eliminating A and B from this equation and the equations by which A 
and B were defined, we have 

I f (*) l>'W 1 “0- 

(f>(y) f' is) 1 

(p(*-+-y) -f'(»+y> 1 

Since the derived functions occurring in this result can be expressed 
algebraically in terms of f (z), p (yX f> (x + y) respectively (§ 20-22), this 
result really expresses f)(x + y) algebraically in terms of p(x) and t'(y). 
It is therefore an additton-theorom. 

Other methods of obtaining the addition-theorem are indicated in §20-311 
examplea 1 and 2, and § 20-312. 

A symmetrical form of the addition-theorem may be noticed, namely 
that, it U + V + to = 0, then 

f(u) |('(«) 1 >*0 

f(v) !-'(«) 1 

p'(w) 1 

30-31. Another fdrm of the addition-theorem. 

Betaining the notation of § 20'3, we see that the values of f, which make 
— — B vanish, are congruent to one of ^ points x, y, — x— y. 

* It u, of ooune, naiieoMMi]' toioonsliler tbs •psoiol obsm whsa ft or s, or y +x is s period, 
t Thefiiaction|P(q-|rlp)> sao fonsUon of s. bos dooUepolesst poiatsoongneutto sseO, 
and no other riiigeieritiee ; it Ourstore (| SO-U) has only two inednwUs sstos ; sad the poioSi 
eongmsat to ss A y flasefon give otf the seroe (f). 
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Hence f^(i) — {^f> (f) + B]’ vaniehes when f is congruent to any of the 
points t, y, —t—y. And so 

V (f) - A V (0 - (2A5 + p (£) - (i? + p.) 

vanishes when p (X) equal to any one of p (s), p (y), p (s + y). 

For general values of s and y, p (<), p (y) and p (s + y) are unequal and 
so they are all the roots of the equation 

4F*- A‘2>-(2AjB + y,)^-(fi*+y,)=0. 

Consequently, by the ordinary formula for the sum of the roots of a cubic 
equation, 

and so p(s + y) = J 

on solving the equations hy which A and B were defined. 

This result expresses p (r + y) explicitly in terms of functions of z and 
ofy. 


20'311. The duph'oaiion formula for p (*). 

The forms of the addition-theorem which have been obtained are both 
nugatory when y = z. But the result of § 20'31 is true, in the case of any 
pven value of z, for general values of y Taking the limiting form of the 
result when y approaches z, we have 

limp(x + y)=Jlimj'J-g:ji?>}’-p(,) 

From this equation, we see that, if 2z is not a period, we have 

on applying Taylor's theorem to p(s -4-4), p'(s+A); and so 

unless 2s is a period. This result is called the duplication formtda. 

Xzamplt 1 . Prove that 

qua fonotion of has no aingalariti«a at points oongnmut with t^O, ± 9 ; and, hf 
use at laooviUe’s theorem, deduce the ad^tion-theorem. 
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Exan^ 2 the {ODoew ludioated in example 1 to the fanotum 

PW PW i 
PW F(y) 1 . 

P(^+y) -f>'(*+y) 1 

and deduce the additioD-theaiem. 

ExoMflt 3 Shew that 

P (*+y)+P (»-y)-{P (*)-P(y)r*[{2P (*) P(y)-itf!d {P(»)+P(y)} -yJ 

[Ify the additinn-theorem we iune 

Replacing p’(*) and p*(y) by 4P(*)-^iP(x)-pj and 4p*(y)-9»PCj')-y5 reepec- 
tiTely, and reducing, we obtain the required result ] 

ErampU 4 Shew, Liouville’a theorem, that 

5{P(*-<»)P(*-«')}*=P(a-6){P(*-«)+P(*-«')>-P («-«>) (P(*-<»)-P(*-6)> 

(Trinity, 1906 ) 

20 312 AbeC^ metkod of pronng the adittton thmrtm for p [e) 

The fiillowing outline of a method of establishing the addition theorem fpt p (t) la 
instructive, though a oompletely rigorous proof would be long and tedious 

Let the invaiiants of p(t) be pt, g^, take rectangular axes OX, OT ima ^ne, and 
consider the intenectiona of the cubic cun e 

y*»4a4-y,r-p, 

with a variable line y— lar+n 

If any point (,r|, yi) be talcen on the oubio, the equation in t 

P(s)-»,=0 

has two solutions +<i, -Si (§ 20 13) and all other solutions are congruent to these two 
Since p>(»)=4p’(s)—yiP(»)—yj, we have P'(»>=yi’, choose tj to be the solution for 
which p> (»,)- +y,, not -y, 

< number S| thus chosen will be called the yarameCer of (w,, yj> on tbo cubic 

Now the abscissae xi, «„ x, of the intonseotions of the cubic with the vanable line 
are the roots of 

^ (x) 3 4x' - 9 ,x -y, - (mx + n)* = 0, 
and so ^(x)a4{x-x^)(x-X|)(a-Xg) 

The venation Ax, in one of these absoiseae due to the variation in position of the hne 
consequent on small changes hm. In in the ooefflcienta m, n la given by the equation. 

(Xr) 8«“0, 


and so 
whence 


41 {Xr) *x,-2 (mx,+i»> (x,*(»+fci), 
X a 5 *r*^+*» 

4i nuv+n” 4i ^ (»r) ’ 


provided that X|, xg, xt are unequal, ao tbat^'(x,)ia0. 


* Jomnalflx Uath. a. (1837), pp. 101-181; m. (1838), pp. 180-190 [Oeupree, i. (Ohristiania, 
1889), pp ia-3n] 
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Xow, if we put «(jiSm+tft)/0(«), gua ftmotion of r, into partial firactions, the result u 

s 

S ArUx-Hr), 


r«l 


where 


A, 


lim r 

«»»> V W 

==x,(x,tm+tn) lim (*— *,)/^(a) 


» I, (Xr»m + 6n)l4! (x,), 

by Taylor’s theorem 

a a 

Puttmg r»0, we get X i£,/y,=0, le X iZr=0 

r»l r— 1 


That is to say, tie nan of the parameters of the potnts of xnterseetxon u a constant 
mdepmdent ofthi posvtum of the Itne 

Vary the line so that all the {loints of intersection move off to mfinity (no two points 
Loinciding during this process), and it is evident that Ci+Si+Cj is equal to the sum of the 
parameters when the line is the hue at infinity , but when the line is at infinity, each 
parameter is a period of p (s) and therefore Ci+ti-otj is a period of p (i) 

Hence the sum of the {larameten of three colliiiear points on the cubic is congruent to 
sero This result having been obtained, the determinants! form of the addition theorem 
follows as m ^ 2U 3 


2032 The conttants e,, e,, e, 

It will now be shewn that |)(a>,), (p(a>,), t*(e>a)> (where <u, = — o>, — <»s), are 
all unequal , and, if their tallies be e,, e,, e,, then e,, e„ e, are the roots of the 
equation W — g,t — g,’=0 

First consider pf (cci) Since p' (z) is an odd penodic function, we have 

p' (»,) = - p' (- «,) = - !>' (2o). -»,) = - p' (to,), 
and so tl'(e>i)’=0 

Similarly |>'(o>,) = |>'(to,) — 0 

Since p' (x) IS an elliptic function whose only singularities are tuple poles 
at points congruent to the origin, p' (z) has three, and only three (§ 20*13), 
irreducible zeros. Therefore the only zeros of p' (z) ^re points congruent to 

“ll «!, 

Next consider |fl(z) — e, This vanishes at m, and, since p'(tot) = 0, it has 
a double zero at •>,. Since p(z) has only two irreducible poles, it follows 
from §20*13 that the only zeros of p(z) — s, are congruent to m,. In like 
manner, the only zeros of p (z) - e„ p(z) — e, are double zeros at points con- 
gruent to to,, to, respectively. 

Hence s, ^ For If s, » «b, then p(z) — e, has a zero at to,, which is 

a point not congruent to to,. 

Also, since p'‘(x)~4f^(z)— PtP(z) — if, and since p' (z) vanishes at m,, en, 
IS,, It follows that 4p* (z) — g,p (z) — g, vanishes when p (z) = z,, or e,. 

That is to say, z,, z, are the loots of the equation 
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From the well-known formnlae conneotdng roots of equaticnu with theii 
coefficients, it follows that 

«i + «k+«»-0, 

^S» + *»«! + Slfli " “ jg«, 


«!«•«. 

ExampU 1. When gf and gt an real and discriaiinaiit g^ — 31g^ ia positive, ahew 
that «i, eii, <5 are all real ; dfaoosiDg them so that aheir that 

•1“ [ (■«• J») “ * ‘ft. 

J *1 

and 

so that «i is real and tt a pure imagiDary. 

■SxamjiU 2. Shew that, in the circomstancee of example I, {> (<) is real on the pan- 
meter of the reotang^ whose coroere are W 9 , a, +«j, wi. 

20 ' 33 . Tit acUitioti of a half-period to the argument off (e). 

From the form of the addition-theorem given in $ 80*31, we have 

and BO, wnoe |.'>(x)ai4 □ {P(r)-er)i 


we have 


on using the result 


|. (,+ a,) „ - f (,) - «, 


S «r-0i 
r-l 


this fomula expresaee f> (e-t-ai) in terms of f>{r). 

Snamfile 1. Shew that 

P <4a, )—«t ± {(«, - «i) (»i - «x)}* 

Example 8. From the formula for |r(r-(-«^} combined with the result of example 1, 
shew that 

(Math. Tnp. IBIS.) 

Example 3. Shew that the valBS rf |?'(»>|?^(»-bwi)P'(*+wi>|>'(**bwi) i» «iual to 
the discriminant of the equation tf~gg-—gt'^0. 

[Diflerentiating the result of g 80*33, we have 

r <*+i)- -*(*.“a,)(^-e,) |i'<*) {f (»)*ri^»*-* : 
from this and analogous lesuUa, we have 

P' W !>' (»*bl) r (S-H-.IP' (a-bw,) 

►'*(*) n ■a»(x)-«,)-* 

r«i| 

-l# («I -‘h)* (^-*!|)* (Si -SiA 
wfaiota is the discritaiiunt gf—tlgf in question.] 
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20 - 88 , 20 - 4 ] 

StampU 4. Bhmr that, with appiopnate mterpntatioDs of the ndioala, 

p- (*.,)- -S{(*,-«,)(«,- 0 ,)}* . 

(Math. Trip. 1913.) 

SmmpU 6. Shew that, with appropriate interpretabons of the radicaia, 

(P {p (fe) -«,}*+{? (2*) - «>}* (P (8*) - «i}* 

+ {P(2*)-«l}* {|>(2*)-ea)*-P(*)-P(2«). 


20*4. Quaii-periodic functions. The function* 

We shall next introduce the function t (a) defined by the equation 


di(s) 

dt 


-p(a). 


coupled with the condition lim [f(a) — aiO. 

*-►0 

Since the series for p (a) — tr* converges uniformly throughout any 
domain from which the neighbourhoods of the pointst are excluded, we 
may integrate term-by-term (§ 4'7) and get 

f (a) _ ,r-> » - j‘ {p (a) - a"’) da 


and so 


- - 2' f'l(s - n,,.r - fli*-} de. 
m,n J e 


The reader will easily see that the general term of this senes is 
0(in*.,t-*> as in«,.,i-eoe; 

and hence (cf. §20-2), (;(a) is au analytic function of a over the whole a-plane 
except at simple poles (the residue at each pole being 1) at all the paints 
of the set na,,«. 

It is evident that 

and, since this series consists of the terms of the series for (^(a), deranged in 
the same way as in the corresponding series of § 20-21, we have, by § 2-52, 

that is to say, ((s) is an odd function ofs. 


* This tanohoB dioaM not, of eoniso, ba oontasad with ths ZstaftansHon of Bioauum, 
ditsasMd In dhaptor xm. 

t The srmbol O'. . is nssi to denote ail the points On,, with the exeepbon of the otigitt 
(ef. fSO-S). 
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Following up ti>e soalogy of $ 30*833, wo may oompare f (i) with the function oot 
* 

defined by the senes f“*+ S' {(»-«»)•••+(«»)-'}, the equation ^oote» -oosao> 
ooirespoDdmg to ^ f (o)a> — {D (i), 

2041. The quasi-periodieity of the fiiaetion l^(e). 

The heading of § :i0'4 was an anticipation of the result, which will now be 
proved, that ^(e) is not a donbly-periodic function of z\ and the effect on 
f (s) of increasing t by 2a*i or by 2<t>, will be considered. It is evident from 
§20*12 (III) that cannot be an elliptic function, in view of the fact that 
the residue of at every pole is 1. 

If now we integrate the equation 

|»(s + 2«,) = (p(s), 

we get j;(* + 2o),)=f(s) + 2 i 7 „ 

where 2i}, is the constant introduced by integration; putting s = — w,, and 
taking account of the fiict that ^ (t) is an odd function, we have 

In like manner, ?(* + 2u),)»^f(s) + 2>j|, 
where ’Js *’ f {o>a)* 

Ssamplt 1 Prove by Luravillo'e theorem that, if f +y*f<=>0, then 

{f(*)+f(y)+f(»))**t*C'(*»)+f'(y)-Pf'(»)=o 

(Frobenitu u Stickelbergsr, Journal /Ur IfatA i,zxzvni.) 

[This result is a pseuda«dditioti theorem. It is not a true addition-theorem since 
f ' (*)> f ' (y)> (' (*) algebraic functions of f (z), f (y), ( («).] 

Example 3. Prove by Liouville’e theorem that 
2 1 P(*) t p(*) p'(,) 

1 p(y) P»(y) j 1 p(y) p'(y) 

1 PW PW I ' 1 f(») P"!*) 

Obtain a generatisadon of this theorem involving n variables. 

(Hath. Trip 1894.) 

20*411. 77ie relaiion between % and %. 

We shall now shew that 

ih«,-»?,(ii, = |irt. 

To obtain this result consider f ((s) de taken round the boundary of a 

Jc 

cell. There is one pole of ^ (e) inside the cell, the residue there being + 1. 

Hence f f(*)<is»2wt. 

.' c 
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Modifying the contour integral m the manner of § 20‘12, we get 

rt+%h, 

2irt=|^ + 2a>,)|(ir — j (f (*)-£■(*+ 2®,)} eJ* 

rt+fc., ft+u^ 

>= — 2iji j dt + 2if, I dt, 

and BO 2irt = — 4)i,®, + 4i},o),, 

which IS the required result 


20 42. The fmchon a (r) 

We shall next introduce the function a (e), defined by the equation 
j*-log<r(s)-f(r) 

coupled with the condition bm {<r (*)/*} •= 1 


On account of the uniformity of convergence of the senes for ^(s), except 
near the poles of ^ (z), we maj’ integrate the senes term-by-term. Doing so, 
and taking the exponential of each side of the resulting equation, we get 





the constant of integration has been adjusted in accordance with the condition 
stated 


By the methods employed in §§202, 20'21, 20 4, the reader will easily 
obtain the following results 

(I) The product for o’(s) converges absolutely and uniformly in any 
bounded domain of values of z 

(II) The fiinction <r (z) is an odd integral function of z with simple zeros 
at all the points flm,n. 

The function c (r) inay be compared with the function sm z defined by 
the product 

the relation ^ log sin x = cot x correspondmg to ^ log a- (x) *= {■(*) 


20‘421 The qmsi-penodicUy of the /iinct%on a (z). 

If we integrate the equation 

((z + 2a,,) = ^(z)+2v,. 

we get «r (x -h 2®i) = (x), 

where c is the constant of mtegration ; to determine e, we put x = — ui, and 
then 


O’ («i) >• — (o»j). 
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Consequently c =e — 

and o'(* + Sail) 

In like manner o- (s + 2«,) o-(*]i! 

These results exhibit the behaviour of v(*) wh«i s is increased by a 
period of 

If, as in 1 20'32, we write «i,« — a>, — a>t>t>hen three other Sigma-functions 
are defined by the equations 

(r = l, 2, 8). 

The four Sigma-functions are analogous to the four Theta-functions dis- 
cussed in Chapter xxi (see § 21*9). 

BxampU 1. Shew that, if m and a are aojr integers, 

a’(r+3>iMH+Sn«,)s(-)*'^*e'(<) exp {(S»iiii+2ni|t)^+Sw'>tt*i-l-dmsi„it,+Sn*i)|»,}, 
and dedttoe that is an integer multiple of 

ExampU 3. Shew that, if g^^exp (wt«i/*i), eo that | ; | < 1, and if 

^ W-«P (g) «n g) 5, -sj- cos , 

then F{t) is an integral function with the same zeros as <r(x) and also F{t)lv{t) ia a 
ddnblT^periadtc fonctron of t with panoda £»„ 

EsaixfiU 3. Deduce from example 3, by using Liourille’a theorem, that 
2«| (niF\ . /’••zX * fl-j!o*‘cos(w»/wil+g‘»l 

Example 4. Obtain the reenlt of example 3 by expressing each ihctor on the right os 
a singly infinite product 

SC'S. Formulae eapreuiag any elhptic /unction in term* of Weiemtraeeian 
/unctions vnth the tame periods. 

There are various formulae analogous to the expression of any rational 
fraction as (I) a quotient of two sets of products of linear fiustors, (TI) a sum 
of partial fractions ; of the first type there are two formulae involving Sigma- 
functions and Weierstrassian elliptic fonctibns respectively; of the second 
type there is a formula involving derivates of Zeta- functions. These fiirmulae 
will now be obtained. 

3041. 2%e expreation of any Miptie fuwAwn in terms of p(e) and y' (e). 

Let fie) be any elliptic function, and let p{e) be the Weierstrassian 
elliptic function formed with the same periods 2»„ 2tti,. 

We first write 

/(«) - 1 [/(*) +/<- *)] + s [{/(*) -/{- »)1 1»''(»))-’3 p'ie). 
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The fhnctiona 

f(z) z), {f{z) -/(- *)} {*.'(*))-• 
are both even functions, and they are obviously elliptic functions when f{z) is 
an elliptic function. 

The solution of the problem before us is therefore effected if we can 
express any even elliptic function ^ (z), say, tn terms of p (e). 

Let a be a zero of ^ (z) in any cell , then the point in the cell congruent 
to - a will also be a zero. The irreducible zeros of ^ (e) may therefore be 
arranged m two sets, say a,, a,. ... On and certain points congruent to — Oi, 

— Oi, ... — <1*. 

In hke manner, the irreducible poles may be arranged m two sets, say 
&i> and certain points congruent to —6,, — ht, .. —h^. 

Consider now the function* 


1 A 


It 18 an elliptic function of z, and clearly it has no poles , for the zeros of 
4(z) are zerosf of the numerator of the product, and the zeros of the 
denominator oi the product are polesf of 0 (z) Consequently by Liouville’s 
theorem it is a. constant, .di, say 


Therefore 


^',7iif>(*)-V(6r)l’ 

that IS to say, ^ (z) has been expretised as a rational function of |i (z) 

Carrying out this process with each of the functions 
/(z) +/ (- z). |/(z) -/(- z)) {|.'(z))-, 

we obtain the theorem that any elliptic Junction f(z) can be expressed in terms 
of the Weierstrassian elliptic functions p (z) and p' (z) with the same periods, 
the expression being lational tn |i(z) and linear in f'(zX 


20 S2 The expression of any elliptic function as a linear combination of 
Zeta-functwns and their denvates. 

Let f(z) be any eUiptic function with periods 2a>,, 2a>,. Let a set of 
irreducible poles of /(z) be a,, Ot , ... On, and let the principal part (§5*61) 
of f (z) near the pole at be 

« . , Cfcrz 

’ s-o* (z-o»f (z-a*)*»‘ 

* It any one of the points a, or h, is oongruent to the ongm, we omit the ootrespondins 
fsotoi (a,) or p (s) - fl (6,) The zero (or pole) of the prodnot sad the sera (or pole) 

of e (s) St the origin are then of the seme order of mnltiplieity In this prodnot, sod in that erf 
1 30 63, factors oorresponding to mnltiple leros and poles have to be repeated the appropriate 
namber of times 

t Of the same order of mnltiplieity 


W. ■.A. 


39 
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Then we oao shew that 

/(«) * At +2^ |c».j ?<* - a») - - «*) + M. 

(rt-1)! ^ 

d‘ 

where A, ia a constant, and denotes ^ ((s). 



Denoting the summation on the right by F(s). we see that 


F(e + 2ti>i)-F(i)= S 2i?iCt,„ 

*•1 

by § 20*41, since all the derivates of the Zeta-fhnctions are periudia 


But 2 Cs 1 is the sum of the residues of /(e) at all of its poles in a cell 
and is consequently (§ 20*12) zero. 

Therefore F(e) has period 2ai,, and similarly it has period 2a>t; and sc 
/(e) — F(e) is on elliptic function. 

Moreover F(e) has been so constructed that /(e)— F(e) has no poles at 
the points a,, a,, ...On', and hence it has no poles in a certam cell. It is 
conaequeutly a constant. At, by Liouville’s theorem. 

Thus the /unctum /(e) can, lie expanded in the /arm 
» r» l—V-i 

A, + 1 1 4-^;— Ct., (e - at). 

This result is of importance in the problem of integrating an elliptic 
function /(e) when the principal part of its expansion at each of its poles is 
known ; for we obviously have 

/(s)<i» = ^iX + ^2^ j^Ct.ilog«r(s-a*) 

+ - “*>] + 

where <7 is a constant of integration. 


Aeample. Shew by the method of this artiele that 


and deduce that 


/• 


where Ois a ooDstant of integration. 


SO’Sft. 2%e eecpreeeion o/ any elliptic fiinotion ae a qaoiient o/ Sigma- 
/unOiont. 

Let /(e) be any elliptic function, with periods 2»i and 2ai|, and let a set 
of irreducible zeroe of /(e) be a,, a., ... a«. Then (|20*14) we can choose a 
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set of poles bi,bt, ...bn such that all poles 'of /(g) are oongment to one or 
other of them andf 

Oj + <ii+. . + a,»5| + 6i + ...+6« 

Consider now the function 

n 

r-i<r(g-hr) 

This product obviously has the same poles and zeros as f(g) , also the 
effect of increasing g by 2ai, is to multiply the function by 
■ expl2ij,(s-<v)}_. 

,.iexpi2if,(s-6,)} 

The function therefore has period Zai, (and m like manner it has period 
20a)f and so the quotient 

IB an elliptic function with no zeros or poles By Ltouville’s theorem, it must 
be a constant, A, say 

Thus the function / (g) can be expressed in the form 

f(g)^A,n^^^ 

r-lwfX-O,) 

An elhptic function is consequently determinate (save for a multiplicative 
constant) when its periods and a set of irreducible zeros and poles are known 
ExampU 1 Shew that 

ExampU 2 Deduce by diSerentiation, from example 1, that 

and by farther difiereatiation obtam the addition theorem for p (>) 

« « 

Example 3 If 3 a,— 3 6,, shew that 
1—1 1—1 

X g(«r-tl)g(«»r-*l) 
r -1 v(<»r-<»ilv(a,-aj , «r(o,-oJ ^ 

the a denoting that the vaaishiiig footor a (e,— a,} le to be omitted 
ExcmpU 4 Shew that 

P(.)-«,-e,«(a)/e*(,) (r-1,2,3) 

^[It iscustomoiy to d^/hu {p (e)—*,}b to mean Vr(*)/e’(x}, not -er(x}V(x)] 

ExampU 5 Estabheh, by example I, tiie ' three term equation,’ namely, 
a (s+a) V (*—a) a (b+e) X (b—c)+v(*+b)a {e— b) a (e+a) w fe-o) 

+w (M+e)a{t-a) x (a+b)x (o- 6)— 0 

t Unltiple Hnw or poise an, of eoune, to ta nakonad aaeord i ng to their degree of mnlb 
phaity, tadatanmneti, 6], i^, wetdioaaa t], t|, t^i, to batiia eat of pales mttw sell m 
whioh si, di, Oa lie, and than ahoose 6„ aongrnant to b^', m aneh a way that the nqnind 
eqnatMn IS latiafied. 
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[Tlii* result is due to Weierutnae ; ne ^ 47 of the edition of bis leotores Sohmu 

The equstiou is ohataotaristic of the Sigma'ftinction ; it has been proved b; Hal^ 
fbiKtioiu £Uiptiquet, i. (Paris, 1886), p. 187, that no fiinctiun resenHslly diCfotent firoia t 
Bigma^fnnction satisfies an equation of this t;pe. See p. 461, example 88. 

20*54. The emnetrion hetwem any two MifAic fmatime with the san 
periods. 

We shall novr prove the important result that aa algebraie rdaiion exit 
between any two elliptic Jvnetione,/(e) and ^ (s), wtt4 the same periods. 

For, by §20*51, we con express /(«) and ^ (x) os rational functions of th 
Weierstrassian fnnctions p{t) and ff (s) with the same periods, so that 
/(s)-iJ. (p(s), |>'(sM, ^(s>-i{.lp(s>. p'(s)}. 

where J2, and R, denote rational functions of two vaiiablea 

Eliminating p(s) and p'(s) algebraically from these two equations and 
(x) = 4p» (s) - y.p (s) - y., 

we obtain an algebraic relation connecting /(x) and ^(x); and the tbeoren: 
is proved. 

A particular case of the proposition is that every elliptic function is con- 
nected with its derivate by an algebraic relation. 

If now we take the orders of the elliptic functions /(x) and ^(x) to be m 
and « respectively, then, corresponding to any given value of / (x) there is 
(§ 20*13) a set of m irreducible values of x, wd consequently there are m 
values (in general distinct) of ^(x). So, corresponding to each value of /, there 
are m values of ^ and, similarly, to each value of ^ correspond n values of /. 

The relation between /(x) and ^(x) is therefore (in general) of degree m 
in ^ and n in /! 

The relation may be of lower degree. Thus, if /(x) ■> p (x), of order 2, and 
^ (x) = fP(x). of order 4, the relation is/* =« ^. 

As an illustration of the general result take /(x)~p(x), of order 2, and 
^(x)=|/(x), of order 3. The relation should be of degree 2 in ^ and of 
degree 3 in /; this is, in fact, the case, for the relation is ^ — 4/* — y,/— g,. 

Sxample. If H, «, V are three elliptic fiiuctioiu of their argument at the second order 
with the some periods, shew that, in gsoersl, there exist two distinct relations which are 
linear in each of «, v, nomelj 

A •vw+Aew+Cmt+Dav+A u+f »+0 w-l- B —O, 

A'mt»+Bve+ 0'wu+ffvv+S'u+F'v+0'v+ 0, 
where A, B , ..., B' are constants. 

20*5. 0niheintegraiionof{a^+ia,af + 6a,:^-i-ha,te+a,}~^. 

It will now be shewn that certain problems of integration, which are 
insolnble by means of qlementaiy fnnctions only, can be solved by the intro- 
duction of the function p(x). 
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Let a«e* + 4ai«' + 6<Mf -f 4ai«-i-ai5/(e) be any quortic polynomial 
which has no lepeated fiwton ; and let ita invariants* be 

s <!•«(•- 40,0, + 3a,« 

g, = 0 , 0 , 0 , + 20 , 0 , 0 , — o,’— 0 , 0 ,*— o,^. 

Let a * J {/(O) ”**• where X, is any root of the equation f(x) = 0; then, 

if the function f) (a) be oonstruobedf with the invariants g, and y„ it w pottiUe 
to eapreu woo a rational function of |>(a ; g„ g,). 

[Non. The r wi wn tar aaniOiiDg that /(a) has no repeated &cton is that, when /(a) 
has a repeated fiwtor, the integntioD can be effected with the aid of oinolar or logarithmic 
functions only. For the same reason, the case in which >*0 need not be conaideited.] 

By Taylor’s theorem, we have 

fit) - 4il,(« -x,)+ 6A, it-x,)f + 4il, (<-«,)• + A, (t - ic.)‘, 

(since / (x,) » 0), where 

.4,^0,, .A,* Oq^ d- 0,, 

0,0^' + 2a,o^ -t- o,. 

At »• o, V + 3o,ai* + 3a,j^ + o,. 

On writing (< - xt )~' » t, (* — Xt)~' = f, we have 

a « (4il,T* + 6A,r* + 4>1,t + .4,) " ^dr. 

To remove the second term in the cubic involved, write} 

and we get 

a - 1“ (40* - iSA,* - ^A,At) o - (2il,il,il. - At* ~ A,A {)} ' *<ier. 

The reader will veyfy, without difficulty, that 

9Ai-\AtAt and ZAtAtAt- Af - A,Af 
are respectively equal to y, and gt, the invariants of the original quartic, 
and so 

^Now «-*i+.4,[a — 

and henoe (p(s; g*. y.) - A/" («»)}“*. 

so that X has been expressed as a rational function of p(a; p,, y,). 

* Bnmids and Fantoa, Tkterf o/ Stuatioia, n. p. lU. 
t 8as|Sl-7S. 

t This sobstUatton is Isgitimats shMs d,eO; lor the aqaathm d,sO invobos /(s)s:0 
haring swss so a rs p oa t od root. 
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This formula for a is to be rej^arded as the integral equivalent of the 
relation 

*-[*(/(<)!"**• 


SgampU 1. With the nototion of tbie tftdole, ahew that 

{/ 

EmmpU S. Shew that, if 


{/<*»* 4{(f»(.)-A/TS5p- 


*- J'Lfm-idt, 


where a is os^ constant, not neoesaatily a lero of /(«}, and /(x) is a quattic polynomial 
with no repeated factors, then 

tile fimction P(m) being farmed with the invariants of the quartic/(«). 

(Weierstrass.) 

[This result wss first published in 1866, in an luaugural-diseertation at Berlin by 
Biermonn, who ascribed it to Weiemtrass. Au alternative result, due to Morddl, Jimemgart 
XLIT. (1916), pp. 138-141 is that, if 

[‘•• gix-xJ j) 

JatvTiiTy)’ 

where/(i^ y) is a homogeneous quartio whose Hessian is A(x, y), then we may take 

y^ifr (f),//-4P(s)/.-i*.. 

where/ and h stand tar /{a, 6) and A (a, i), and suffixes denote partial difibrentiationa.] 
SxampU 3. Shew that, srith the notation of example 8, 


90 ^. The umformuattoh* of ourvu of gmuis umtg. 

The theorem of § 20-8 may lie stated somewhat differently thus ; 
I/tkx varuMei x and y are connected by an egtutlion of the form 
y* = a,®* + 4a,«* + 60 ,^ + 4o,® -k o„ 


then &ey can be expreeeed ae one-valued fimetnone of a vanable t by the 

«-«.+i/'(«.){p(s)-Ar (*.))-' 1 

y — i/'(*.)p'(*) ip (*) - A/"(«t)l-J ’ 
where f{x) = atii^ + 4^,0^ ■i‘8a^ + 4atx +%>*• w «»ty «« of flft), and the 
fimehm p(s) u formed wUh the vnoanante of the guarhe; tiad s is each that 


Jn 

• This terra employs the word vxifem in tbs ssnss a u -ee b ui. To prevent eonftaaiai with 
the idea oi radfinrai^ as explaiaed in Chapter ni, throntfumt the prieset work we bsve nasd the 
phrase *Mie-valnad tanstlon ’ at bsing pretnsUs to ‘nnUorm timsMon ' 
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1507 ] 

It 18 obvions that y m a taro-valued fiinction of te and s iB a four-valued 
function of y, and the foot, that a and y can be expressed as cne-vaiued 
functions of the vanable z, makes this variable z of considerable importance 
in the theoty of algebraic equations of the type considered , z is called the 
vm/onmzimff vanaiUz of the equation 

y* r» a,** -f- 40, # -I- Soils’ 4a,» -J- o. 

The reader who is aequaioted with the theoi} of algebraic plane curves will be aware 
that the; are classified aooording to their deficimeg or gtnuu*, a number whose geometrical 
sigmScance la that it is the diflbrence between the number of doable points poaeoaeed 
b; the curve and the maximum number of doable points which can be poeseesed b; a 
curve of the same degree ae the given curve 

Curves whose defioienoy M aero are oalled ttmeurmU eurvet If / (f,y) sc 0 is the equation 
of a uniouraal curve, it la well knownt that x and ; can be expressed aa tatumed fimotuau 
of a parameter Since rational fiinotions are one valued, this parameter le a muformumg 
vanable for the oorve in question 

Next consider curves of geous unit;, let /(x, j/)^0 be aurb a curve, then it has 
been shewn b; Olehechl that x and g can be expressed as mtional functions of £ and v 
where is a pol;nomial in ( of degree three or four Hence, b; ^ SO‘6, { and v can be 
expressed aa rational fauotions of p(x) and (>'(<), (these ftinctions being formed with 
emtaUa lovonants), and so x and y can be expressed ae one valued (elliptic) fuoctionB of x, 
which la therefore a umfurmismg variable for the aquation under consideration 

When the genus of the algebraic curve /(«, y)»0 is greater than unit;, the umformi- 
sation can be effected b; means (ff what are toiown as auumorpkve fitfictunu Two claasea 
of such functions of genus greater than umt; have been oonstructed, tbe fi»t b; Weber, 
Obttuger Naek. (1886), jip 359-370^ the other b; Whittaker, Phil Tram cxcai (1698), 
pp 1-38 The aualogue of tho penod pandlelogrsm n known aa the ‘fundamental pol;gon ’ 
In the case of Wehei'a functions this polygon is ‘ multiply-oonoected, i e it oonsista of a 
region coutsimng islands whioh have to be regarded as not lielonging to it , whereas in 
the csae of tbe eeoond class of funobona, tbe polygon is ‘nmpl} oonnected,’ i e it contains 
no such islands The latter does of functiona may therefore be regarded as a more 
immediate genendieation of elliptic functions Cf Ford, IntroduchoH to theory of dulo- 
morp/ue Funetume, Edinbuigfa Math Tracts^ No 6 (191fi) 
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1. Shew that 
A Prove that 


Miscbixanbods ExAlll*Ut8. 

l>(»+y)-P(*-y) — r(*)r(y)(P(*)-P(»)}-*- 


P«-P(*+y+*')-s 


3 »P!.(*){P(y)-P('»)} 
5 »P'(*){P'&5-P(«')r 


where, on the right-hand side, the aulgeot of difihrentiation is s/mmetrioal in t, y, and w. 

(Math. Trip. 1887.) 


A Shew that 


P''(*-y) 

r'(y-i*) 


•"tel 

p»'(.-y) 

JJ»W 

(y-w) 

P”'(«--») 

r (s-y) 

P"(y-*) 

P' (•-s) 


P (*-y) 

p 

(y-w) 

P (»-«) 

P >-y) 

P (y-«) 

P <•»-*) 


1 


1 

1 


(Trimt;, 1886.) 

»-P(*)-s., y-J, 


shew that y is oii« of the values of 

V (y~i 

(Math. Tnjx 1887.) 

S. Prove that 

* {P W - «} {P (y)- P (*)}* (P (y+w)-«)*{P(y-*)-»)* ~o, 

where the aign of summation raters to the three argumenla % y, w, and e is any one of the 
roots S|, Si, s,. 

(Math. Trip. 1886.) 

A Shew that 

F(s+wi) 

FW 

7. IVove that 


t P(»)-P(«l) f ■ 


(Math. Trip. 1884.) 


P (8*)~P IP (*> -P (i-.))* (P (*) -P(-.+i->»’- 

(Math. Trip. 1884.) 


8. Shew that 

p (,+,) p (. ,)- {P(»)PW+iy.}*-t-y.{P(»)+PW) . 

pia+,,p(« ,) (P(*)-P(»)> 

(Trinity, 1808.) 

A If pCw) have primitiTa periods Swi, Swi snd/(w)— {P( h)-P(«i)}^, while Pi(k) 
and /i (a) are siinilariy eonstruoted with periods 8«^» and 8«i, prove that 

Pi («)-P(«)+]»[lP(*+*'"*n/») -P 


'n'/(m+Siiun/H) 

and /i • 

n /(SsMh/a) 

fl*! 

(Math. Trip. 1814 ; the first of the formulae is due to Kispert, 
Jimnud fur Math, lxxvl (1878), p. 88.) 
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la If y-P(n-a), 

whore a hi omotont, ehew thot the ooire oo whidi (w, y) lies io 

(^+<at+<»+iyi)«-4 (s+g+e) (ay - Jyt). 

where e>aP(8a)> _ » 

(Btmnde, ItaoKga, xxl) 

11. Shew that 

S|r« (») - Jjyjir (»)+W*-« (P (»)+yi)*. 


la. If 


Teti4rtbe.t 

the oUifitic ftmotion being formed with the roote —c^ 4 4 

U. If m be any oonetant, prove that 


(Trinity, IWA.) 


(Trinity, 19011.) 


1 

P'W 


j FT*)-P(y) P(»)-P(y) 

-hlf 


^ pe (,) dgdg 

Uf»(»>-«r)lPCy)-^) 


where the aummatioa refere to the valuea 1, 9, S of r j and the integrab are indefimte. 

(Math. Trip. 1897.) 

14. Let JI(*)-ir‘+jB*»+0**+/*»+^ 

and let (••^(s) be the function deOned by the equation 

where the lower limit of the integral le arbitrary. Show that 

8»'(») «b'(a+.v)+**(a) ■ »'(a+y)-»'(*) 

^(*+y)-^(«)* ♦(«+#)-♦(«) ♦(«-?)-♦(<•) ♦(»+y)-*(*) 

»'(g-y)-»'(*) 

“♦(o-y)-^(*) ■ 

[Hermite, Pne. Math. Cmgrm (Chicago, 1896), p. 105. This formola ia an 
addition-fiirmula which le aatiafied by every elliptio function of order 8.] 

15. Shew that, when the change of variablea 

f-f/% 7'-fV 

ie applied to the eqnatione 

q‘+>»(l+f<)+£’-‘^ *- 
they transform into the similar equations 

>»'‘+<l'(I+l»f)+f’“0. *»- 


*7+l+/«f 


• 0 , 




Shew that the result of performing this change of variables three times in su cc e s s i on 
is a return to tte original variables q ; and heooe prove that, if 4 and q bo denoted as 
fonotione of « by B(a) and F(a) respectively, then 

where A is one-third of a period of the Amotions Jf(ii>and F(u). 


yj-sp+ip*. *--i-gP’-aigf^- 

(Pe Bmn, ijfmrigtaf K, Frt. Akad,, StodMm, uv.) 


Shew that 
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16. Shew that 


~/,v _8g( «+»i)g(«-f«>i)g(»-«»i-«»t) 

P(«) (Aft)* 


17. Prove that 


(Math. Trip. 181X) 


|»(f-a)f»(.-4)=p(a-6){P(.-o)+f)(»-ft)-F(o)-p(6)} 

+*»<“)PW- 


18. Shew that 


(Math. Tnp. 1899.) 


slPW-PC*) !>(•)- !>(»)/ “J+tl" »;+iw iw- 

(Math. Trip. 1810.) 

18. Shew that 

f (“i) + f («i) + f («•) - f (“i +»i +«»> 

8<P(«i)-P(«tlHP(«».)-P(e»)UP(«<t)-P(»i)) 

P («i) {P («.) - P («i)) +P’ («^ {f (*.) - P (ih)} +F Ch) {P (•*.)- P (-i)) ■ 

(Math. Tnp. 1912.) 

80. Shew that 

g(*+y+«)w(*-y)<r( y -<)c(»-*) ^l I 1 p(«> Ft*) 
e*(*)**<jr).^<.) 8ll |r(y) 

I 1 pw FW 

Obtain the additno-thearam for the hinotion p(>) Apom tbia reault. 

II. Shew b; induotimi, or otherwiae, that 

1 P(8)) FW-F-’Ut.) „,e(«b+»i+ .-+^)no-(aA-^) 

1 p<»i) F(*i)-F-‘'W ’ «•*»(«.) 


U P(0 F(*.).-F-‘'(«J| 

where tiie produot la taken far pane of all integral valoee of X and p from 0 to n, auch 
tbatX<p. 

(Prohenina u. Stiekelberger*, Jovntal fUr Math. Lxxzal. (1877), p. 179.) 
n. Eapreea 

1 P(*) P(*) FW 
1 p(r) p(y) F(y) 

1 PW P*« I^W 
1 p{«) F(*) FW 1 

aa a fraotion wboaa niunerttor and denominator are prodocta of Sigma-fnnotiona. 

* Sea idao Xiepert, Jammai fltr Math. non. (1878). pp. 11-68 : Harmltei JaurmlfBr Jfotk. 
T.mw. (1877), p 848. 
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Deduoe that if a»P(c), 0»p(y), y— 4“P(*)i where x+y+f+u—0, then 
(y~ (4-ei)}^ 

+(ei-«t) (|8-ei){y- «.) («-•!)}* 

+ («i-«i) {(e-«i)(j9-«J (y-«.) (*-ej))*-(»t-e«) 

(Math. Tri]>. 1911.) 


83. Shew that 


Sf(8«)-4f(«). 


P“W 

fy(u)’ 


£1M. 




S4. Shew that 


(3fatb. Trip. 1805.) 


and prove that <r (na)/{ff («)}*’ ia a doubly-periodic function of u. 


2S. 


86 . 


Prove that 

f(f-<i)-f(*-4)-f(o-6)+f(8<.-8i)= 
Shew that, if <i 4 -ai+< 3 +< 4 — 0, then 


(Math. Trip. 1918.) 

0 ( 1 — 8 a + 6 )ir(*- 2 t+o) 
o (Si — 80 ) IT (i - o) <r (» - i) ‘ 

(Math. Trip. 1895.) 


(Xf (3,)}>=3 {Jf(0} {SP(1,))+XP'(*.). 

the oununatione being taken for r^l, 8, 3, 4. (Math. Trip. 1697.) 

37. Shew that every elliptic function of order n can be expreaaed as the quotient of 
two expreaeiona of the form 

OiP(»+4)+«iF (*+h)+...+oJX»-'>(x+i), 

where b, Oi, Oi, ... a. an constants. (Paiulevd, BuUetin d» la S<tc. Math, xzvii.) 

88. Taking P (•)-»!, P (■')-»». 

conaider the values aasumed by 

f(«)-»f(.')/«' 

as « passes along the perimeter of the rectangle whose comen an -a, «, «+•', 

(Math. Trip. 1914.) 

89. Obtain an integral of the equation 

1 dl*w 

- 2jr-8P(*)+» 

in the form 

when e is defined by the equation 

' (i>-Vi)P(*)-3(l»+p.). 

Also, obtain another integral in the form 

ir(s4-Oi)w (H-a,) , . . 

^ «»Pt-*C{»i)-*f(«i))« 

when P(«i)+P(«i)“*. P'(«i)+F(«i)-0t 

and neither Of + Ha nor oi - Oi is oongraent to a period. 


(Math. Trip. 1018.; 
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SO FMve that 

ia a douldj-periodio fimotion of t, sudh that 

y(*)+S(*+»i)+S'(»+««)+j(*+«i+»i) 

“ — S<r H (j, +a, - f, - »,)} ir {J (at +*1 - — «4)) «• {J (*I +*• - *1 - ^)}- 

(Math. Trip. 1893.) 

31. If /(a) be a douUy-periodio function of the third order, with polee at a^Ci, a»<S|f 
a— et, and if ^ (i) be a douUj-periodic fiination of the aecond order with the aame perioda 
and polee at (»a, a=>/S, ita value in the neighbourhood of >— a being 

prove that 

iX» {/” (.)-/' (^)}-X {/' (.)+/' <^)} ^ (<h)+{/(->-/0)) {8hX>+^ (C) ^ (c)j -0. 

(Hath. Trip. 1894.) 

3A If X(a) be an elliptic function with two poles a,, <i|, and if a,, a^, ... ai^ be Sn 
oonatanta subject only to the condition 

a,+a,+...+a»-»{o,+o,), 
shew that the determinant whose Ah row ia 


1, X(a 4 ), X*(a,), ... X«(a,), X,(a,), X(a()X,(a,), X* (ai) X, (a,), ... X-»(a.)X. (a.) 
[where Xi (si) denotes the result of writing h for a in the derivate of X (a)], vanishes 
identically. (Hath. TVip. 1893.) 

33. Deduce from eiam]de SI by a limiting prooeea, or otherwise prove, that 

F(*) rw -(-)•-• {It 2! - 

fr(,) |r(,) ...fK.)(a) ' 


I 


|K-«>(a) |>f>(a)...|K*-*l(a) I 

(Kiepert, Jmernal fitr Math. LZXTi.) 
34. Shew tiwt, provided certain conditions of insqnality ate aatiafied, 

“ S; (ootg+oot^) + *^3j*-rin 

when the aummation ^ipliat to all positive integer values of m and a, and gi-ezp (wit/mi) 

(Hath. IVip. IMS.) 

33. Assuming the formula 

.. 1? 8., . 

'(a)-* — • 

prove that 

when a sarisflee the inequalities 


•“(a)<*(5;)‘“(2)- 


(Hath. Trip. 18961) 
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36 Shew that if 3i> beany ezprewioo of the foim Smiti+Sn«i and if 
then sue root of the aextic 

end obtain all the roota of the seitio (Trinity, 1866 ) 

37 Shew that 


j . 1 1 S* ««./%! 

^““+6 ^•”aa(o-6)’ “^'•^“e(o-i) 

(Oolbnia, Darhousf BvIUtm (S), xix ) 


38 Prove that every analytic function / (a) which aatiafiee tiie three term equation 
S /(«+a)/(*-o)/'»+«)/(6-c)-0, 

« fe e 


for ^neral values of a, b, c and a, le expresaible as a finite oombiuation of elementary 
funotione, together with a Sigma function (including a circular function or an algebruo 
function as degenerate caeee) 

(Hermite, FonetuMM dlipttqtm, I p 187 ) 

[Put t—a = b=e-*0, and then/(0)=0, put b—e, and then /(o — b)+_f(b — o)— 0, so 
that /(a) is an odd function 


If F{i) IB the logarithmic denvate of /(a), the result of difierentiatnig the relation 
with respect to b, and then putting b>cc, is 

f la 4- b)/(a - b)7(o+bl7(«-b) - ^ W - /^ («+ >) 

Differentiate with resiiect to b, and put b— 0 then 

Aa+«)/(,-a){MO)}*.^, j, 

{/(*)/'(«))> 

If / (0) were aero, F (a) would be a constant and, by integration, /(«) would be of the 
form A exp (Zla+fV), and this is an odd function only in the triiial case when it is aero 
If f (0) ^ 0, and we write F (a)«« — ♦ (a), it is found that the coefficient of «* in the 
expansion of 

ia/(a+o)/(a-o)/{/(a»* 


18 8 (* (a)}* - • (a), and the coefficient of o’ m 1* ( f (a)}’ {• ^o) -* (a)} is a linear function 
of * (a) Hence * (a) is a quadratic function of W ^a) , and when we multiply this 
function by * (a) and integrate we hnd that 

{♦ (a)J»=4 {* (a)}*+18d {♦ (a)}«+ 12ff* (aj+4C, 
where A B, C are constants If the cubic on the right has no repeated factors, then, by 
§ 806, W(a)is|>(i4'a)+d, where a is constant, and on integratiDn 
* /(a)— o'(a+o)exp(-Jdi*-/rs-i), 

where K and L ate constants , since /(a) is an odd function evif *>0, and 
/(*)“» (*) exp {-iA^-L) 

If the cubic bos a repeated factor, the Sigma function is to be replaced (cf ^ 80 888} by 
the sine of a multiple of a, and if the cubic is a perfect cube the Sigma function is to be 
re{dsoed by a multiple of a ] 



CHAPTER XXI 

THE THETA PDNCTIONB 


21 1. The definition of a Theta-function. 

When it is desired to obtain definite numerihal results in problems 
involving Elliptic functions, the calculations are most simply performed 
with the aid of certain auxiliary functions known as Theta-funetione. These 
functions are of considerable intrinsic interest, apart from their connexion 
with Elliptic functions, and we shall now give an account of their funda- 
mental properties. 

The Theta-funetions were first systematically studied by Jacobi*, who 
obtained their properties by purely algebraical methods ; and his analysis 
was so complete that practically all the results contained m this chapter 
(with the exception of the discussion of the problem of inversion in §§ Sl‘7 
et teq.) are to be found in bis vorks. In accordance with the general scheme 
of this book, we shall not employ the methods of Jacobi, but the more 
powerful methods based on the use of Cauchy’s theorem. These methods 
were fiiat employed m the theory of Elliptic and allied functions by liouville 
in his lectures and have since been given in several treatises on Elliptic 
functions, the earliest of these works being that by Bnot and Bouquet. 

[Nots. The first function of the Theta-function type to appear in Analysis was the 

<e 

I'artitim fnnetim^ n of Euler, Introduetw in Anafyem Jnfinttonm, I. 

(Lsusanne, 1748), J 304 ; by means of the results given m § 31 '3, it is easy to express 
Theta-functions in terms of Partition functiona Euler also obtained properties of products 
of the type 

5 <i±x*), n a±***), n(i±**»->). 

•-1 s-l 

The associated senes Z Z and Z nf* had previously ooourred in the 

««« MwO •■eO 

posthumous work of Jakob Bernoulli, An Conjeotandt (1713), p. fin. 

* FanianuKla Nma Tkemae fVmehomus Jhltiptieanan (EOnigsberg, 1833), and Oa, Werke, 
I. pp. 437-488. 

t The Paitition function and associated fanobons have been stndied by Oansa, Comm. Soe. 

ng. set. OMmeeunt ret. i. (1811). pp 7-13 [Werke, n. pp. 18-31] and Werke, m. pp. 488-480 and 
Canehy, Cosqita Bendut, x. (1640), pp. 176-181. Fora dlsensaionot propertiasof vationt funotiens 
involving what are known as Baste mnabsn (wluob are olaasly oonnsetsd with Partition ihnettons) 
OSS Jaduion, Pros. Bopal dhe.uxiv. (1308), nf-M-TS, Pros. Aowdosjlfatb. Sec. (l)xxvm. (1837), 
pp, 476-486 and (3) i. (1004), pp. 68-88, s. (1904), pp. 138-330; and Watson, Oamt. Pktl. Trmke. 
XU. (ISIS), pp. im-3(i9. A fundamental loimnls m the tbsery of Baaio nnmbers wm given by 
Hein^ Sitgetfimkiioiien (Barlia, 1878), i. p. 107. 
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Theta-fiuiotioiia also ooour in Foimer'i La TMone Analytigye de la Chaltar (Fans, 
1822), cf. p. 268 of Fraemaa'a translation {Cambridge, 1878). 

The theory of Theta-Ainotions was developed fiom the theory of eUiptic fdnatione 
by Jaoofn in his Fandamatta Ifova Thtonat Futmtimina E^^ftieuram (1829), lepnoted 
in his Ou. Vftrh*, I pp 48-239; the notation then employed is explained in § 21 '62 
In his subsequent lectures, he introduced the functions discussed in this chapter , an 
aocount of these lectures (1838) is given by Borthardt in Jacobi’s Oa. WerU, i. pp. 497-638 
The most important results oontamed in them seem to have been discovered in 1836, 
of. Eronecker, StttunfftbmeAte dur Akad su Btrlm (1891), pp 663-669 ] 

Let T be a (constant) complex number whose imaginary part is positive , 
and write g-«^, so that | 9 |< 1. 

Consider the function d (s, q), dehned by the senes 
a(x,g)=. 2 

qua function of the vanable s. 

If A be any positive constant, then, when {s j we have 

n being a positive integer. 

Now d’Alembert’s ratio (| 2'36) for the series S | q is | q 

which tends to zero as n so . The senes for % (s, q) is therefore a senes of 
analytic functions, uniformly convergent (§ 3 34) m any bounded domain of 
values of z, and so it is an integral function (§§ 5*3, 5'64). 

It IS evident that 

(s, g) = 1 + 2 2 (-)*g"’co8 2ns, 

n»l 

and that a(* + 'ir, g)=a(s, g); 

further a(s + wTfg)= 2 (— )"g"*g“e“ 

« - j-ie-«» 2 (—)»+> 

aodso ^(s+wT, g)=* — g~'s“"*a(s, g), 

In consequence of these results, a(«, g) is called a quasi doiMy-periodic 
funetion of z. The effect of increasing s by w or wris the same as the effect 
o4 multiplying a (s, g) by 1 or — g“'s““, and accordingly 1 and — g"*s^ are 
called the mMpUsrs or periodicity factors associated with the periods w and 
VTT respectively. 

21 ‘11. The four types of Theta-fanetims. 

It IS oustomaiy to write a 4 (s, g) in place of a(s, g); the other three 
types of Theta-fimctions are then defined as follows ■ 
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The function dt(«, q) is defined by the equation 

+ ?)“1 + ® 2 9 »’cob- 2«*. 

Next, %{t, g) is defined in terms of ^4(«, q) by the equation 

a. (*, 9) (s + ? ITT, 9) 

= _»• X (_)«j(»+J)*e(«« + i)“, 

and hence* (s, 9) » 2 2 (_)*9{*+W’ gin (2n + 1) t. 

««0 

Lastly, at(s, 9) is defined by the equation 

a,(j, 9)«=a, ^s + |ir,9^ = 2 S 9l"''’W’coe(2n+ l)s. 

Writing down the series at length, we have 

&i(s. 9) = 29i8ins- 29*sin8s + 29^ sinos — ..., 

9) = 29^008* + 29*008 3*+ 29^008 0*+ 

^»(*i 9)=l + 29coe2* + 29‘coB4* + 29*co8 6*+ ..., 

&<(*, 9)«1 -29 co 8 2 * + 29*cos4*-29*cos6* + .... 

It is obvious that a, (*, 9) is an odd function of z and that the other 
Theta-functions are even functions of z. 

The notation which has now been introduced is a modified form of 
that employed in the treatise of Tannery and Molk ; the only difference 
between it and Jacobi’s notation is that a, (*, 9) is written where Jacobi 
would have written a (*. 9). There are, unfortunately, several notations in 
use ; a scheme, giving the connexions between them, will be found in § 21'9. 

For brevity, the parameter 9 will usually not be specified, so that a, (*), ... 
will be written fur a, (*, q), .... When it is desired to exhibit the dependence 
of a Theta-function on the parameter r, it will be written a (* | r). Also 
a,(0), a,(0), a4(0) win be replaced a„ a„ a^ respectively; and a,' will 
denote the result of making * equal to xero in the derivatb of a,(*). 

SxampU 1. Shew that 

S>(«, ?‘)+«i(2*, f). 

9*)- ^ 

Siample 2. Obtain the results 

9i(')“ — 9i(a+iw) — -«J<S»(»+iir+4wr)= -iira4(*+l«T), 

JhW- JfS,(.+4wr)- J«,(.+4w + iwr)- • S,(a+iwX 

■**(* + !») •• JfSi(»+4ir+4irT)«« JfS,(<+4irT), 

*«(*!“— i*Wl(*+4wv)— >Jni((+4ir + 4irr)» fh(*+lw), 

where Jf— j* «*•. 

* Throngfaoat the ehspter, the mior-Ttliied fooetioB is to be intennatsd to mesa 
np‘(Xvir). 
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SxamqiU 3. Shew that the multiphen of the Theta-functions assoaiaied with the 
periods w, trr are given by the seheme 



3.(*) 

3.W 

3.W 

a,(e) 

ir 

-1 

-1 

1 

1 

«T 

-ir 

If 

If 

-y 


where s~** 

JExampU 4. If 3 (r) be an; one of the foar Theta-functions and 3 (r) its denvate with 
respect to s, shew that 

3'jr+jr) 3'(*) 3'(t-»^r) g,.^) 

3 (r-hw) ” 3 (.) ’ 3 (r-Hwr) ~ 3 (*) ’ 


21'12 Tke xtrot of the Thetorfunctione 

From the quasi-penodic properties of the Theta-functions it is obvious 
that if % (s) be any one of them, and if a, be any zero of ^ (s), then 


x, -t- mtr + mrr 


18 also a zero oi S' (z), for all integral values of n aod n 

It will now be shewn that li C be a cell with corners f, f -f w, f -f w -I- irr, 
t -f ITT, then d (z) has one and only one zero inside G. 


Since % (z) IS analytic throughout the finite part of the z-plane, it follows, 
from § 6 31, that the number of its zeros inside U is 


2wt 1 1 


c »(») 


Treating the contour after the manner of § 20‘12, we see that 


_Lf ^ 

imJc &(*) 


dx 


s 


r 

imJt 

r 

2w%Jt 


]»(*) 


Zidx, 


^'(x + ww)l 
& (z -f- wr) J 


dx — 


j_ r+''i^>_y(z_+w)i , 

2wtj, l^(z) a(z + w)l“ 


by § 2111, example 4. Therefore 


1 

2wt 




dZa> 1, 


that is to say, d (z) has one simple zero only inside G , this is the theorem 
stated. 


30 
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Since one zero of (z) is obviotuly s » 0, it follows that the seros of 

&i(s), d«(s), ^«(s) are the pointo congruent respectively to 0, Iw, 

s 

+ jVT. The reader vrill observe that these four points form the 
comers of a parallelogram described counter-clockwise. 

21 '2. The retoHoru between the eqeares of the Theta-finetione. 

It is evident that, if the Theta-functions be regarded as functions of a 
single variable t, this variable can be eliminated from the equations defining 
any pair of Theta-functions, the result being a relation* between the functions 
which might be expected, on general grounds, to be non-algebraic : there 
are, however, extremely simple relations connecting any three of the Theta- 
fiinctions ; these relations will now be obtained. 

Each of the four functions %*(*), ^>*(s)> ^4*(x) is analytic for all 

values of x and has periodicity factors 1, g~* associated with the periods 
V, ITT ; and each has a double zero (and no other zeros) m any cell 

From these considerations it is obvious that, if a, b, a' and b' are suitably 
chosen constants, each of the functions 

aa,*(*) + 6V(x) a'V(*) + 6'V(x) 

V(*) ’ V(x) 

is a doMy-periodio funetum (with periods tt, ttt) having at most only a 
eimple pole in each cell. By § 20'13, such a function is merely a constant ; 
and obviously we can adjust a, 6, a', 5' so as to make the constants, in each 
of the cases under oonsideratioii, equal to unity. 

There exist, therefore, relations of the form 

V (x) - oV (») + {»). V (*) - o V (*) + 6' V (s). 

To determine a, b, a', V, give x the special values ^ wr and 0 ; since 

= %4^jirr^=i0, 

we have ^,*——0^4’, Si*— o'^ 4*, a,* = 6'&4*. 

Consequmitly, we have obtained the relations 

If we write x 4- iW for x, we get the additional relations 

V (X) V - V (x) - V (x) V. V (x) V = V (x) ».* - V (x) a.*. 

By means of these results it is possible to express any Theta-function in 
terms of any other pair of Theta-functions. 

* Tha laslcsoBs MlstioD to tbs ftuutiooi linx and «m« is, ol soaas, (tbKyH-fSMxlSail. 
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CoroUatrji. 
that ia to uy 


Writisg f acO in the last raUtion, we have 

V+V-V, 


X69(1+5' »+9»-»+j> «+...)‘+(l-S5+Sg‘-S9*+-)*»(l+S9+*8*+*9*+-)‘- 


21 '21. Tht addition-fonMiiae fw the Theta-functuma. 

The reeulte just obtained are particular cases of formulae containing two 
variables ; these formulae are not addition-theorems in the strict sense, as 
they do not express Theta-fonctions of r -l- y algebraically in terms of Theta- 
functions of e and y, but all involve Tbeta-fiinetions of x — y as well as of 
x + y, $ Mid y. 

To obtain one of these formulae, consider ^i(x-(-y)^a(x — y) qua function 
of z. The periodicity factors of this function associated with the periods w 
and WT are 1 and j-' . q-t 

But the function a^,*(«) + 2id,*(x) has the same periodicity foctors, and 
we can obviously choose the ratio a:bao that the doubly-petiodic Junction 

c&J (z ) + 6V(x) 

Ao* no poles at the seros o/%a(s — y); it then hsa, at most, a single simple 
pole in any cell, namely the zero of \{z + y) in that cell, and consequently 
(§ 2013) it is a constant, Le. independent of z ; and, as only the ratio a : A is 
BO for fixed, we may choose a and 6 so that the constant is unity. 

We then have to determine a and-h from the identity in z, 
aV (z) -i- 6V (z) = (x + y) (x - y). 

To do this, put X in turn equal to 0 and g w + ^ wr, and we get 

oa,‘ -! a,* (y), 6a,* ^ ^ w -l- i wr) -^.Qw + iiTT + y^a, (jW-l-jWT-y^; 


and so a = V iy)/^.’. b = V (y)/^i*- 

We have therefore obtained an addition-formula, namely 

a. (x + y) ai (x --y) V - V (y) V (x) -i- (y) V (x). 

The set of formulae, of which this is typical, will be found in examples 1 
and 2 at the end of this chapter. 


21*33. JaaM* fundamental formulae*. 

The additjon-foimolaa just obtained are parliooUr csaes of a set of identitieB first given 
by Jaoobi, who obtained them by purely algefoaieal methods ; each identity involves as 
> many as four indepenqent variables, u,x,y, a 

Let 1^, s', y, y be defined in terms of w, x, y, r by the set of equations 
Sis'— - w+x+y+Ji 
ax' — i»-x+y.+a 
V - »+x-y+a 
Ss* • w-bx-t-y-a 


* Oil. ]r<ras.i.p.i06. 


90—8 
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The tsMlar will euil; verify that the oonnezioa between and iaa 

reciprocal one*. 

For brevity t. write [r] for S,<w)dt.(«)4r(F)dr(r) »“d [rj for 5,(«^’)3,(*')S,(y')^fi(«')• 

CoDeider [8], [ 17 , [SJi [*Ji W ?>“* fonctiona of a The eflhot of inoteaeing * by * or er 
is to tianafonn thefonotiona in the flrat row of the following taUc into thoae in the aecond 
or third row reepeotively. 


m 

p] 

pr 

[87 

PI 

[47 



-[87 

-[17 

[47 

P7 

(wt) 

jrp] 


*ypj 

i<^r87 

-jr[i7 


For brevity, iP haa been written in place of g~> 

Hence both -[lJ+[87+[8J+[47 and [8] have penodicily footois 1 and if, and ao 
their quotient ia a doubly-petiodic function with, at moat, a amgle aimple pole in any coll, 
namely the aero of Sj (<) m that oelL 

By § 80*13, this quotient is meidy a constant, i.e. independent of a ; and conaideratious 
of symmetry shew that it ia also independent of «>, x and y. 

'We have thus obtuned the result 

dp]--[lJ+[SI+[3j+W, 

where A la independent of w, y, a; to determine A put vi»«a>y<-a-0, and we get 

AS,*-3,‘+V+Sa*i 

and ao, by § 81*8 ooroUaiy, we see that A»8. 

Therefore *1>]“-[II+1*I+[»I+W W- 

This is one of Jaoobi’a formulae; to obtain another, increase v, x, y, a (and therefore 
also w', and we get 

8[4]-[1J-[SJ+[3J + [4I (li). 

Increasing all the variables in (i) and (n) by 4>rr, we obtain the further results 

»W-[II+[8J+[»I-W (i“). 

am-[i7+{*T-Pr+W (")• 

[Nora, There are 3e0 eapreaeions of the form 3,(w)3,(»}3r(y)3,(s) which can bo 
obtained from 33(w)3t(«)3a(y)3|(a) by increasing w, s; y, a by suitaUe half-periods, but 
only those in which the eufizee p,q,r,» are either equal in pairs or all diflbient give rise 
to formulae not containing quarter-periods on the ngbt-bsnd side.] 

JBtatiipU 1. Shew that 

W+[*]-W+[8I. [S1+13]-[8J+[8I, [l3+[4)-[lJ+[47, m+W-PI+W, 

[l]+[3]-[8r+W. PJ+W-EJJ+PJ- 

* In JaooU’a wmh the signa of w, s', y', s' are ehanged thvongboot ao that the eomplete 
aymmatiyof Iheteladoasiadeatiqyad; thaaymaistrioalfoimaiaatglvaBBisdastoB.3. 8. Smith, 
Pnw. Leaden Math. Sac. l (Kay 81, 18M, pp. 1-1^. 

t The Uaa of thia abtUgad notsUon is to ba triead in H. J. 8, SmitVa manoir. It aaama, 
howavar, not to have bsaa sasd before Kreneeker, daerasl fSr Math. ca. (UKli, pp. 860-878. 
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21 8 ] 

SxampU i By imtiog v+^r, for w, x (and conaequeatly y+lir, <'+)ir 

for y, y), ahew that 

[3S44]+[SSll]-[U38]’+[11227, 

«liare [8344] mesoa 8 | (») 8 | (a) 84 (y) 84 (r), eto 
Examjjle 3 Shew that 

S [1S34]-[341S]' +[ai43J - [ISSt]- +[4381]’ 

Examjite 4 Shew that 

8 ,‘(*>+VW-V(*)+V(*> 

21 3 Jaaobti eapregnont for the 1 heta-functume a» tnfimte produote* 

We shall now establish the result 

%(e)-Q n (I cos 2/ + }*»-•), 

(where 0 is independent of t), and three smular formulae 
Let /(»)“ n (l-o»»-‘e^) n (l-5“->«-«»), 

s-l n»l 

each of the two products converges absolutely and uniformly m any bounded 
domain of values of s, by § 3 341, on account of the absolute convergence of 

oa 

S 9**"', hence /(«) is analytic throughout the finite part of the s-plane, 

a-l 

and so it is an integral function 

The aeros of /(s) are simple zeros at the points where 

e“=e'*»+«"', (a- 2,- 1.0, 1,2, ) 

le where 2tz»(2n + l)wir + 2mTn, so that /(#) and %4(z) have the same 
zeros, consequently the quotient has neither zeros nor poles in 

the finite part of the plane 

Now, obviously /(* + *■)»»/(*), 
and /(z+wt)= n (1-9“+>4^ n (1-j^'r^) 

ll«l f»«<l * 

=/(z)(l-q->«-~)/(l-8d“) 

That %e to aay f(t) and ^4(s) Aatw tite same penodtody faetore (§ 21 11 
example 3) Therefore ^4{x)lf(e) is a doubly-penodic fiinction with no 
zeros or poles, and so (§ 20 12) it is a constant 0 , say , consequently 

U (1- 2g**"* cos 2s + 5*’^) 

[It will appear in § 21 42 that &*• n (1 - 9*”).] 

•»! 

Write s + 1 w for s in this result and we get 

»,(s)-6? n (l + 2g^>ooe2s + }^), 

* Cf« FundamnU HopOf p# M* 
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Also &,(s)«= — <9*s*'ft4^s + gipr^ 

n(l-5~S^) n(l-3«-*s-~) 

•«1 «•! 

-2Goism* n (l-o«««) n (l-9*»«-*), 

«-l a-il 

and so (s)- 269^810 s 11(1 — Sf** cos 2ir + ^) 

11*1 

while a,(s) = ai^s + jjr^ 

tm 2G5I COS S n (1 + 29“ COS 2f + 9“). 

»*1 

ExamfiU, Shew that* 

1 5^ (1 -}»->)}*+ 1S9 1 5^(1 +9*«)|' - I^S (1 +9»*-*)|* 

(Jacobi ) 


21*4 TAs differential equatum eatiefied by the Theta-fttnatumt. 

We may regard %,(sir) as a function of two independent Taiiables z 
and T, and it is permissible to differentiate the series for B|(r|T) any 
number of times with regard to t or r, on acoount of the umformity of 
convergence of the resulting aeries (| 4*7 oorollaiy) ; in particular 

=» - 4 2 »*exp(n’7r»T + 2»ir) 
ni dr 


Goneegvmily, the function (a | r) eaUefiee the partial differenital equation 




The reader will readily prove that the other three Theta-functions also 
satisfy this equation. 


21^. A relation between Thota-functume of zero argument. 

The remarkable result that 

V{0) = ».(0)a,(0)&.(0) 

will now be establishedf. It is first necessary to obtain some formulae fin* 
differential coefficients of all the Theta-functiona 

* jMobi dMurihei this rasoH (fWMd, Woea, p 90) u * saqaatio idsntiss satis abcinisa.' 
t Sevstal proofs of this important proposition havo bssn given, bst none an aimplo. 
Jasobfa otigmal proof (Oes. ITerSv, s. pp, 515-517), tboac^ sossewhat man tUSonU than the 
proof givsD hen, is wdl worth stsdp. For a diBeraat method of proof of the ptshosinaiplomnla 
given in the text, see p. 490, exan^ SL 
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21*4, 21-41] 

Since the resulting series converge uniformly, except near the seros of 
the respective Theta-functions, we may differentiate the formulae for the 
logarithms of Theta-functions, obtainable from § 21*3, as many times as we 
please. 

Denoting differentiations with regard to s by primes, we thus get 

^ ^ L-- 1 1 + v”"* «" .Ii 1 + g""' ’ 

a. (x) = (s) 1^^- 1 + ^ j 

(1 + gn,-i (1 + J • 

Making a 0, we get 

a.'(0)-o, v(0)=-8a.(0) 

In like manner, 

V( 0 ) = o, V( 0 )° 8 a,( 0 ) 

V (0) « 0, V (0) = a. (0) [-1-8 ; 

and, if we write a, (r) =* sin r . ^ (r), we get 

f(0) = 0, f'(0) = 8^(0)i^^3-^^S^. 

If, however, we differentiate the equation (z) = sin s . ^ (s) three times, 
we get 

a.' (0) = ^ (0), a.'" (0) - 3^" (0) - ^ (OX 

Therefore 24 i^^-5^^--l; 

and 

1 , V(0)^V(0) . VW 


.sLi,.?!! I <r-» ,1 g*^* 1 

,«[- i - 9" +1 -2l_- i 9"..] 


on combining the first two series and writing the third as the difference of 
two series. If we add corresponding terms of the first two .series in the last 
line, we get at once 
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Utilising the differential equations of § 21*4, this may be written 
1 d&.'(0|T) 

SV( 0 |t)' dr 


1 i&.(0|T) 

^•(0|t) dr &,(0|t) dr 


1 da.(0|T) 1 d&4(0|T) 

' ■ a 4 ( 0 |T) dr 

Integrating with regard to t. we get 

V( 0 . 9)- C^.( 0 . 9)a,(0. g)^ 4 ( 0 , g). 

where C is a ocmstant (independent of g). To determine C, make 9 — >0; smce 
lim 9 “*&i' = 2 limj“iS, = 2 lim^iisl, lim&4 = l, 

f-M> 9**^ 

we see that C ~ 1 ; and so 

which IS the result stated. 

21 '42. The value of the constant G. 

FtolO the result just obtained, we can at once deduce the value of the 
constant 0 which was introduced in § 21*3 
For, by the formulae of that section, 

a,' = ^ (0) - 29* G n (1 - 9-)*, », = 29* G n (1 + 9“)», 

ll-l •-! 

and BO, by § 21 '41, we have 

n (1 - 9”)* = ^ n (1 + n (1 + g^>)» n (i - 

i»«l «•*! •») aM 

Now all the products converge absolutely, since 1 9 1 < 1, and so the 
following rearrangements are permissible - 

I n(i-9^')n(i-9")l.| n(i + 9»-Mn(i+9“)l 

(•=1 »-l ) n-J ) 

= n(i-9-)n(i + 9-) 

= n(i- 9 «), 

the first step 'following from the consideration that all positive integers are 
comprised under the (buns 2 fi — 1 and 2 n. 

Hence the equation determining G is 

n(l-9-)'-G*. 

s>l 

and so G ■= ± n (1 — 9 "). 
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To detennine the ambigfoity in dgn, we observe that G is an analytic 
function of g (and consequently one-vidued) throughout the domain | g | < 1 ; 
and trom the product for we see that (?— vl as g-*0. Hence the 

plus si^ must always be taken , and so we have established the result 

G= n (1-j"). 

Sxampit 1. Shew that St=3yi(fl. 

Sramplt S. Shew that 

34- n {(l-9»*-*)(l-8«)} 

Example 3. Shew that 

1+2 X }•*- 5 l(i-v^)0 +?**■’;*}■ 

ftsl 


3143 Contuxun of the Sigma-funetton teuA the Theta-fuTUtimu. 

It hoe been Men {^ 20421 example 3) that the ftmction ir(x | hi, mi), formed with 
the periods 2«|, 2mi, ih expressible in the form 

a(e)=^ exp sin (^) 5^ j(l -Sy».co.^+p-)(l j , 

where 

If we compare this result with the product of § 21 4 for 3] (< | r), we see at once that 

To express in terms of Theto-functioos, take logarithms and di&rentiate twicer 
so that 

where and the function ij) is that defined m § 21 '41. 

Expanding in osoending powers of t and equating the terms independent of x m this 
reeult, we get 


0_Vi V — V+ { -Y 

mi 3\3mi/ ^\imj *(<>)’ 


and so 


bZ 

^ 124., 3i' 


Consequently a (< | wi, wi) can be expressed in terms of Theto-funotions by the 
formula 


where r<»4irs/«i. 

4 . Example, l+ove that 


«■ (» I - 1 , «P (-”§) b (s I ^) . 


’’“■'ViWii'^W’ 


21*6. 2%s expreuion of Miplic /vnctiong by means of Theta-fmcHms. 

It has just been seen that Theta-functions are substantially equivalent 
to Sigma-fonctions, and so, corresponding to the formulae of |§ 20'6-20'53, 
there will exist expressions for elliptic functions in terms of Theta-functionB. 
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From 'the theoretical point of view, the feimulae of §§ 20‘6-20'63 are the 
more important on aocoimt of their symmetry in the periods, bnt in practioe 
the Theta-function formulae have two advantages, 0) Theta-iiinotionB 
are more readily computed than Sigma-fhnctions, (ii) tiiat the Theta- 
fimctions have a specially simple behaviour with respect to the real period, 
which is generally the significant period in applications of elliptic functions 
in Applied Mathematics. 

Let f{z) be an elliptic function with periods Sw,, let a fundamental 
set of zeros («„ e^, ...«•) and poles (^„ j9i, ... /9«) be chosen, so that 


r»t 

as in § 20‘53. 

Then, by the methods of § 20'63, the reader will at once verify that 

where A, is a constant ; and if 

“v 

be the principal part of /(g) at its pole 0r, then, by the methods of § 20'.') 2, 
where A, is a constant. 

This formula is important in connexion with the integration of elliptic 
functions An example of an application of the formula to a dynamical 
problem will be found in § 22'741. 

BmmpU. Shew that 

V(*)_ V il») . w 

a,’ ’ 

vw / V 


and deduce that 


31'6L Jacobts imaginary tran»/ormation. 

If an elliptic function be constructed with periods 2 b),, 2o)|, such that 

■f (<»t/«i) > 0, 

it might be convenient to regard the periods ss being 2m,, — 2a>, ; for these 
numbers are periods and, if /(«,/«,) >0, then also /(— a>t/a>a)>0. In riie 
cose of the elliptic functions which have been conudered up to this point, 
the periods have appeared in a symmetrical manner and nothing is gained 
1^ this point of view. But in the case of the Theta-fiinctions, which are 
only qnaei-periodic, tiie behaviour of the function with respect to the real 
period w is quite different from its behaviour with respect to the complex 
period wr. Consequently, in view of the result of § 21*43, we may expect to 
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obtain transformations of Theta-fiinctions in which the period-ratios of the 
two Theta-functions involved ore respectively r and — l/r. 

The transformations of the four Theta-functions were first obtained by 
Jacohi* who obtained them from the theory of elliptic functions ; but Foissonf 
had previously obtained a formula identical with one of the transformations 
and the other thfee transformations can be obtained fi»m this one by ele- 
mentary algebra. A direct proof of the transformations is due to Landsberg, 
who used the methods of contour integration^. The investigation of Jacobi's 
formulae, which we shall now give, is based on Liouville’s theorem ; the precise 
formula which we shall establish is 

ft. (s I r) - (- »r)- » exp (^) •&.(;,-;)- 

where (- tV)" * is to be interpreted by the convention i arg(- tr) | < J w. 

For brevity, we shall write - = 5 ' = exp(inV'). 

The only zeros of ft, (sir) and ft,(T’s]T') are simple zeros at the points 
at which 

t = mv + Birr + J w -f ^ irr, t'z = tn'ir f n'lrr +^ir + Jitt' 

respectively, where m, n, m', n' take all integer values; taking m' = -n- 1, 
n' = m, wc see that the quotient 

^(,)3exp(^)ft,(Jl-^)+ft.(r r) 

is an integral function with no zeros. 

Also ■^ (* + wt) tz) = exp f = 1, 

while w) -5- ■^ (*) s= exp ^ ^ g'”‘e”*"'=*l. 

Consequently ^|e(e) is a doubly-periodic function with no zeros or poles; 
and so (§ 20'12) ijr (z) must be a constant, A (independent of z). 

Thus Aft, (z j t) = exp ft, {z¥ | t') ; 

and writing z-f jw, z + gwr, z +|W-t-|WT in turn for z, we easily get 

Aft. (z It)— exp(»T'z’/ir)ft,(zT'lT'), 

Aft,(ziT)= exp(<T'z*/Tr)ft,(zT'iT'), 

Afti (z I t) — — i exp (tT'z’/w) ft, (zt' | t'). 

* jmmalfar Math. m. (1838), pp. 403-404 (0». Wtrke, i. (1881), pp. 364-366). 
t tf4m. de VAead. itt Set. vi. (1637), p. 583 ; th* ipeoial sua of the tomnls in whiefa t=0 
had baan given earlier by Poiaaon, Jawnol it rA'aola potfleahaifiu, xn. (aahiar ziz), (1838), 
p.43a 

t Thia method is indiaatad in ezample 17 of Chapter vi, p. 134. Bee Landabeig, Janrml /3r 
Math an. (1898), np. 984-388. 
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We still have to prove that ^ »T)i ; to do so, differentiate the last 
equatiw and then put s s 0 ; we get 

JV(0|t)^ tT'V(OlT'). 

But V (0 1 t) =a,(0 1 r)&,(0 1 (0 1 t) 

and (0 1 t’) = a, (0 1 t') a, (0 1 t') a. (0 1 t') : 

on dividing these results and substituting, we at once get A~* •> — tr', and so 

A-± (-ir)*. 

To determine the ambiguity in sign, we observe that 

4a,(0jT)=a.(0|T'), 

both the Theta-functions being analytic functions of r when 1 (r) > 0 ; 
thus A is analytic and one-vaiued in the upper half r-plane. Since the 
Theta-functions are both positive when r is a pure imaginary, the plus sign 
must then be taken. Hence, by the theory of analytic continuation, we 
always have 

^ ; 

this gives the transformation stated. 

It has thus been shewn that 

S _ i., . 2 

VC**^)**— • 

BxampU 1, Shew that 

a.(01r) 3^(0 It') 
a8(01r)”a,(OiTO 

when iV— - 1. 

BxampU S. Shew that 

3.(0|r+l) j^a,(0|r) 

3,(0 1 T+1) S,(0'R 

Kaam/ple 3. Shew that 



and^ahew that the plus sign should be taken. 

S!l*62. Landen’s type of trassformatiim. 

A transformation of elliptic integrals (§ 22-7), which is of historical 
interest, is due to Landen (§ 22'42); this transformation follows at once 
from a transformatilcm connecting Theta-functions with parameters r and 2r, 
namely 

».(2*|2t) a.(0|2T) • 

which we sihall now prove. 

Tbe seroa of fta(s|T)d 4 (s|r) are simple seros at the points where 
+ and where s»»Mr + ^a + |JwT, where m and n 
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take all integnd values , these are the points where 2s - mir + g j w . 2r, 

which are the zeros of (2s 1 2r). Hence the quotient 

^i(s|t)^.(s|t) 

&.(2s|2t) 

has no zeros or poles. Moreover, associated with the penods tt and wr, it 
has multipliers 1 and it is therefore 

a doubly-penodic function, and is consequently (§ 20*12) a constant. The 
value of this constant may be obtained by putting s = 0 and we then have 
the result stated 

If we write s -t- ^ wr for s, we get a corresponding result for the other 
Theta-functions, namely 

a.(s|T)a.(s|T> a,(0iT)a.(^|T) 

^(2s|2t) “ &4(0|2t) ■ 

21 6. The dtffereniuU equattone eatxsfied hy quotterUa of Theta-funetume 
From § 21 11 example 3, it is obvious that the (unction 
&.(s)-&.(s) 

has periodicity factors — 1, -)■ 1 associated with the periods w, wt respectively, 
and consequently its derivative 

IV (r) V (a) (r)l - V W 
has the same periodicity factors 

But it 18 easy to verify that V(*)V('»)/^ 4 *(*) bas periodicity factors — 1, 
1 1 , and consequently, if ^ (z) be defined as the quotient 

(*)Vfy)-V(»)a.(s)l- ia.(^)V(*)), 

then ^ (z) IS doubly-penodic with penods tt and wr , and the mly possible 
poles of ^ (z) are simple poles at points congruent to g ir and g w + ^ sr. 

Now consider ^ ^z-f-g , from the relations of § 21*11, namely 

(z g wt) - *9 - 1 s ■ “ V (*X V (* + j wt) » «9 ■ *e - “ (z), 

V (* + 5 * J ■ **^t (z). V -I- 5 wT^ = 9 ■ *« ' " V(z), 

we easily see that 

^^z + gWT)= I- V (*)»i(z)-«- Vfy)V(z)} -r lV(z)V(*)}. 

Hence ^ (z) is donbly-periodic wiUi penods w and g wr ; and, rtiaUxt to 
(haze periods, ike only poeeMe polee of ^(z) are eimple pofez at pomte 
eonpnunt to gW. 
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Therefore (§20T2). ^(s) ie » constant; and making s~»0, we see A 
the value of this constant is {V^ 4 } 

We have therefore established the important result that- 

d* tai(*)] (m) ‘ a, (*> * 

writing fsa,(s)/b 4 (s) and making use of the results of §21 ‘2, we see that 


This diffoientisl equation poeeeesee the solution a, (s)/a< (s). It is nc 
difficult to see that the general solution is ± di (s + a)/a« (s + •) where 
is the constant of integration, since this quotient changes sign when a i 
increased by ir, the negative sign may be suppressed without afifecting th 
generality of the solution. 

Exanifit 1. Shew that 


Ssanfte S. Shaw th<it 


J PtWl 

* U« (»). 


QjV') «»(!> 

» «4(») S,W 


d f^Wl. 


21'61. 7%s gmesis of the Jacobian EUipHe function* snu. 

The differential equation 

which was obtained in § 21-6, may be brought to a canonical form by a slight 
change of variable. 

Writef = 

then, if be written in place of the equation determining y in terms 
of u is 

^‘=(l-y*)(l-iy). 

This differential equation has the particular solution 

5. 

' a, »4 («»,->• 

The functicA nt u oa the right has multipliers - 1, + 1 aswcdated with 
the penods it is therefore a doubly-periodic function with 

periods In any cell, it has two simple poles at the points 

congruent to Jwv^,* and w^,* + J wr^,*; end, on account of the nature o ( the 
qussi-penodicity of y, the residues at these points are equal and opposite in 
sign ; the uetoe of the function axe the ptwte congruent to 0 and 
• ^asoMaadothwntlr writers usalthsastaUoDftnaiit in pbwsotn. 
t Sotos. Item tbs fonsataa of f Jl-A ttot %t*0, »,0i0 whoa |j | < 1, saoopt wtoa («0, ia 

^ddk oMo aw Thste-AuteboBi dignoHto; tiw rabobtatoai Kia tharftote hsMawtt. 
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It is oiutomary to regard y ae depending on k rather than on q ; and to 
exhibit y as a function of u and k, we write 

y-8n(«,fc). 

or simply y an «. 

It is now evident that an («, it;) is an elliptic function of the second 
of the types described in § 20*1 H ; when q-*0 (so that k-*0). it is easy to see 
that sn (u, it;)— »8in ?/. 

The constant k is called the modulus ; if it;'! » so that + 

V is called the eompltmentary modulus. The quasi-periods are 

usually written 2K, 2tK', so that sn (u, jb) has periods iK, UK'. 

From § 21*51, we see that 2£" = (0 1 r'), so that K' is the same 

function of t' as AT is of t, when tt' = — 1. 

ExampU 1. Shew that 

d 5,(1) . 3, (a) 

•*5, (a) ^S4(a)S4(*)’ 


and deduce that, if y— ^ ““*5,*, then 

■»» i*i 

m 

Esawflt Sa Shew that 

5 5^*5 ^ it{t) s^{t)' 

and deduce that, if ^(aj’ ““**•*■ 


Example 3. Obtain the following reeulte ; 

(^*-3.-*?* (!*!■?• ■H9**h?“-hy"*h-.). 

-»,-l+S«*h8s**i-*J*+-. 

(^)*-34-l-S?+2e‘+V--. 

5:'-£W-*log(l/jr). 

[These reeultB are convenient for calculating t, E, S, K' when ; is given.] 


21*62. JacMs sarlier notation*. The Tksta-funcHon 9(u) and the 
EUt-function H (u). 

^ The presence of the factors in tho expression for sn(a, k) renders it 
sometimes desirable to use the notation which Jacobi employed in the 
Fundamenta Nova, and subsequently discarded. The function which is of 
piimoiy importance with this notation is 0 («), defined by the equation 
e(tt)-a4(«a.-|T), 

so that the periods associated with 0(«) are 2ir and UK*. 

* This Is tbs nolathn smplo^sd Ihroughoat the EimdumeaU Vcso. 
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The function ^(u + K) then replaces ^i(a); and in place of we 
have the function H (u) defined by the equation 

H (tt)- - ig-**""'"*’© (u + iK') = a. (ua.-! t), 
and da (s) is replaced by H (» + K). 

The reader will have no difficully in translating the analysis of this 
chapter into Jacobi’s earlier notation. 

Etqmple 1. If I ah** that the aingularltias of are simple poles 

at the points onngruent to iS' (mod SX, US ') ; and the residue at each singularity is 1. 

StampU 2. Shew that 

H’ (0)- iirir-» H (AT) e (0) e (K). 

217. The problem of Itnemtm. 

Up to the present, the Jacobian elliptic function an (u, k) has been 
implicitly regarded as depending on the parameter q rather than on the 
modulus k ; and it has been shewn that it satisfies the differential equation 

^ ^)* “ (1 - “»* “) (1 - ** **»’ “)• 
where k* - (0. g)/ V (0, g) 

But, in those problems of Applied Mathematics in which elliptic functions 
occur, we have to deal with the solution of the differential equation 

(gY=(i-3C)(i-iy) 

in which the modtUue k is g(iven, and we have no a pnori knowledge of the 
value of g; and, to prove the existence of an analytic function sn(«. k) 
which satisfies this equation, we have to shew that a number r exists* such 
that 

When this number r has been shewn to exist, the function Bn(u, k) con 
be constructed as a quotient of Theta-functions, satisfying the differential 
equation and possessiiig the properties of being doubly-peiiodic and analytic 
except at simple poles ; and also 

lim sn («, k)/u 1. 

That is to say, wp csn satwrf the integral 

so as to obtain the equation y » sn (tt, k). 

* Tb* sslsteBM of unomlNtT, Igc wluah /(r)>0, iavrim tbs eztotatw of a aumbw f «««»< 
tlad if An slUnativo praeadnn would bo to dlMOW tho dtihnotiol tguotioD diroetly, 
aftor Ibi monaor of Oboptar x. 
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The difficulty, of ooune, arises in shewing that the eqaati<m 


c=V(0|t)/V(0|t). 


(where c has been written for I-*), has a solution. 

When* 0 < r < 1, it is easy to shew that a solution exists. From the 
identity given in ^ 21*2 corollary, it is evident that it is sufficient to prove 
the existence of a solution of the equation 

1-c-V(0|t)/V(0|t). 

* /I — o**’'*\* 

which may be written I - (•= tl (, . 

n=i \1 + 9*""'/ 


Now, as q increases from 0 to I, the produrt on the right is continuous 
and steadily decreases from 1 to 0; and so (§ 3*63) it passes through the 
value 1— e once and only once. Consequently a solution of the equation 
in r exists and the problem of inversion may be regarded as solved. 


21‘71. The proUm of tniwraan for complsz voZhm of e The modular futteboiu 
/W, J(t), A(r) 


The problem of inveniou may be regarded as a problem of lotegral Calculus, and it 
may be proved, by somewhat lengthy algebraical investigations involving a discussion of 

the behaviour of J’ ~idt, when y hes on a ‘Kiemann surlaoe,’ that the 

problem of inversion posaeBiieH a solution For an exhaustive divcusaton of this aspect of 
the problem, the reader is referred to Hancock, Elliptic EunUione, i (New York, 1910) 

It IS, however, more in aceordance with the spirit of this work to prove by Cauchy's 
method (§ tt'31) that the equation c»9,*(0|r)/^^(0|r) has one root lymg in a certain 
domain of the r-plane and that (subject to oertain limitations) this root is an analytic 
function of c, when < is regarded ns variable It has been seen that the existence of this 
root yields the solution of the inversion problem, so that the existence of the Jacobian 
elliptic function with given modulus k wilt have been demonstrated. 

The method just indicated has the advantage of exhibiting the jiotontialities of what 
are known as modular funotunu The general tlieory of these functions (which are of 
great importance in connexion with the Theoriee of Transformation of Elliptic Functions) 
has been considered in a treatise by Klein and Fncket 


Let 




F(v)- 


■■ I 1 +e**' 


V(0|t; 

^^irnivwf “V(01r)’ 


- fl V(OiT) 

tl + s^— “V(0 |t)’ 


*(r)--/(v)/y(T). 

Then, if - 1, the Ainctions just introduced possess the following properties-; 
/(t-1-8)-/(t), y(v-h8)-y(r), /(v)-by(T)=l, 

f(.r + l)~h (v), / (r')-y (v), g (v') -/(r), 

by §§ 81-8 ooroUary, 81-61 example 1 


* This IS the ease whuh is of practieal importanee, 

t F. Uem, VMeeuugeu Hitr dt* Theoru dor elt^tudm Modu^mkttoutu (ansgearbritat and 
vervoUsthndigl von B. Frioke). (Leipsig, 1990.) 


W. M. A. 


31 
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It iaeaiy to «e thatM /(r)»- 4 -aD, ^huetiona Ar*~*^/(^)*°/i(')*u4;(T) tend to 
unity, unifimity ^th nspeet to S (r), when - 1 ^ B (r) < 1 ; and the derivatea of theae two 
fiinotiona (with ngaid to r) tend aoifonaiy to aeio* id the unne cireumataooea. 


21711. Tkt prine^ial $oliitwn af /(r)— e»0. 

U haa bean aean in § 6*81 that, if /(r) ia analytia inaide and on any oontour, Sirt timea 
tiie number of roota of the equadon/(r)— fwO inaide the oontour ia equal to 


// 






takenfround the oontour in queetion. 


Take the oontour ABCDEFS'D*G*SfA abewn in the figure, it being auppoaed 
tamporarilyf tbat/(r)-o haa no aero actually on the oontour. 



The contour ia oonatrocted in the fallowing manner : 

/'fit dnwn parallel to the real axia, at a large diatanoe ftom it 

dfiatheiavataeof ff withnqwottothaoinda |r|al. 

fCia the inverae of CO with reepaotto |r|~l, D being ohoaen ao that fn»dO. 

By dementaiy geometiy, it fidlowa that ainre C and D are inTeiaa p(unU and 1 ia ita 
own tDTane,* the oinila on Cl aa diameter paaaaa through C,*.ajid lo the arc 0C of tfaia 
cirole ia the lefiexion of the an dBm the line B (r)»4 

The left-hand hdf of the figure ia the reSexion of the light-haiid half in the line 
C(r)wa 


* Tbia fotlewi firam the expratahnu lot the Tfaeta-fiinotiatti ea power eeriee in g, it being 
obeerreg ihel |f l-e-Oae + 

t Hm ealnea or/(r) at points on the oontour an diaansaad in f 81*718. 
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It wilt now be ahawn that, aaleas*e>l ore^O, theeqaa,tiim/(r)-e»0 heaaDa,and 
only one, root ineide the contour, provided that FE ie suffidentljr dietant from the real 
axis, ’nils root will be called the prinapal not of the equation. 

To eatablieb tbe exutmoe of thia root, oonsidar ^ taken along the 

variooa portianx of the contour. 

8inoe/(r+8)»/(r), we have 

Jf I I 

IJm J rv! /(v)-e Or 

Alao, aa r deecribes BC and EG', r'(->-l/r) deaoribea E'ff and ED reapeotivcly ; 
and ao 

^^ *={/*<?+ /oA-} 

- 0 , 

beoauae g (r'+S)— p(r'), and oonaequently ooneaponding elements of tbe integrals cancel. 
Since /(r±l)aA(r), we have 

ir<r * J CD) At)- e dr J RAB ^(T)~e <lr 
but, as t' describes B'AB, r deacnbes EE, and so the mtegial round the complete contour 
ledoceeto 


J MM- VW -« «■ <*■ * ) 


“I MM- 


(r)-c dr / 


d/(r) 1 dA(v) 

-e dr A(t) (1— c. A(t) 1 dr "^ptr)" 

Now as EE' moves off to infinityt, /{r)— c-v-c+0, y(T)-c-»-l— «+(^ and so the 
limit of the integral is 

But 1- «.*(T)-»'l,/i(T)-»l,y,(r)-»-l, ^J^^-vO^and so the limit of the 

integral is 

/ n*dr— Siri. 

J WM 

Now, if we choose fN' to be initially BO fhr from the real axis that/ (r)-e^ I— c.A(t}, 
Df(r)— e have no aeros when r is above EE, then the contour will pass over no seroe 
of/(v)-c ■■ EE moves off to infinity and tbe radii of tbe arcs CD, DC, B’AB dimmiJi 
to aero; and then the integral will not change as the contour is umdified, and so tin 
original oontour integral will be fieri, and the number <d aeros of /(r)-e inside the original 
oontour will be preoitely one. 

* It is shews in 1 81‘TIS that, if c>I ore<0, then /(?)-« has a seto on the sMtloaT. 
t It has haen sappoasd tempciari^ that e^O and edil. 


$ 1 -^ 
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21712. Tkii>altuttifili»mod;tilarfititetumf(T)mAteoMaiiroo«ni»rid 

We now have to dueuw tbe point mentioned at the beginning of § 21 711, oonoenung 
the xeroB of /(r)-o on the linee* joining ±1 to ±l + <o > and on the aenuoitdee of 

As r goes from 1 to 14-aii or from —1 to -l+mi,/(r) goesfrrom -eo to 0 through 
teal negative valuee So, if o is negative, we make an mdentation in DE and a oone- 
sponding indentation in D'S ' , and the integrals along the indentations canoel m virtue of 
the relation /(r+ 2) +/(i ) 


AsrdesCTihesthesemioircIeOjBd.T goeafrom-l + ooito — l,and/(T)»jr(0‘‘l /(i*)! 
and goes from 1 to + m through real values , it would be poeaible to make indentations in 
BC and EC to avoid this diffloulty, but we do not do eo for the following reason the 
efflwt of changing the sign of the iiuagmaiy part of the nnmher e is to change the sign of the 
teal part of r Now, if 0<£(e)<l and /(e) be amall, this merely maloosr cross O/'by a 
abmrt path , if /f(e)<;0^ r goes from BE to BE' (or nee lem) and the value of q alters 
only slightly , but if R (e) > 1, r goes from BC iu B C , and so g is not a one valued function 
of e so far as circuits round e— + 1 are concerned , to make q a one valued function of c, 
we cut the e plane from -)-l to +oo , and then for values of e m the cut plane, q is 


determiiied os a one valued analytic fimotion of e say g (e), by the formula g (r)->e** 
whose 


t(c). 


J_ ( •• 

2w» J /(t)-c (fr 


sa may he seen from ^ 6 3, by using the method of § B 22 


If e deecnbes a circuit not eurroundmg the point c>el, g(c) is one valued, bnt r(e) is 
one valued only if, in addition, the circuit dues not surround the point ewO 


21 72 The penode, regarded <u fanetiont of the modulm 

Since (0, g) we see from ^ 81 712 that A is a one-valued analytic function of 

when a out from 1 to +co is made in the e plane, but since K — -irA, we see 
that A IS not a one valued function of c unless an additiunel out is made from 0 to - co , 
It will appear later (§ 82 22) that the cut from 1 to + so which was necessary so far as 
A IS concerned is not necessary as regards A 

21 73 The tnvereum-problem aeeoaated mth Witentraenan eUiptic fitnctione 

It will now be shewn that, when invonants g, and g, are given, such that gt’>|:27g^*, it 
IS possible to construct the Weierstrassian elliptw function with these invanants , t^t is 
to say, we shall shew that U upoeeMe to eoiutraetf penode 2bi, So, eveh that thefmatton 
P (r I wi, a>) hae tmxmanta gj and g^ 

The problem is ssdved if we con obtain a solution of the differential equation 

of the form ff’°P(*|wi, <•>) 

We proceed to eflbct the solution of the equation with the aid of Theta-fiinotions 
l<et v=Ae, where A is a ccmstant to be determined presently 


* We have leen that St, ean be so oboNB llist/(r)-e has no sene either on Ak'oron 
the amall emularBret 

t On the aetnal oa l en l s ti on of the penoda, see B. T A Innea, Ane SiinhurgH Sogal Soe 
xzvn (1907), ni 907-988 
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By the methoda of § SI'S, it is easil; sera that 
and lienoe, using the lesolta of g SI'S, we have 

{I W)"**"*’} 


Now let < 1 , ej be the roote of the equation 4l/*—g^—gt~0, chosen in such an order 
that («! - ei)/(«| - 4 ) is not* a real number greater thim unity or negative. 

In these ciroumstanoee tihe equation 

ei-Oj V(0|v) 

«i-«i V(01r) 


poBsessee a solution (g S1'71S) such that l(r)>0; this equation determines the parameter 
r of the Theta-fiinotionB, which has, up till now, been at onr dtqnsaL 
Choosing r in this manner, let A be next chosen so thatf 


Then the iiinotion 

y-^'J![;;|;Jv(0|T)V(0|r)+s, 

astiB6es the aquation 

-4(y-s,)(y-si)(y-s,). 


The periods of g, qna function of s, are itA, wrjA ; calling these Sw,, So, we have 

The function f>(r | «i, w,) may be oonstructed with these periods, and it is easily 
seen that V(0|r')-»i “ <“* elliptic function with no polo at 

the origin} ; it is therefore a constant, C, say. 

If <?|, Of be the invariants of (>(f | w,, wi), we have 

and BO, comparing ooeffloients at powen of p((), we have 

0— ISC, Oj—pj— ISC*, Cj=pj-piC+4C*. 

Honoe C-0, Ot=g,, ff|— pt; 

and so tbs function P(a | wi, wi) with the required invariants has been construoted. 


21*8. The numerical computation o/eU^>tic functions. 

The series proceeding in ascending powen of q ate convenient for 
calculating Theta-functions generally, even when 1 7 1 is as large as 0*9. But 
it usually happens in practice that the modulus k is given and the calculation 


' >1, thsnO<^^^^- 


•i-H 


•i-'l 


1; andU 

a^=(i 

•f-*k I 


«i-«s 


< 0, then 1 - 


r 




>1, and 


<1. 


The values 0, 1, » of (si-ei)/{«i-<g) aiesieladsd sinsen'd'STpA 

t The sign attached to d is a matter of indiffnance, slnoe we deal exelusivaly with eem 
fanettODs of r and >. 

t The tanas in a-* eaneel, and there is no term in r* beeanae the faaetion is even. 
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of K, K' and q ie neeenaty. It will be seen later (§§ 22'301, 22*32) that 
K, K' are expresaible in taeme of hypei^geometrio functima, by the eqnatioiui 

J8: = iwjF(i, 1; y). 1; 

but these 'series converge slowly except when \ k\ and | V | req>ectively are 
qnite small ; so that the series are never rimultaneously snitable for numerical 
calculations. 

To obtain more convenient series for numerical work, we first calculate q 
as a root of the equation k = (0, 9)/%,* (0, g), and then obtain K from the 

formula iT | (0, q) and K' from the formula 

£■'= ir->Jriog. (1/q). 

The equation k = S,’ (0, q)/%* (0, q) 

is equivalent to* *» %•< (0, q)/% (0, g). 

Writing 2f = (so that 0<« < ^ when 0<A!<1), we get 

" (0. q) + % (0. q) ~ a, (0, t) ‘ 

We have seen (§§ 21*71-21*712) .that this equation in jr* possesses a 
solution which is an analytic function of e* when { e | < | ; and so q will be 
expansible m a Maclaunn series in powers of c in this domainf . 

It remains to determine the coefficients in this expansion fiom the 
equation 

g **• il* + 9* ••• 

*“l + 2g‘+2q» + ...' 

which may be written 

5«»« + 2g‘e-3'+2g“e — g»+ 

the reader will easily verify by continually substituting t + 2q‘e — ^+... 
for q wherever g occurs on the right that the first two tenns:^ are given by 
g -= « + 2f* + ISe* + 160«" + 0 ( s>»). 

It has just been seen that this series converges when |s| < 

[Koia The first two terms of this ezpsntion nanaUy suffiae; thus, even if k he as 
large as VCO-filMl-O^SS..., r-), S<*-0-O000e09, 15f>>0<)00000S.] 

JbampU. Given eslcalate q, K, K' by means of the eipaaaion just 

obtamed, and also by observing that r— ^ so that 

fy-(r043S188, f-jr'-l-fibdOTfi.] 

* Inmnaaneai worhO< ><1, aadaoj iapBaltivaaadO'gVV<l. 
t She Theta-f nn et i ona do not vaniab whan |f 1 auagt at gaOi ae llui givaa tha only 
poariUe teanSh point, 

t Thiaexpenaianwaaglvanliy Weiantaaa, Warta.n. (UW), p.9TS. 
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SI'S. Tk» noMmm mplogtd for tAe TAota-fwuitioM. 

The foUowing eaheiae indioatee the priampel s^eteme of notation irtiioh have been 
employed by Tarioiu writers; the epmbols in any one oohimn all denote the same 
ftmotion. 


dl(**) 

a.(«*s) 

d,(ws) 


Jaoobi 

diW 

d.W 



Tannery and MoQc 

dl(«*) 

«,(•») 

dk(«) 

d(«r) 

Bnot and Bouquet 

dl(.) 

d,(s) 

di(a) 

d,(«) 

Weierstrsas, Halphen, Hancooh 

d(i) 

di(*) 

d,(*) 

di(«) 

Jordan, Harkneas and Morley 


The natation employed by Hennite, H. J. S. Smith and some other mathematioiaiis is 
expressed by the equation 

d^,(*)- S ,-(»•+.)*/«, 0.-0^ 1 ; ,-0, 1) 

witii this notation tho results of § Si'll example 3 take the very concise form 

d*,r(»+o)-f-r («). d^. (*+«•)■*(-)’ }-' 

Cayley employs Jacobi's earlier notation (§ Sl'62). Tbe advantage of the Weiemtraasian 
notation is that unity (instead of ir) is tbe real period of 6,{i) and d|)(s). 

Jordan’s notation exhibits the analogy between tbe Theta-funetionB and the three 
Sigma-fuijctione defined in §80 421. The reader will easily obtain relations, similar 
to that of § 21*43, conncchng d, (r) with oy (8 b|S) when r=l, 8, 3. 


REFERENCES. 

U Eolbr, Opera Omnia, (1), xs. (Ijeipzig, 1912). 

C. Q. J. JaooBi, Pandamenia dTosa* (KOnigsberg, 1829); Gee. Math. Wtrhe, i. 
p|i. 487-63& 

O. HnniTB, Oeuvret MathimatiqtiM. (Paris, 1905-1917.) 

F. Kuoi, Vorlemtngen Uber die Thoarie der elliplieehen Modul/unitionen (Ansgear- 
beitet and vervo&tdndigt von R. Fricks). (Leipsig, isSO ) 

H. Wbbkr, FXliptieehe Fimktioam vmd algd/raieehe ZMen. (Bmnawioh, 1891.) 

J. Tawnsr et J. Moni, Fonettone Bl^Xignee. (Pkri^ 1893- 1902.) 

HisoELLhinoas Examples. 

‘ 1. Obtain the oddition-farmulse 

di (y ■M)di (y -a) V- V(y) V W-V(y) V (»)- V(y) V(*)- V(y) V (»), 
ai(yf*)ai(y-*)V-V(y)V(»l-.>i‘(y)W(*>-V(y)V(»)-V(y)di’(»), 
di(y+»)di(y-*)V-V(y)V(»)-V(y)W(*)-V(y)V(*)-V(y)di*(»X 
ai(y+*)d4(y-»)V-V(y)V(»)-V(y)W(a)-3,*(y)V(s)-4,»(y)V(*). 

(JoooU.) 

* Bapsinted in his Gee. Math. Werke, t. (1881), pp. 49-989. 
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S. Obtain tlw addition-fomnlae 

J«(y+»)«4(y-*)V-VWV(»)+V(i')VW-V(y)VW+V(j')V(*). 

^.(y+*)3«(y-*)V=W(y)V(»>+Ji'(y)V(*)=VG')VW+V(y)V«! 

and, by inetnaaing y by balf perioda, obtain tha correaponding fomalae tor 

^r{y+*)Sr(y-*)3j* and 4,(y+*)*,(y-«) Vi 
whare r^l, S, 3. (Jaool^) 

3. Obtain the formuiae 


3i(y±»)Si(yT«)M«=Si(y)^(>)3»(*)34(‘>±9t(y)S«(y)5i(*)Si(*), 

«iCy±*)Si(yT*)^«4-4i(y)3>(y)s,WS4(*)±3,(jf)3«(y)3,(t)s,(f), 

(y ± a) a. (y T *) (Jf) J, (y) 3, (a) a, («) T S, (y) 34 (y) 3i (*) 34 (a), 

3,(y±a)3*(yHF*)3,3«.-3,(y)a,(y)3,{*)J,(a,Ty,(y)y,(y)a,(,)y,(*), 

3.<y±a)3,(y+a)3,34-3,<y)y4<y)3,(a)y4(a)T3,(y)3,(y)3,(»)a,(f). 

(Jaoobi.) 

4. Obtain the daplioation-fonnolae 

S, (Sy ) 3,34*- 3,* (y) 34 * (y) - 3,« (y) 3.» (y), 
3.(*y)3,34a-3,*(y)3,»0')-3,*(y)3,*(yX 
34(%) 3,* •.V(y)-VW=34*(y)-3,*(y). 

(Jaoobi.) 

fi. Obtain the daplication-fonnula 

3, (Sy) 3 , 3 , 34 - 83, (y) 3, Cv) 3, (y) 3, (y). 

(Jaoobi.) 

6. Obtain dopUcation-fonnolae fioni the reeulta indicated in example S. 


7. Shew that, with the notation of § Sl'SS, 

tl]-[8]»W-[3T. m-[3]=[lJ-t3J, [1]-W-[8T-[3J, 
[S]-[3]-C1T-[4T. [a]-[4]-[sr-W, [3]-[4].[8]'-[ir. 

8. Shew that 

8 [US8]>[11S3J+[SS1 17-|;4433J-(-[33447, 

S [1 133]-II1337+[33U7 - [44287+ [88447, 

2 [1144]=[I1447+[44I17 -[38827 +[88837, 
8[8833]>[88337+[33827-[44117 +[11447, 
S[S244]-[22447+[44287-[33117+[U337, 
8[3844]-[33U7+[44387-[S81I7+[1I887. 

9. Obtain the fbrmulae 

Sw->Xir*-2j* n {(1 -«*•)* (1-7*- ')-•>, 

•of 

3**'-*-So*n {(l+9*‘)‘(l-7*‘'')-*». 


(Jacobi.) 


10. Deduce the following naulta from example 8 : 

n (i-8fc-‘)»-aj*w*, n (i+o>»-‘)a-87*(M0‘*. 

•«t MMl 


n (l-fy‘ -Sw-ay-iW'Xa. q (l+o*)* -iy-iM’-*, 
•al mm\ 


n (1-e*)* 


-4e-ay-*i**^jr», n (!+?•)• -fa-****'-*. 

mml 

(Jacobi.) 
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11. BjeoniiMtoring f^-7^ «** A token along the contour fiamad by the pmJlelogtBin 
J *4W 

whow oomen an - ^ir, |ir, lir+irr, — ^+irr, shew thst^ when » u s pontive integer, 

end dhdnoe that, when | I(x) \ <^Iiwr), 


y(«) . ; e^mnj*. 
«4(*) J. !-«** 
IE Obtain the foDowing expansiona : 




>cots+4 


; 9^siu8n« 

i 1-8** * 


S.(*) 

dt'W . r (-)*9^ain8n» 

m — fr^s— • 

di'W . ; (->»8* sm84u 
^ 1-^ ’ 


each expanaion being valid <n the stnp of the s-plane in which the senes involved is 
absolutely oonveigent. 

(Jaooln) 

13 Shew that, if | /(y) | <1 (wr) and |/fj)|</(irr), then 
^i(y+»)di' 




am (Smy+Sns). 

Tnp. 19Qe.> 

lA Shew that, if | /(*) | < J/ (irrX then 

^4 . . : 

where o,«»S z (_)»^^+t)W»-Hs-H> 

(Itatb. Tnp. 1808.) 

[Obtun a reduotion formula for a, by oonaidenng J{3((s))~'«^A taken round the 
contour of example 11.] 

lA Shew that 


3i(*) L 


oots+4 Z 


g*»ain8s 1 


■>i l-8j»ooo8f+{^J 
is a doubly-periodio Emotion of t with no amgulanties, and deduce that it is sero. 
Prove Bunilariy that 

tlW--t»ns-4 Z 

ii(s) J.iT+a^ooals+j's’ 

3i'(»)_ ^ t g«»-ismas 

Js(s) “\i,l+Sj»->ooe*s+y*«-*’ 

(« ) , ; j»»-ismas 

34 W ,2i l-af*-»ooe8s+j*>-«' 

IE Obtain the values tSk,l/,K, K' ooneot to six places of denimals whan g— A* 
[lt->0-8BS768, F-O-tttSlil, 

£’-8-96a700^ r’-l-eB841Al 



4»0 


rtHB TaAKSoaNOSNTAb rvsonom [chjup. xxz 


17 . Shmr that, if then, with the notation of § 

P]+tl]-I*]+W 

[ia»4]+[a4M]+[n4S]+[4Mi]-'0. 

18 . Show that 



18. By patting Wia&r in Jaao)#s ftindamantal fonnoiae, obtain the following 

naolts: 

V (*) 8, (3*) +8^ (») 84 (a.)-8,» (S») 8„ 

V (*) 3 , (a*)-84» (») 8. (a*)-8^ (a.)8„ 

8,*(*)8,(a«)+3^(.)84 (8*)- V (*») Si. 


90 . Deduce fran eiimple 10 that 


{8,»(*)3j(a*)8/+84»{*)84(3«)84*)*+<V(»)S,(8»)8,*-V(*)S4(8»)8/}« 

-{S^ (*)Si(a«) 8,*+8^ (*)8, (**)8fl*- 
(^nity, 18S2.) 


91 . Deduce foom IdOuvilWa theoiem that 


is 


98,(1)8 4(1) 8,(1)84(1) 

8,(91)8,(6)81(0)84(0) 

constant, and, by nuking 1 .^0^ that it is equal to 1. 

Henci^ by comparing coefficients of 1* in the expansions of 

and iog|g+log|g+log 


ioga..va 
98,(1) 


s.(t) 

84(0) 


by Ifaclaarin’s tbemwm, dedoce that 

8,”'(0) V(0) . 8i“(0) . Si"(P) 

1?(0) * 8,(0) 8,(0) 84(0)- 

Hencs^ after the nunner of g 91 - 41 , deduce that 

8 .'( 0 )- 9 , (<98,(0) 81,(0). 

[This method of obtaining the preliminoiy fotmula of § 91 41 woe suggested to the 
anthois by Mr C. A. Stewart] 



CHAPTER XXII 


THE JACOBIAN ELLIPTIC FUNCTIONS 

SS*!. ElUptie funeHona with two simple poles. 

In the comae of proving general theorems concerning elliptic fanctions 
at the beginning of Chapter zx, it was shewn that two classes of elliptic 
AmctionB were simpler than any others so &r as their singularities were 
concerned, namely the elliptic fanctions of order 2. The first class consists 
of those with a single doable pole (with zero residue) in each cell, the second 
consists of those with two simple poles in each cell, the sum of the residues 
at these poles being zero. 

An example of the first class, namely p(s), was discussed at length in 
Chapter XX; in the present chapter we shall discuss various examples of 
the second class, known as Jacobian elliptic furusUons*. 

It will be seen (§ 22*122, note) that, in certain circumstances, the Jacobian 
functions degenerate into the ordinary circular functions; accordingly, a 
natation (invented by Jacobi and modified by Gudermann and Glaiaher) will 
be employed which emphasizes an analogy between the Jacobian functions 
and the circular functions. 

From the theoretical aspect, it is most simple to regard the Jacobian 
functions as quotients of Theta-functions (§ 21*61). But as many of their 
fundamental properties can be obtained by quite elementary methods, 
without appealing to the theory of Theta-functions, we shall discuss the 
fanctions without making use of Chapter xxi except when it is desirable to 
do so for the sake of brevity or simplicity. 

22*11. The Jacobian dliptie fwuMons, sn «, cn tt, dn u. 

It was shewn in § 21*61 that if 

^1 (*/^i*) 

the Theta-functions being formed with parameter r, then 

@)’-(i-y)(i-*^A 

where Jlr^«>%t(0|r)/&i(OjTX Conversely, if the oomstant le (called tiie 
modulesf) be given, tiien, anleas If >1 at If <0, a vadne of r oan be Ibnad 

* Thaw IBaotioBt ean i nt ted n sei JsooU, Init tseuf of thdr properties ware oUsiaed 
iadepisdantij bj Abel, wlio seed a dlBer^ aotstion. 8« the aols oa p. dU. 

t U0<k<l, saddle BMaaatesiisUaaShtliatefaia>ri.*isss]|»dttesiodidaraiwle. 
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(§5 21‘7-21’712) for which a,''(0'|T)/&,*(0|T)=si5^, so that the aolution 
of the differential equation 

(^y=(i-sr>(i-4»y) 

snbject to the (xmdition ■< 1 is 

9. a. («/&,») 

S' 9.9.(«/9.*)’ 

the Theta-functions being finrmed with the parameter t which haa been 
determined. 


The differential equation may be written 

«= J*(l - fi)-i (1 - 


and, by the methods of § 21*73, it may be shewn that, if y and u are con- 
nected by this integral formula, y may be expressed in terms of u as the 
quotient of two Theta-functions, in the form already given. 

Thus, if 

«= [*(1 - -*•<»)-* *, 

Jo 


y may be regarded as the function of u defined by the quotient of the Theta- 
functions, BO that y is on analytic junction of w except at its singularities, 
which are all simple poles ,* to denote this functional dependence, we write 

y = an («,*), 

or Bim|dy y » sn u, when it is unnecessary to emphasize the modulus*. 

The function sn a is known as a Jacobian riUptic function of u, and 


ana 


9. 9 . (a/9.*) 
9,94(u/9,*) 


(A). 


[Unleas the theory of the Thete-functioni ie siiiinied, it is ezoeedingly diffioiilt to shew 
that the integral fonntla defioea jr os a fiuiotion of u wfaiob is analytio ezoept at simple 
polea Cf Usnoock, BUiptk Fonatioiit, r. (New York, 1910}.] 


Now write 


on (a, k) 
dn (a, k) 


_9.9. (a/9.») 

9. 9. (u/9.*) 

_9« 9,(b/9,») 

9.9. (a/9,*)- 


(B). 


(C). 


Then, from the relation off 21*6, we have 


7 -snaa<enadna. 

ou 


(I). 


ThsmodoliM wiD always be inserted whan H is net k. 
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and from the relations of § 21 *2, we have 

sn* u -I- cn* u 1 (II), 

jfc* an* u + dn* ua>l (HI), 

and, obviously, cnOs=dnO = l (IV). 


We shall now disciiss tbs properties of the functions an cn u, dn « as defined by the 
equations (A), (B), (C) by using the four relations (I), (11), (111), (IV) ; these four relations 
are sufficient to make sn a, on u, dn a determinate functions of «. It will be assumed, 
when necessary, that sn it, cn a, dn v are one-valued functions of a, analytic except at their 
poles ; it will also be assumed that they are one-valued analytic functions of i* when outs 
ore made in the plane of the complex vanable from 1 to -t- m and from 0 to - oo . 


22'12. Simple properties o/enu, cn u, dn u. 

From the integral «= | (1 — 4’)~*(1 — it is evident, on writing 

J 0 

— t for t, that, if the sign of y be changed, the sign of u is also changed. 

Hence sn u is an odd function of u. 

Since sn (—«) = — sn «, it follows from (II) that cn (— u) = f cn u ; on 
account of the one-valuedness of cn u, by the theory of analytic continuation 
it follows that either the upper sign, or else the lower sign, must always be 
taken. In the special case u = 0, the upper sign has to be taken, and so it 
hus to be taken always; hence cn(-M) = ontt, and can is an even function 
of n. In like manner, dn u is an even function of u. 

These results ore also obvious from the definitions (A), (B) and (C) of 

§ 2211 . 


Next, let us differentiate the equation sn’ u -i- cn* u ^ 1 ; on using equation 
(I), we get 

den tt , 

— ; — SB — sn u dn u ; 
dn 


in like manner, from equations (III) and (I) we have 


ddnu 

du 


— k* sn u cn u. 


22T21. The complementary modulus. 

If k* ■(- iF* = 1 and if -^ + I ask-*-0, iFis known as the complementary 
m^ulue. On account of the cut in the k*-plane from 1 to -(- ao , k* is a one- 
valued function of k. 


[With the aid of the Theta-functions, we can make onr-valued, by defining it to be 

34(0!r)/3,(0|T).] 

BxampU. Shew that, if 


y-on(ii, k). 


than 
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[cns^. XXI 


Abo, shew that, if *”*/ (1— 

then y~dn (it, £). 

[These neults are sometimee written in the (urn 

Jean J iUtu 


22'122. OlaMtr's noteUion* for quotient*. 

A short and convenient notation has been invented by Qlai^er to exprea 
reciprocals and quotients of the Jacobian elliptic ihnctions ; the recdprooaL 
are denoted by reversing the order of the letters which express the fiinctian 
thus 

nsw = l/snti, nouiBl/enu, ndu»l/dnit; 

while quotients are denoted by writing in order the first letters of the 
numerator and denominator functions, thus 

sou^snii/cnu, sd u > an u/dn tt, cduncnu/dnu, 
csu»cnt</sn u, dsu^dnu/anw, dci<>-dn«/cnu. 


[Non. Jacobi’s notation for the functions an n, on s, dn « was sinam «, oosam u, 
Aamti, the abbrenationB now in use being due to Gudermannt, who also wrote tns, 
as an abbraviation for tanam s, in plaoe of what b now wntten ecu. 

The Teaaon for Jaoolu’s notation was tiiat he regarded the mverse of the inUgral 


■-J*(l-i*siD»d)-ie» 

as fundamental, and wrotel ^~am»: be also wrote sin*^)^ for 

ObtuQ following rwulta : 

tt- /““(l +!•)-* (l+i’*<^-** -T 

Jo J 

-P -*•<•)-*<* -P 

J<d« JSaa 


22'2. 2%e addntion-tluorom for the function sn u. 

We shall now shew how to express sn (u + v) in terms of the Jacobian 
ellipric functions of » and «; the result will be the addition-theorem for the 
function snu; it will be an addition-theorem in the strict senae, as it can 
be wntten in the form of ui algebraic relation connecting sn u, sn «, sn (a -f v). 

* Uetteueer tf Mathmatia, xi, (1889), p, 86. 
t Jomalfttr Math. xrar. (1888), |ip. 13, 30. 
t Amdaswnta Neva, p. 80. As b-»0, am 
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[Dtate are ontMioitt method* of oetahliahiBg the neolt ; the one gieeD ie eoeentiaUj 
doe to Euler*, who wee the finrt to obbrin (iii 1764, 1767) the integrel of 


in the form of an algebnio raUtion between c end y, when JT denotee e qnartic Amotion 
of * end J'ie the aeme qnaitio Amotion of y. 

Threat other method* am givra •• eiamplee, at the end of thi* aectioo.] 


Suppoee that u and « vary while u + v remains constant and equal to a, 
say, so that 

% 


Now introduce, as new variables, «, and s, defined by the equations 
«,«=8nt(, <^>esn V, 

so thatj *,• « (1 — »,*) (1 — 

and V ” (1 — 6i*)(l ~ ^V). since 4* = 1. 

Differentiatinf; with regard to u and dividing by 2f^ and 2f( respectively, 
we find that, for general values§ of u and «, 

Hence, by some easy algebra, 

_ SU!»»,«,(*,*-V) 

<,V“4iV 

and so 

(<,«,-4,*i)“‘^(di«t-4i»i)*=(l -**»i’*t*); 


on integrating this equation we have 


^*1 


c. 


where 0 is the constant of integration, 

Beplacing the expressions on the left by their values in terms of u and e 
we get 


onudnusnv + cnvdnvsnw 
1 — h*8n*»sa'v 


a 


' * ^cta FetnyoUtaim, w. (1741), yp. 86-67. Enin had oUaiiMd tonr special asaa* cl this 
rwnlt slev pears earlier. 

t Another anthod is giTsa hr Itseeadre, AaelioM XlUyUtea, i. (Facie, 1886), p. 80, and aa 
latsrssttag gsoaistriaal piaol was glrsa hr raeobi, JounuUftr KatK m. (1888), p. 876. 
t For brsritr, we shall dsaois diHeceatial eosOkisats regard to a hr dots, thns 


dv 

'da 



I I.t. fhoseTalossAtrwhidienadnaaadeavdavdoaotTaaiah. 
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That lb to say, we have two integrals of the eqoation du-¥dv‘‘0, namely 
(i)u+v=aand(ii) 

8naenedni;4 8n vonudnM _ 

1- hfecfuatifv " ' 

each integral involving an arbitrary constant. By the general theory of 
differential equations of the first order, these integrals cannot be functionally 
independent, and so 

anitcnadns + snsenudiitt 
1 — l^sn'u sn*» 

IS expressible -as a function of w -I- « , call this function f{u + v) 

On putting « = 0, we see that /(u) an « ; and so the function / is the 
sn function. 

We have thae dmiumetrated the result that 


Ba(u+v)- 


snucuvdnv-t-SQvcnudnu 
1 — ifc*sn*asn‘« 


which is the addition-theorem. 

Using an obvious notation*, we may write 

._x 

BP 


Bxamplt 1. Obtain the addition-theorem for ein s by using the results 


( dBlo«^* , , /<isinv\* , , 


BiamfU 8. Frove from hist {inaciples that 


(1 4a4±^®i^_o 

V,di> ?>») ’ 


and deduce the addition-theorem for so «. 

(Abel, Journal fur Math il (1S37), p. 106 ) 

ExamfU 3 Shew that 

*i’-V _s,c,d,-hs,ii,d, SjdiCj+Sj^ 


%«i<4-Vi4 «i0»-b»i<^i||<4 didft^VitieiOj' 

(Cayley, MUiptto Fhmefums (1B76), p 63.) 

Sxan^pU 4. Obtain the additian-theoiem for an h from the results 

3i(y+t) 34(y-s) 3,*-3,»(3 i) 34» (s)-S,«(y) V («). 
given in Cluster xxt, Uisoellaiieoua Examples 1 and 3 (pp 487, 488). (JaoobL) 

Itrample A Aimmiitig that the oaordinates at any point on the curve 
y-(l-n») (!-*«*•) 

can be expressed in die form (sn a, on it dn «), obtain the addibon-thearem to sn it by 
AfaeFs method ($ 80312). 


* nils notatieB u das to Olaialisr, Mtuenfer, x. (1881), pp. 88, 184. 
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^2-21] 

[Cknwider the mteneatione of the given curve vith tbe variable curve jra^l -i-ms+as* ; 
one is (n, 1) ; let the others have parameters «j, Kt, «$, of which may be chosen 
arbitrarily by suitable i^oioe of m and a. Shew that Vi+Kj+Ua is constant, by tbe 
method erf § SO'313, and deduce that this constant is zero by taking 
«i=0, n=-i(l+i‘). 

Observe idso that, by reason of the relations 

(xi +*,+*») — 2 ms, 

we have 

x,(l -i**i**,>)— ^ 2inx,Xi««Xi-2mriXj-BiiXj{x|+x,+xz) 

= (x, + X, + X, - ax, xjx,) - (x, + X,) - 2mx, Xj - BX, X, (x, + xO 


22'21. The additum-theoremx for cn u and dn u. 
We shall now establish the results 


cn (u + v) 


cn u cn V — sn u sn V dn u dn V 
1 — ifc“ sn* u sn* r 


dn (u + ») = 


dn 11 dn V — sn u sn V cn u cn V _ 
1 — fc* sn* u sn* n ’ 


the most simple method of obtaining them is from the formula for sn (u + »). 

Using the notation introduced at the end of § 22’2, we have 
(1 - X:*»,*«,*)* cn* (tt + «) = (1 — A*«, •«,•)* |1 — sn’ (« + »)i 
» (1 - fc*8,>«,’)F - (8,0.4 + ».Ci4)’ 

=* 1 — 2 A * 8 ,*«,* + it * 8 , * 8 ,* — 8 ,* (1 - 8^*1 (1 — 

— 8.* (1 «— 8,’) (1 — ^8,*) — 28,8.0,0.44 
- (1 - 8,») (1 - V) + 8.’8.* (1 - *:’8.>) (1 - fc»8.*) 

*" 28, 8.0, 


and so 


“ (ciC. “ 8,8.44)* 


cn (u + v) = ± 


CjCt — 8^44 
l-ifc*8,V ■ 


But both of these expressions are one-valued functions of tt, analytic 
except at isolated poles and zeros, and it is inconsistent with the theoiy 
of analytic continuation that their ratio should be 1 for some values of u, 
and — 1 for other values, so the ambiguous si^ is really definite ; putting 
u-0, we see that the plus sign has to be taken. The first formula is 
consequently provhd. 

The formula for dn (u 4- v) follows in like manner from the identity 

(1 - i?8,*8,*)* - If (8,0^4 + 8,c,4y 

S (1 - A*8,*) (1 - Ife,') + i*8,’V (1 - 8,*) (1 - St”) - 2^88,8.0,0.4(4. 
the proof of which is left to the reader. 


W. 11.4. 


33 
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1 1. Shew ihet 

dn (*+•) dn • 

(Jaeobi.) 

[A set of 83 forniBJae of thie nataia ooDMcting fiinotioiM of v+e aod of «-« ia giveb 
in the PtautoaMiMa Seva, pp. 3S-S4.] 

ASrampfeS. Shew that 


8 emt+oDe 
8 h antiBne-i-fnednti 


8 


ou«4-one 


8 « aowdnv+enedii «’ 
ao that (oDti 4 -one)/(aD«dne+aD vdn«) ia a ftinotion of w+vonly; and deduoe that it ia 
equal to {1 + on («-f«)}/an («+•). 

Obtain a oonesponding reanlt for the function Ot-fCiCiVM +diX 

(Cajrley, M e mep er , zrr. ( 188 fi), pp. M- 61 .} 

JSatmplt 3. Shew that 

1—i^en* (■•+•) an* («— »)=•(! -Pen'*) (1 -PBn**)(l - Pan* «en*»)-*, 
/P+Pon*(»+*) on* (« - *) -(P*+P <»• «) (P*+Pcn* ») (1 -Pen** an**) -• 

(Jacobi and Qlaiaher.) 


SaampU A Obtain the addition-theorema for on (* -t- *)> do (* -(-•) by the niethod of 
g Si'S example A 

SxamfU B. TTaing Glaiaber’a abridged natation {Stttrnger, z (IS8I), p. 105), namely 
«, <(>ian«, on M, dn*, and A, C, /loan Stt, on 2*, dng*. 


prove that 


- yjKd „ 1-S>*+P«' „ 1-2P«*+Pii‘ 

'®”r-‘Pi4> l-PP • 


^ (H-3)*-(l-A)* 

(l+iA)*+(l-*S)*‘ 

genatpf* 3. With Uie notation of example 5, shew that 

. \-c \-D s-ec-p D-C 

'“l+Zj“i*(l + <?)" P(/>-C) "■p*+/>-P<7’ 
. Z?+<7 J)+P<7-P» P*(l-iO) P»(l+C) 
*^“1+11 

„ P*+J>+P<7 Z)+C P*(l-C) P*(l+J>) 

* ” r+ 2 J "T+^“ D-e “p*+z)-pc’ 

329u Tkt otmsUmt K, 

We have seen that, if 

»- j^(l - P)-» (1 - 


(Qlaitiier.) 


them p»8n(ti,A). 

If we take the npper limit to be amity (the path of integraticni being 
a ottaig^t line), it ia coatomazy to denote the valne of the integral by the 
aymlxd K, ao ^t m(f, 1. 

£lt triU be aeem in 1 38-303 that tbu detnitiaa of X te aqaivaleot to the definition a* 

iwVmS»-6Ll 
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It ia obrioos that eaK»Q and dnK=‘±k{; to fix the ambiguity in sign, 
suppose 0<I;< 1, and trace the change in (1 — as ( increases from 0 to 1 ; 
since this expressicm is initially unity and aa neither of its branch points (at 
t iB 1 Jr*') is encountered, the final value of the expression is positive, and so 
it is -f A;' ; and therefore, since dn is a continuous function of k, its value u 
always + K 

The elliptic functions of £' are thus given by the formulae 
sniT"’!, on£'«»:0, da K = k^. 

88*301. The eapreesion of K in terme ofk. 

In the integral defining K, write t = sin and we have at once 

ir<=j (1 — Arsin' 

When I ib I < 1, the integrand may be expanded in a series of powers of k, 
the series converging uniformlv with regard to ^ (by § 3'34, since am** ^ < 1) ; 
mtegrating term-by-term (§ 4*7), we at once get 

where e » /b*. By the theory of analytic continuation, this result holds for 
all values of c when a cut is made from 1 to + oo m the o-plane, since 
both the integrand and the hypergeometric function are one-valued and 
analytic in the cut plane. 

SsampU. Shew that 



(Legendre, Fonetiont SlUftiqnn, L (1B86X P- BS.) 
SI'SOZ. Th» tynaalmue of th» defMtiout of K. 

Taking in J SI'S!, we see at once that an (^irS^»l and ao cn (4wV)-o. 

Oonaequently, 1 —an v naa a doMt taro at }*.V. t'heieifore, ainoe the number of poles 
of an « in the oell with oomen 0, Sw^', ir(r 4 -l)d|*, ir (r- 1) Via two, it tgllowafrom 
§ Xria that the only aerca of i— an« are at the pointa w*>lir(4n»+l+Siir) V, where 
m and n are integers. Therefore, with the definition pf § 28*3, 
f-}w(4ii>4-l-i-8iH-) V- 

Now take r to he a pun imagiiiaiy, ao that 0<1<1, and F is real ; and we hare 
»=0^aotbat 

4 w < 4 » i + 1 ) 

whato St is a pontive integer or aero; it is obviously not a negative integer. 

If SI is a poiutive integer, ainoe J (l-itBin'^)~Ac(^iei,oantiaoousfunotiaiiofaand 

ao pa aaee throu^ all vahias between 0 and fiT as a inereaaes from 0 to we can find 
a vslne of a {at than 4w, anoh tiist 

Ny(4ai+l)-JwV- J‘(I-d*sia**)*-*«*^ ; 

and so an(|wV)*suta<l, 

whioh ia untiush ifiiM an(iwV)B>l. 

38-3 
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Tharefore « mutt ht itn, that ia to aay we have 

X-iwV. 

But both K and are anal^ic funcUona of h when the e-p3aae is out from 1 to 
-t-co, and so, b; the tbeoiy of anaiytio oontinuatiOD, thu result, proved when 0<it<l, 
persists throughout the cut plane, 

The equivalence of the definitions of K has therefore been established. 

Sxamfit 1. Bjr considering the integral 

J** (1 -<•)-* (1 - i rft, 

ehfiw that an SiTaO. 

EsampU 2. Piove that 

sniA'=(l+i')'*, cniff-F*(l +*')•*, dniX-F^. 

[Notice that when u^^iT, enStt=0. The simplest way of determining the signs to 
be attached to the various radicals ia to make t—n, t'-r- 1, and then sn a, cn u, dn u 
degenerate into sin a, oos u, 1.] 

Saamplt 3. Prove, bv means of the theory of Theta-functions, that 
cair-dniAc^Ai 


22'31. The periodic properties (associated vnik K) of the Jacohum 
elliptie functions. 

Th« intimate connexion of K with periodic properties of the fiinctions 
sn u, cn V, dn tt, which may be anticipated from the periodic properties of 

Theta-functions associated with |ir, will now be demonstrated directly from 
the addition-theorem. 


By § 22'2, we have 

sn(«-bir)« 


sn ucniTdn JT-I- HU /Ccn udn u , 

w j[m~ . j ee Cd ttt 

1 — iS? sn' u sn' K 


In like manner, from § 22'2] , 

cn (tt -H if) = — Ar' sd tt, dn (a -t- K) = it' nd u. 

Ti j . air\ cn(tt-pJC) k'sdtt 

Hence sn (a -h 2/f ) = ^ = - sn tt. 

and, similarly, cn (« -I- 2if ) * — cn n, dn (u -t- 2if ) - dn «. 

Finally, 8n(tt-l-4if)wi — sn(u-i-2if) = antt, cn(tt-l- 4if)»cntt. 

Thus iK is a period of each of the functions an u, cn tt, whde dn a has 
Vie smaller period iK. 

MxampU 1. Obtain the results 

sn(s-t-X)=ads, cot»-i-X)°> -Pads, dn(tt+X)»i’ndu, 
directly from the defittitioiis of snu, on «, da* as quotients of Theta-fhnctions. 

JEtompbS. Kiewtbat emee{K~u)^k. 
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SQ'82. The conetant K'. 

We shall denote the integral 

j\l 

by the symbol K', so that K' is the same function of k'' (= c') as IT is of 
Jt^(a«c); and so 

i; 1; fc"). 

vrhen the c'-plane is cut from 1 to + oo , i.e. when the c-plane is cut from 

0 to —00 

To shew that this definitioii of K' la equivalent to the definition of § SI'S!, we observe 
that if rr' = — 1, A IS the uu-oaliud fiinction of i*, in the cut plane, defined b; the equations 

A-ied,* (0 1 r), (0 1 r)-5-S,* (0 , r), 

while, with the definition of § 21 SI, 

A'-4wV (0 , t'), I r')T V (0 1 v'), 

so that A* must be the same fiinction of F* as A is of if* , and this is consistent with the 
integral definition of A' as ' 

It Will now be shewn that, if the o-plane he cut from 0 to — oo and from 

1 to d- 00 , then, in the cut plane, K' may be defined by the equation 

K'^ -*•**)-**. 

First suppose that 0 < A; < 1, so that 0 < F < 1, and then the mtegrals 
concerned are real. In the integral 

r (1 

U 

make the substitution 

s-a-iff*)-*, 

which gives 

(a« _ 1)* = k't (1 - F*f>) - i, (1 - !••«•)* - fc* (1 - «•)* (1 - - 4. 

it being understood that the positive value of each radical is to be taken. 
On substitution, we at once get the result stated, namely that 

iST'- 

pravidei that 0 < k< 1 ; the result has next to be extended to complex values 
of k. 
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Oonridar 

th« ptih of intogntion puuog above tbe poiat 1, end not oioaditg tbe ime g in ery axia*. 
The path may be tahwn to be the straight Imea jaiung 0 to 1-iaod l+h to ^'together 
with a aemionble of (antall} tadiua > above the real axia If (1— aod 

reduce to +1 attoO the value of the former at 1+A ia s”*"#*(S+#)^“ 

aaqb radical is pcaitive ; while the value of the latter at <»1 is +lf whan i is rgal, and 

famiceby thethecryofasialjtiooontinuationitiaalwaya 

Make and the integral round tbs aemicirole tends to leto like d^; and ao 

I"* a -t*)- * (1 -i <*-Z+< {/«- 1) - * (1 - dt 

whioht is analytic throughout the out plane, while K is analytic throughout tin out plane. 
Hence J*^*(<*— 

IS aoalytie throughout the cat plane, and as it is equal to the analytio function K’ when 
0 < d< 1, the equahty penists throughout thb out plane , that is to aay 

when theo-plane is cut from 0 to -co and from 1 to +eo. 

Since JT + »jr'-j^(l 

we have m(K-f-iK') = llk, dn(^ + tjr') — 0, 

while the value of ca(K + iK') is the value of (1 — f*)^ when ( has followed 
the prescribed patii to the point l/k, and so its value ia—^lk.not+Hi jk. 
ExcanpU 1. Shew that 

Ktample S. Shew that C aatiattea the aame linear differential equataon as ff ( J S8-aoi 
example). 

2233 . TAeftrMie proparitMt (astociated with K + iK') oftiw Jaoobian 
illiptie fmetimt. 

If we make use of the three equations 

sn(3: + tZ')-ilr>, cn(Z + »ir)--tV/i, dn(2r+tX^')-0. 

* li(t)>0 beeaaie |axge|<v. 

t nie path of integration paeeee above the point nsb. 

t The doable pa r todln t y of ane may be intered from dynamical ocnaidaraticna Sea 
VUttaker, dnolplical Dpaseii w (M17), 1 44. 
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we get at oncet from the addition-theorems for an «, cn u, dn u, tbe following 
lesulta: 


an (« -f f 4- iff') 


enucn(ff-t - tJf')dn(ff + iff' ) 4 -s n(ff 4 -iff')cn«dnw 
1 — A* an'u sn*(ff + tff ') 


m jt“‘ dc «, 


and aimilarlj cn (u + ^ + tJC') = — nc «, 

dn(u4- ff 4iff')’=ih'BCu. 

By repeated applications of these formulae we have* 

/■an (tt 2ff + 2»ff ') — — an w, / sn (u + 4^ + 4iff ) = an u, 

I cn fo + 2ff + 2iff ') = cna, | cn (u + 4ff + 4tff ') — cn u, 

[dn (u + 2ff + 2iff ') = - do tt, Idn (u + 4ff + 4tff') = dn «. 

Hence the Junotione an u and dn u have pertod 4ff + 4iir', tohUe cn u haa 
the emaller period 2ff + 2iff 


82‘S4. The peryadxe properties (aeaociated wUh tff') of the Jaeobtan 
elUptte funetume. 

By the addition-theorem we have 

an (u -f iff') •• an (i* — ff + ff + iff') 

= Ar* dc (u — ff ) 

= A:"* ns tt. 

•dimilarly we find the equations 

on (u + iff ') = — ifc~‘ ds u, 
dn + tff') = — t ca tt. 

By repeated ^plications of these formulae we have 

' an (u + 2iff ') = sn«, |’sn(it + 4iff')= sou, 

• cn (v + 2iff ') = - cn a, ■! cn (» + 4iff ') » cn «, 

.dn (u + 2tff ') »• — dn tt, \.dn (o -t- 4iff ') dn tt. 

Henae the fmetione cn u and dn tt have penod UK', whih an tt has the 
smaller period 2iff'. 

Seamph. Obtain the formulae 

an (»+8iBff+2niir’)«{-V"Biiii, 
on (»+2»ifi'+!n«ff')=(-)"+*cn«, 
dn («+2mff+2»ifr')=«(— )*dutt. 


22*341. The behaviour of the Jacobtan ellipiie funchons near the ongvn 
amd'near iK\ 

We have 

d d* 

^sntmonudntt, ^ sn u • sn’ucnudnu — enudnu (dn* u + cn* tt). 
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Henoe, by Maclaurin’s theorem, ve have, for small values of | u {, 

Bn« = it — g(l + i*)u* + 0(«*), 

on using the fiust that sn u is an odd function. 

In like manner 

cntt= 1 — itt*+ 0(tt*), 
dntt = l-jii!«tt‘ + 0(u.*). 

It follows that 

8n(« +i.fi!'')=ir"'n8« 

— * SJfc* — 1 

and similarly cn (a + iK') “ — »“ + 0 («•), 

dn(u+i^')“~^ + ~ + 

It fclUmx that at the point iK' the functione sav, cnv, dnv have simple 
poles with residues k~', — ik~', — i respectivdy. 

Example. Obtain tbe rsaiduea of anu, onu, dn» at iK' b^ the tbeorj of Theta- 
functioua 

22'S6 General description of the funetums sa tt, cn u, dn u. 

The foregoing investigations of tbe functions sn », cn u and dn a may be 
summarised in the following terms ; 

(I) The function snu is a doably-periodic function of u with periods 

4K, UK'. It is euialytic except at the points congruent to iK' or to iK + iK' 
(mod. 4K, UK') ; these points are simple poles, tbe residues at the first set all 
being Ir' and the residues at the second set ail being - ; and the function 

has a simple zero at all points congruent to 0 (mod. iK, UK'). 

It may be observed that sn • is tbs mly fanotion of « aatiafying tiiis deacriptiou for 
if 0 (») were anotber such fimctian, an « - 0 (u) would have uo aingularitiea tod would be 
a doubly-periodic fnnotioot heoce {§ 20'12) it would be a constant, and tbis constant 
vaoishes, as may be seen bj- putting w—O; ao that ^ (w)esn «. 

When 0 < £* < 1, it is obvious that K and K' are real, and sn n is real for 
real values of u and is a pure iin^nary when u is a pure imaginary. 

(II) The function cn u is a doubly-periodic function of u with periods 
4K and iK ^ UK'. It is analytic except at points congruent to iK' or to 
2ir + iK' (miod. 4K, iK + i%K') ^ these points' are simple poles, the residues 
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at the fiiBt set being — ile~\ and the residues at the second set bemg ikr ' ; 
and the function hse a simple zero at ail pointe congruent to K (mod. 2K, UK'). 

(Ill) The function dn u is a doubly-periodic function of u with periods 
iK and 4i£’'. It is analytic except at points congruent to iK' or to UK' 
(mod<2if, 4nK')', these points are simple pules, the residues at the first set 
being — t, and the residues at the second set being t ; and the function has 
a simple zero at all points congruent to K -f tA’'(mod. 2K, %,K') 

[To see that the flinctions ha\e no zeros or poles other than those just specified, 
recourse must be had to their definitions in terms of Theta-functiona.] 

22'361. The eotmexion, bH-ueen Weientmtetan and Jacobian Mtpttc fnnetume. 

If < 1 , si, <s be any three distinct numbers whose sum is zero^ and if we write 

^”*’^ 811 * (Xk, i)’ 

we have (s) 

=4(«i -«i)*X*iia’Xa(ns*Xu— 1) (n8*Xa-I*) 

-4X* <a-e») Cv-«i) ly - ** («i 

Hence, if X’=St-Sg and it’— (ei-<a)/(<i— <^), then y satisfies the equation* 

and HO «s+(si-«>)ne^|»(«, -sj)i, 

where a is a constant Making u -» 0, we see that a is a period, and so 
P (» I Fit y>)=<i+(«i -«s) ns* (» (e, 

tb« Jacobian elliptic funotion haying its modulos given by the equation 

e,-f, 

22'4. JatxAi's imaginary trans/armattonf. 

The result of § 21'51, which gave a transformation from Theta-functions 
with parameter t to Theta-functions with parameter t' = — 1/t, naturally 
produces a transformation of Jacobian elliptic functions , this transformation 
is expressed by the equations 

sn (tu, A) = » sc (u, k'), cn (t«, k) = nc (it, k'), dn (»w, A;)» dc (a, if). 
Suppose, for simplicity, that 0 < c < 1 and y > i) ; let 

f * (1 - f ) * (1 -><■) ■ *dt = til. 

Jo 

so that ty • sn (tu, k) , 

take the path of integration to be a straight line, and we have 
cn (tu, A) =. (1 -H y*)*, dn (tu, k) (1 + iy)*. 

* The vslnes of n wd fy are, as usual, -iXftOs and ieiri<|. 

+ Fmubinwnta Nuuo, pp. 84, 85. Abel (Journal /Ur Math. n. (1887), p. 104) denvus tbs 
double periodieity of eUipHe fnnotums from this result Of. a letter of Jan. 18, 1838, from Jaoobt 
to Legsadre [Jacidii, Osi. Werie, i. (1881), p. 408] 
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[OKAP. XX] 


Now pnt y ■» ^/(l — if)^, where 0<n<h *o range of valu« 

of t ia ficom 0 to tif/(l — 17 *)^, and henoe, if t » fi,/(l — the range < 
Talnea ot t, is firmn 0 to y. 

Then 

1 (1 - *'•*,*)- ♦ a - *,*) ■ *. 


and we have 


iu - j^(i - - *'•«.*) ■ *»■*.. 

so that If = sn (tt, 

and therefore y » sc (tt, AO- 

We have thus obtained the result that 


sn (««, it) Bt SB (u, k'y. 

Also cn (iu, i) B (1 + y*)* — (1 — V)”* b nc («, k'). 
and dn (»«, *)-(!- i*y*)*- (1 -ife^if *)* (1 - 1 ;*)"* - dc («, fc'). 

Now sn («u, k) and t so (ti, iO one-valued functions of u and k (in thi 

cut e-plane) with isolated poles. Hence by the theoiy of analytic continnatioi 
the results proved for real values of u and k hold for general complex valuei 
of u and k. 


22'il. Proof of JaeobCa imaginary transformatum by the aid of Theta- 


funcHone. 


The results just obtained may be proved very simply by the aid ol 
Theta-functions. Thus, from § 21 61, 


where 

and so, by §21'51, 


sn (iu, k) 

t' 

an(>«, k) 


a,(0|T)&,(w v ) 
^.(0|T)&.(i» r)' 
u/V(01t), 


— too(v,i'), 

where rBifT' 9 ^*( 0 jV)Bt»T'.(— ♦t)^,*( 0 |t)b — w, 

so that, finally, an (w, fe) • t sc («, b'). 


BxompU 1. Prove that cn (*s, i)BDo(s, If), dn (la, A)Bdc (a, If) by the aid of Theta- 

fOlkOtlODS. 

JSaeampU^ Bhem that 

cn (JiA', *)-(!+*)* i-\ dn (idT’. *)-<! +*)*. 

[Thera Is great difficnlly in detemuamg the signs of anjif', cn^tX’, dnliAr', if any 
method other than Jaeohi’a trenafimnation is need.} 
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Sfamrthat 

<£*)•■ » oni(A+tir)— — , 


V* 

.£Sri 0^2{«4. If 0<i<l and if 4 be ^modular angle, diew that 
dn i (i:+i^-»-J«* ^(eos «). 

(Oiuahar.) 

22 * 42 . Loaidtrla tranafetmaitiam*. 

We shiill aow obtaiii the formnla 

J* (1 - *.* ein* tf,) - idtf, = (1 + Jfc*) j*{\ _ jfc* sin* 

where ain^ — (l + 1^8in^ooB^(l — i^ain*^)~4 

and iH-(l-4*')/a + n 

Thie formula, of which Landcn waa the discoverer, may be expressed by 
means of Jacobian elliptic functions in the form 

an j(l + k') u, = (1 + A<) sn («, k) od (ti, k), 
on writing = am u, ^ = am u,. 

To obtain this result, we make use of the equations of 1 21*62, namely 

MfhOMfi j) (» k) I »•) _ ^, (0lT)^4(0 iT) 

^4(**12t) “ ■^.(2*12t) - a4(0|2T) ■ 

Writef T, ••• 2t, and let ki. A, A' be the modulus and quarter-periods 
formed with parameter r, then the equation 

a.(r|T)a,(r|T) a, (2 * It. ) 

a.(r|T)a4(s|T)“&4(2»|T.) 
may obviously be written 

ksa(2Ks/v, k)oH2Kalv, it) » an (4Ar/w, b.) (A). 

To determine k. in terms of k, put s — | w, and we immediately get 
kl{l + k')~k,K 

which gives, on squaring, k,' •• (1 — k^)/(l -I- k'X as stated abova 

To determine A, divide equation (A) by a, and then make s— sO; and 
weget 

2Zk-4k,iA, 

so that A»2(1 -t'k')ir. 


* Pktt. Tram. rfHu Atyol Bm. uv. <1776). 9. SB6. 

t It eiU b( Kq^pwnd foat [Jt(r) |< to avoid dUBanltlaa of alfii vUeh ania if Ji (t:d doaa 
notUabatmta ^1. nda aoaditim ia aatiifitdwlMBO<k<l, ftirr n ttm apmolaagiDair. 



508 


TBS TRANaOKNDEIjrrA.L STTNOTIOITO [CBAP. XXI 


Hence, writing u in place of iKtjit, we at once get from (A) 

(1 + ¥) an («, k) ed («, A) » an {(1 + ib^ «, A,}, 
since 4A«/w * iAujK <= (1 + A ) u ; 

ao that Landen’a reault has been completely proved. 

SxampU 1 Shew that A'/A—SX'/X', and thence that A'->(1 -kA) K 
SxampU 8 Shew that 

on{(l+A)a, i,}-U-(l+t)en*(i*, *))nd(», *), 

dn{(l+A)t., ii}={A+(l-i')on*(«, i)}nd(u, i). 

Excmfi* 3 Shew that 

dn (», A)-(l ^ A) cn {(1 +A) «, *,}+(! +A) dn {(1+A) «, *,}. 

where 

22'42L TWuu/omuiltofM q/' eUi^tic/HnetiofM 

The fbnmda of Landen M a particular case of what u known as a transformatiOE 
of elhptic functions , a transformation consists in the expression of elliptic functions with 
parameter r in terms of those with parameter (a+hr)/(r+ifr\ where a,b, e, d are integers 
We have had another transformation in which a— -1, 6—0, c— 0, d— 1, namely Jaoobi’t 
imaginary transformation For the general theoiy of transformations, which is out 
Bide the range of this book, the reader is referred to Jacobi, fimdammta Nova, to Klein 
Voiitnaigm uber die Theone dar eUiptiechen JfodulfimittoneH (edited by Fnoke), and to 
Cayley, Sfliptie fSinclume (London, 189S) 

BxaanpU By considermg the transformation T|«>t± 1, shew, by the method ol 
§22 42, that 

an (Au, A]}— A sd («, t), 

where ii=± U/ A, and the upper or lower sign is token according ss A (r) < 0 or A (r) > 0 , 
and obtain formulae for cu (A«, it) and dn (A«, k,) 


22 6 Infinite products for the Jacobian elliptic Jvmdums* 

The products for the Theto-functioiiB, obtained in § 21 3, at once yield 
products for the Jacobian elliptic functions , writing u >• ZKwjw, we obviously 
have, from § 22 11, formulae (A), (B) and (C), 


sna- 23 *A-* sms; 
cn ti w 29 ^ A^ A * cos 


if 1 — 2f/" cos 2® + 9** ) 
,_j (1 — 2g^’ cos 2a + ’ 

“ f 1 + 29** co s 2® + 

* ,^i (1 — 2 q"^' cos 2® -f g*""* 


008 2® + g*^’|^ 

«-i U “ 


-2g^*oos2®+g*’“*| ’ 

From tiiese results the products for the nine reciprocals and quotients can 
be wnttea down 

There are twenty-four other fhrmulae which may be obtained in the foUowmg manner 
From the duphcatum-formnlae (§ 22 31 example 6) we have 
1— cn» ^_1.. j. 1.. iHh^i 

tn«' 


1 j 1 

'“2*‘*Cg«, 


j 1 1 

• da|*ucg«, 


dnu+cDu .1 

sn« 2 2 


sn» 


Fmidamente Son, pp 84-115 
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Taka the fint of theae^ and naa the produota for an^e, on ^v, do ; we get 

1— cn» 1-coB/e “ fl-2(- j)*ooe»+j**1 
aoe “ ainx 11+2 f-j)*ooax+j**/ ’ 
on dombining the Tarioua producta. 

Write e+A for it, x+^x for x, and re have 

dno.+i'ane 1 + ainx ^ f 1 + ^( - g)* aln^-^y**l 
cnn “~oosx~ ll-2 (— g)"8inx+g^/ ■ 

Writing u+iK' for « in these formulae we bavt 

. , . . - n+2.(-)»o''“*aiDx-g*»-’) 

iIsDtt+tdnu=i n ^ r~^r~ ~ » 

>.i ll-2>(— )»9*-isuix-9a»-iJ 

and the expreaeion fontcdtt+uPnduie obtained by writing coa x for sin x in this product. 

From the idenritiea (l-cnii)(I+cnu)siin*u, (it8nu+tdnu)(lBn«-idnu)sl, etc., 
we at once get four other formulae, making eight in all ; the other suteen follow in the 
same way from the expreeaiona for da | « nc |t( and cn da ^ u. The reader may obtain 
these aa an example, noting apecially the following ; 

aou+«on«— te-w n 1,,— L.-rj«..rr — wsr- 

.-1 Ul-S** '•*“1(1-2** •« “*)] 

Example 1. Shew that 

dni(A+.if')=i'* n 

»-o U+(-)*»2*+*) 

Example 2. Deduce from example 1 and from § 22'41 example 4, that, if d be the 
modular angle, then 

and thence, by taking ioganthma, obtain Jaoobi’a result 

Id- S (-)"aretan8"+* — arc tan - arc tan j* + arc tan j* - . , . , 


‘ quae inter formulas elegantiasimas cenaeri debet.’ (/Void. Eova, p. 106.) 

Example 3. By expanding each term in the equation 
loganu— log(2gl}-tlog/+logsinx+ 3 {log(l -g’»a***) 

+ log (1 -g**a-*‘*)-log(l— g**“' ^a) -log(l -g**”* a““a)} 
in powers of and rearranging the resulting double aeries, shew that 

log an n-log (2gl) - i log t+log ain x+ ^ » 

when I /(a) I < iw/(r). 

Obtain similar seriaa for log cn «, Icgdnii. 

(Jacoln, Fmtdamenta Nma, p. 26.) 

Example A Deduce from example 3 that 

j logenudn — — 4wff'— 4AlogA 

(Olaiabar, J^rae. Eagal See. xxiz.) 
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5EM. Iburitr aeriet /or &e Jaeobiao oUaptie fuMetum*. 

If w £ iXxlv, SB K w an odd periodic ftinction of w (with period 2v), whid 
obviously satisfies Dixiohlet’s oonditims ($9'2) for real values of w; anc 
therefore (§9*22) vre may espsad suu as a Fourier rine-series in sinee o 
multiples of m, thus 

sn«a> £ hnsiniuc, 


tiie expansion being valid for all real values of w. It is easily seen that riie 
coefficients are given by the formula 


wAw’^J Bn».exp(»«t)de. 

To evaluate this integral, consider J8nw.ezp(a«e)<2c taken round the 
paiallelogtam whose oomen are — w, w, wr, — 2ir + wr. 

F^m the periodic properties of sn u and exp (nu;), we see that j” cancels 

I ; and ao, sinae — w + ^ wr and ; irr are the only poles of the integrand 

J -lr+«T * • 

(qua function of w) inside the contonr, with residuesf 


— It' Q exp niw + j b«»t^ 


and Ir'^iw/Jr^exp^jBTrtT^ 

respectively, we have 

I sn u.exp(nw)d<t-^ 5 *" {1 
Writing c— w + wrforcin the second integral, we get 

(1 + • «*p(«w) d« = ^ 8*" (1 - (-)»}, 


Henoe, whmi n is even, ib ■■ 0; but when a is odd 
Ccwseqnently 


2w (olsinc , tffsinSw , o*8ina« ) 

“ H i +• “r 


when m is teal; bnt the rig^t-hand aide of this eq^nation is anafytic when 
8^exp(iiils) and 8^exp(— nte) boUi tend to aoo aa n-teo, and the left* 
haad-aide is analytic except at the pdee cf ania 


* Them wwHs ats mtWssKsTly ias ti> JtaM, itwtvwsin Htm, p. 101, 

t 33w Balm |a)|JC hw le he hUMted bHaam wt see as^i^ wUh «a dUEite)- 
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Henoe both aideB aro analjrtio in the strip (in the plane of the complex 
variable «) which is defined by the inequauly | i (a) { < | «-/ (r). 

And BO, the theory of analytic continnation, we have the result 
2w 2 g*‘''*Bin(2n + 1)« 

(where w ■> 2Kmjir), valid throughout the strip | / («) | < | ir/ (r). 

SaumfiU 1. Shew that, if v=S£v/a', then 

; g*+*ooa(a«+l)a! j_.. » . 8ir t j»ooa8»* 

1+0.. - 

am«— r X 

tfaesa nsulta bmng valid when | /(«) |<i«/(r). 

JSxampU S. By writing w+}<r for s in remits already obtained, shew that, if 

and |/(ar)|<^ir/(r), 

JSfifil. Fourier eeriee for reeiproOale ofJaoobian elUptie fttnotions. 

In the result of 1 22'6, write u + iK' for u and consequently w + 1 wr for a; 
then we see that, if 0 > / (a) > — w/(t), 

sn (» + i«-) - £ , 

and so (§ 22'34) 

nB«>*(— tV/AT) S q"'''! g“*~ie-«*+M*.}/(l — g"+>) 

«(— tw/^) S {2i9^‘ain(2B + l)a + (l— q"»“')s“<*»'’*''**}/(l— 

^ sin (&. + !) a .Vg 

That is to say 

_ ^ w . 2w 5 g**+‘8in(2» + l)a 

nsa-^coseca+y^tl-j-L—^-. 

' But^ apart from isolated pedes at the points ant aw, each side of thia 
equation is an analytio fonotion of a in the strip in which 
w/(t) > J(a)>— wJ(t): 

— a strip doable the width of that in which the equation has been proved to 
he true; and so, 1^ the theory of audytic oontinuation, this expansieu fra 
nsa is valid throughout the wider atrip, except at die pemtsawiaw. 
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except et the poles i 


ds«» 

9r 

Sir 


’~T 

C8tl« 


Sir 

K 

dciiM 

Si’ *“* 

* K 


IT 

Sw 

ncifa 

'2iP*“* 

"iP 

ac«M 

'2iiP**“* 

+iF 


•-» i-Tir 
“ g^ain I nx 

JL, !+?*• ’ 

" (— )»g**'*'‘oo8(2n+l)* 
wo !-?*•♦* ’ 

t (-)*?****coe(2«+l)x 

J (— )*g**sin8»Lr 


22'7. Elliptic integrals. 

An integral of the form Ji2(w, £)dx, where R denotes a rational function 

of uf and x, and vf is a quARTic, or ocTBic function of x (without repeated 
factors), is called an elUptie integral*. 

[Non. Elliptic integrals an of oonaiderable historical importance, owing to the fact 
that a very large number of important propmrtisB of such integrals were discoreied by 
Euler and Legendm befom it was realised that the thrrrMs of certain standard types of 
such integrals, rather than the int^rals themselves, should he regarded as fundamental 
functimis of analysia 

The first mathematician to deal with elliptic fanction$ as opposed to elliptic irUegraU 
was Qavas <§ 2S 8 ), but the first results publishsd were by Abelt and Jacobi}. 

The results obtained by Abel were bron^t to the notice of Legendre by Jacobi 
immediately after the publication by Legendre of the TraiU dm fonetiont slliptSgum. In 
the supplement (tome iii. (1828), p. 1), Legendre comments on their discoveries in the 
following terms; “Ji peine monouvroge avoit-ilvu le jour, h peine son titre pouvait-il 8 tre 
connu des savans dtrangers, que j’appris, avec autaut d’dtonnement qne de satisfaction, 
quo deux jeunes gtomhbes, HM. Jaoobi (C.-G.-J.) de Koenigsberg et AM de Christiania, 
avaient rdussi, par leurs travaiix particuUers, h perfeotionner conuddrablement la th&irie 
des fonctions elliptiqoea dans ses points les plus dev^” 

An interesting carrespondeuoe between Legendre and Jaoobi was printed in Journal fir 
Math. Lxxx. (18711), pp. 206-279; in one of the letters Legendre refers to the doini of 
Qauss to have mode in 1809 many of the discoveries published by Jacobi and Abel The 
validity of this claim was established I 7 Sefaering (see Gauss, Wtrit, m. (1876), pp. 493, 
494), though the researches of Gauss ( Werto, IJL pp. 404-400) remained unpublkhed until 
after his death.] 

We shall now g[ive a brief outline of the important theorem that every 
elliptic integral can be evaluated by the aid of Theta-functions, combined 

* Strictly ipeaking, It is only eallad an dliptie integral when it cannot be'integrated by 
loeans of the elementary fUnotionB, and aanaaquently involvas one of the three kinds of slUptio 
integrals Introdnssd in f 3S'72. 

t Journal fir Math u. (1837), pp. 101-196. 

t Jacobi aasamiocd bis diaeovary in two lattm (dated Jnaa IS, 1837 and Angnst 9, 1897) to 
Sehnmaaiisr, who published extracts ftrom them in Artr. Saek. vt. (Mo. 138) in Bcptanibsr 1837 — 
the monSi in whieh AbA'a msmoir sppmred. 
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with the elemeataiy fonotions of ajutljsis; it has already been aeen (§ 20 ‘ 6 ) 

that this process can be carried out in the special case of jvr'dx, since 

the Weierstrassian elliptic functions can easily be expressed in terms of 
Theta-functions and their derivates (§21*73). 


[The must importSat case praotioaUy is diat m which Jl ia a. real function of x and w, 
which are themseires real on the patii of integration; it will he shewn how, in such 
circiunstanoes, the integral may be expressed in a real form.] 

Since R {vi, x) is a rational function of w and x we may write 
R (to, ®) = P (v), x)/Q (w, *), 


where P and Q denote polynomials in vi and x ; then we have 


R (v, x) = 


wP (to, x) Q(— to, a ) 
wQ(v), x) 0(-w, x) ■ 


Now Q(< 0 , x)Q(—‘W, x) is a rationcU fumetwn of to* amd x, since it is 
unaffected by changing the sign of w; it is therefore expressible as a 
rational function of x. 


If now we multiply out V)P(w, x) Q(—V), x") and substitute for to* in terms 
of X wherever it occurs in the expression, we ultimately reduce it to a poly- 
nomial in X and to, the polynomial being Ivnear xn to. We thus have an 
identity of the form 

R (to, x) s (JJ, (x) + uiRt («)l/«o, 

by reason of the expression for to* as a quartic in x ■, where Ri and R, denote 
rational functions of x. 

Now Jr, (x) dx can be evaluated by means of elementary functions only*; 
so the probtans is reduced to that of evaluating jtir'^R, (x) dx. To cany out 

this process it is necessary to obtain a canonical expression for io‘, which we 
now proceed to do. 


22'71 The exprototon of a qyartte at ^ yrodtui of tunut of aqtioxes. 

It will now be shewn that any guartie {or cu 6 tct) tn x (vntk no repeated 
factore) can be expreeaed in Ae form 

- a)* -h By (x - {it, («-«)* + 5, (* - 18 )»} , 

where, if the coefiSoientB in the quartic are real, Ay, By, A„ B,, a, R eae aU 
real 

* Th* iaisgretion of ratUmal funotiou of on* vatlabla » -n— r* in text-books on Intaginl 
Oslsnlns. 

t la tbs following saalyns, n onbic may be ragatdad as a qnartia ia which ths oosSsiant of 
tvniiltM. 


W. K. A. 


83 



£14 


XBB TBAjraCENSKRTAL ^BTCTIOHS [CHAF. XXU 

To obtain this lesnlt, we obaerve tbat any quartic can be ezpraaaed in 
the form SiS, where Si, 8, are quadratic in c, say* 

Si s Oi<8* + 86iC + <h> SfS + 2ib* + Ci- 
Now, X. being a oonatant. Si — XS, will be a perfect square in <e if 
(a, - XuO (o, - Vo,) - (6, - X^)* - 0. 

Let the roots of this equation be X,, V,; then, by hypothesis, numbers 
ff, S exist such that 

Si - XiSt €(<■,- X,a0 (« - a)», S, - X,S, s (a, - X,a,) (» - /8)^ ; 
on solving these as equations in Si, S,, we obviously get results of the form 
S, — a)* + JB,(« — /9)*, St= A,(a! — ay + B,(» — Sy, 

and the required reduction of the quartic has been effected. 

[Nor. If ibe ^oartio is leal sod has two or four complex fisctora, let Si have com- 
plex factors ; than X] and X, are real and distinct since 

(<i,-X<i,)(c,-X<a)-(6,-X4,)* 
is positive when X^O and negativet when X^ot/n,. 

When Si and St have real factors, sa; (*-&)(*-&'), the condition 

that Xt and >, should be teal u easily found to be 

(fi-6) (fi'-«(€i-6i’) («r-fi')>0, 

a condition which is satisfied when the xaros of Si and those of iS^ do not interlace ; this 
was, of ooune, the teason for oboosing the fiaetors 8i and S, of the quartic in such a way 
that their sens do not interlace.] 


SSffS. Z%o tfires kinds of sUiptie iMtsgrdls. 

Let 0 , /3 be detwmined by the rule just obtained in § 22'71, and, in the 
integral jvr^Bi^w) da:, take a new variable t defined by the equation^ 

t-(w-a)/(«-i9); 


we tiien have 


(a — 


* If the coeffleieats in the qnartie are real, the Ihetonsstioii can hs earrisd out so tbat tbs 
eoaSeisnta in S, and 8$ aie laal. In the spsei^ csss of the quartic havmg four real linear 
fMtnrs, ttass faetors abenld be scsoclstad m paita (to give Si and Sd ^ seeb a way that the 
roots of cos pair do net intsrlass Uis roots of the other pair; tba reason for this will be assn in 
the aots at the aaid of tbs aeetion. 

f Unlaaa a, : S|=ti 1 1,, in whioh case 

fliW<H(s-a)*+Bt, S,ais,(*-s)»+B,. 

t It ia tafhsr remarkable that Jaeobl did not raaliae the edatsnse of this homcgca^e 
snbsiitatieat la Us wdssti o n he ampioysd a qsadratio aabatitnlion, aqnivalsiit to tbs rasnlt of 
appbiSS a T s u i dm tranafomiation to the sUlptis funotions whidi we aball intiodnes. 
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If we write £| («) in tbe form 1 (a— jS) where R, is nrional, we get 

I B,(t)dt 

Now + 

where and Ji, are rational fonotiona of and ao 

(<■) + !«,(*•). 

Bat J{(Ate+Bi)(A,fi+Bt)r*tJi,(t^dt 

can be evaluated in terms of elementaty functions by taking ^ as a new 
variable*; so that, if we put X 4 (t‘) into partial fracrions, the jnoblem of 

integrating Ji 2 (t 0 , a^de has been reduced to the integration of integrals of 

the following types : 

|t- l(ri.«*+ B,) (A,P + B,)} - »dt, 

Ja + i«P)— Kri.f + B,>(ri,f + *))-*&; 

in the former of these m is an integer, in the latter m is a positive integer 
and y^O. 

By differentiating expressiona of the form 

t—* |(ri,f + B.) (A.P + B^l* t (1 + 2W)>— {(ri.f + B.) (A,P + B.)}*, 

it ia easy to obtain reduction formulae by means of which the above 
integrals can be expressed in terms of one of the three canonical forms : 

(i) J’Kri.p+B.xri.f+Bi)!-**, 

(u) fe -kB.) (A,fi + BJ) - *dt, 

(iii) j(l +Nf»)-‘ {(ri,f*+B,)(d,P+ B^}-*dfc 

These integrals were called by Legendref Miptio itUtgrali of fho firtt, 
ototmi and third hind*, respectively. 

Hie elliptic integral of the font kind presmte no diffiouliy, as it can be 
integrated at once by a substitution based on the integral formulae of 
S§22T21, 22122; thus, if Bit ri„ B, are all positive and ri,Bi>ri,Bi, 
we write 

B.*t-B^*oB(i»,fc). [jfc*-(il.B;)/(ri,B.).] 

* 8a*, *«., Hat4]r< JstisvaMti <^Wrmakm ijf •<<iwb PM*U*(0*aib. Math. TzboIb, Md S). 
t 8a*rB<*w<b0alsiitZMte«(.t.(VSils,181^p.U. 


83—2 
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BaemipU 1. Verity that) in tlw oaae of nal integrals, the following sabems givee 
all poeeihle eBsentiaay difiteent arruigementa of sign, and determine the appropriate 
euhetitations neoeesatr to evaluate the ootresponding integrals'. 



SxcmjpU S. Shew that 

Jen«A(-glog~j^, Jon«<f»*i->aretsn(iBd«), 
Jdau<h=tmu, Jac«*.-^log^^, 

dsada-^logj--^, 

and obtain sU eimilar formulae by writing u+X for «. 

(Qlaieher.) 

JBxaapU 3. Frove^ bjr differentiation, the equtvalenoe of the following twelve 
ezpreaaiona : 

»— HJsn’utfu, Jcn’uda, *' 

Jdn’udH, s— dB«c8H-/ns*«(fii, 

jfr«+dnuao»— F'/nctudu, ^en«odu.|-F*Jnd*wdt(, 

dnweow— h^/ee’udu, jF*»+i*an«cd«+i*iF’ jsd*»ifi«, 

«+i*an«ad«-i:* jod'adti, -dnitcsu— 

iF'tt— dn«aBK-Jde*«du, »+dn aeca— }dc*«d*. 

Srampk 4. Shew that 

w « (a - 1 ) an* “ • a - n* (1 + i*) an* u + a (« + 1 ) 4* en* * • », 

and obtain eleven iriinihir Ihrmuloe for the second difierential coefficients of cn*t(, 
dn'ti, ... nd*((. What ia the conneiaon between these formulae and the reduction 
formula for J<*{(j<afj‘ift)(djr’+.%))"*<*? 

(Jacobi ; and Qlaisher, Mnttnger, zi.) 
ExamfiU t. By means of J SOff shew that, if a and ff are positive, 

(»•+«} (4a«-p,a-p,)-**, 

vdiere S| is the real root iff the cubic and 

Pt-A 9, (e*-^ Ua*-|9')'+3W/S*}/Sl8; 

and prove that, if pi«>0, then a and 0 an given tqr the equations 
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£bcmi>U 6 Deduce tnm. example 6, combined with the mtegial formula for ouk, 
that, if IB poaitive, 

/f (4i‘-p,)-**-2 (o*+/*'r*Jr, J"^(4i»+p,)-**=2 (o>+^^"* 

where -f) /S••»(^/3+ J) (2p,)*, and the modulus la a (o*+ /*•)“* 


22*73. The elltptus integral of the second ktnd. The fancbon* E (u) 

To reduce an integral of the type 

j<« {(.d.f + 5 .) (il,f + J?i)j - *<*, 

we employ the same elliptic function eubstitution as in the case of that 
elliptic integral of the first kind which has the same expression under the 
radical We are thus led to one of the twelve integrals 


Jaa’udu, jai’udu, Jnd'udn 


By § 22 72 example 3, these are all expressible in terms of u, elliptic 
functions of u and /dn’udit , it is convenient to regard 


E(u)sf‘, 


dn'udu 


as the fundamental elliptic integral of the second kind, in terms of which all 
others can be expressed , when the modulus has to be emphasized, we write 
E(u, k) in place of E(u). 

We observe that 


''^W = dn.u. 
du 


E{oymo 


Further, since dn* u is an even function with double poles at the points 
2>njr + (2a + 1) tK, the residue at each pole being zero, it is easy to see that 
E(u) IS an odd one- valued f function of u with simple poles at the poles 
of dnu 


It will now be shewn that E(fu) may be expressed in terms of Theta- 
functions , the most oonvement type to employ is the function 6 («) 


Gmisider 


<*.(«(«))’ 


it IS a donbly-penodic function of u with double poles at the zeros of 0 (u), 
Le. at the poles of dn u, and so, if A be a suitably chosen constant, 


dn'u — .d 


d«t0(«)J 


* TUs aotstion was bittodnoad bj Jacobi, imnmlftr VatA n (IBM), p 873 (Oci. Werke, 
t. (1881), p. 883] In Um J wSiib i mU b Now, he wi e tc A (am u) when «• w*>1b A (n) 

t nasc tbs landuM of da'« an sen, tk* integral dsBning A (a) is uij«paadaBt of fha path 
ohosaii d •■1), 
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is a donUj'periodio inaction of with periods 2ir, KK', with only a siii{^ 
simple pole in any cell. It is therefore a constant ; this constant is usnally 
written in the iom EjK. 1?o determine the constant A, we observe that 
the principal part of dn'u at iK' is —(u — iK'y*, by §22*341; and the 
residue of 6'(tt)/d(tt) at this pole is nnity, so the principal part of 

Integrating and observing that B'(0)»«0, we get 
^ (a) - 0* ( tt)/e (a) + uEIK. 

Since S' (K) • 0, we have E (K) = E; hnnce 

£=|*dn*udtt=[*'(l-ifsin»4)*d^-^ir^(-|, 1; ife*). 

It is usual (c£ § 22*8) to call K and E the compUte elliptic integrals of the 
Srat and Beoond Inode. Tables of them gua faxtetiooe of the modular angle 
are given by Legendre, FoncHons EUiptiques, II. 

XmmpU 1. Shew that £(«+8iiAr)~.S (»)•<- Suit, when n is any integer. 

Sample 2. Bf expressing e(«) in terms of the ftmction SedwulS), end expanding 
shont the point •••xf', shew that 

22*731. The Zetarjundion Z (u). 

The function E(u) is not periodic in eitiier 2K or in UK', but, associated 
with these periods, it has additive constants iE, {2iK'E-rn][K-, it is 
convenient to have a function of the same general type as E(u) which is 
aingly-periodic, and such a function is 

Z(«)=e'(tt)/e(u): 
from this definitiou, wg have* 

Z (tt) - Jf <u) nE/K, e («) - 0 (0) ezp Z (f) dt[ . 


22*732. S%» addHum-fornudae for E(u} and Z (wX 
Consider the exptession 


0'(a + v) 
0(a+«) 


- + il^ sn « sn « sn (u + v) 


' * nisiiitsgtalinfheexpxaariontsre(e)isBrtoaa>TalaailwE( 4 llaai«sldnst at Us poles; 
hotthedUtesnes of the falegiaia tskea aloBg mj two paths with thsssnw and points is Ssaf 
when a is the nnislMV at poles eoehissd, sni the axponsstial of the iateipsl k thenioM ana* 
Tsfaed, as it shoeU he; stnee 0(0) is oae-vahMd. 
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qtta fimotioD of u. It ia doably-periodio* (perioda 2E and UK") with nmple 
poles congruent to iK‘ and to iK' — v ; the residue of the first two terms at 
iK' ia — 1, and the residue of anusnv Bn.(u + v) ia k~'mivai(iK' + «) » lc~*. 

Hence the function ia doubljr-periodie and hae no poles at points 
congruent to iK' or (similarly) at points congruent to xK' — v. By 
Lionville’a theorem, it is therefore a constant, and, putting U9«0, we see 
that the constant ia aero. 

Hence we hare the addition-formulae 

Z(tt) + Z(v) — Z(u-t-«)a>il^snuBnvsn(ti + v), 

E(u)+ ®(c)— if(« + »)>=i*8nuanesn(M + e). 

[Kora. Sinoe Z («) and £ («) are not doubly-periodio, it u potaiUe to {itove that no 
algibraie relation oan exist oonneeting them with anu, ons and dns, so these are not 
additUnt^thtortmt in the strict senset.] 


22*733. Jacobi' t imaginary trantformaiionX of Z (u). 

From § 21 'SI it ia fitirly evident that there must be a transformation of 
Jacobi's type for the function Z (u). To obtain it, we translate the fbrmula 
(i® I t) = (— tr)* exp (— »T'a!*/ir) . (tasr' | t') 
into Jacobi's earlier notation, when it becomes 


and hence 


H (tu + K.k)^ (- tr)* exp 6 (a, k"). 


. vl / WH* ■) ^■^(O I t) 0(«, iSf) 
I (itt, *) - (- tr) exp ( j (0 1 t) 0 (M», *) 


Taking the logarithmic differential of each aide, we get, on making use of 

las’*, 

Z (t«, k) » t dn (tt, iF) sc (u, i') — t'Z (tt, F) — ’iriul{iKK'), 


82'73i. Jaoobia imaginary tramaformation of E{u). 

It is convenient to obtain the transformation of E(u) directly from the 
integ^ definition ; we have 

E(iu, ifc)*= J dn’(t, k)dt = j dn*(d'. k)idf 

on writing t and making uae of § 82'4. 

* KS' it s psriod tiaes the sdditiTS toutentt for tbs Sist (wo (aunt mnetl, 
f a thsonn dm to Waisnttast ttslst thsi SB BBsljtis teiia(ion,/(t), pouastiag an sdditioa- 
tfaooiam la the itriol ttast most bs sUbar 

(i) aa alcebisfo foaotfoo of t, 

or (li) an licsbiaio fonotiaii of tip (sit/u), 

or ^ an slgsbrsia toserioa of 

whan «, W|, as ssilablj sboian oamtsats. Bss Fatsjtb, Tbt^ Sf fhnelitm (ItU), Ch. sax. 
t . F hs ds s inKa Iftaa, p. 16 L 
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Hence, from § 22'72 example 3, ve have 

E(iu, ky^i |tt+dn(u, jfc^sc(i*,ifc')— J* dn’(<', , 

and 80 S(iu, jfc) == tit + 1 dn (u, £') sc (u, I^) — iE{u, iT). 

This is the transfonnation stated. 

It is convenient to write E' to denote the same function of ^ as is of Ir, 
i.e. E' = E{K', E\ so that 

E{iiK'.k)^%i{K' -E). 

22‘736. Legendre’s relation*. 

From the transformations of E(u) and Z (u) just obtained, it is possible 
to derive a remarkable relation connecting the two kinds of complete elliptic 
integrals, namely 

EK‘ + E'E-KK'=\w. 

For we have, by the transfonnationB of §g 22 733, 22’734, 

E (tv, fc) — Z (»«, A) — tv — t {.F(u, k') — Z (u, fc')) + muK^KK'), 

and on making use of the connexion between the functions E (u, k) and 
Z (v, k), this gives 

tuE/K - 1« - * {ttE’IK'i + nw/(2KK'). 

Since we may take «40, the result stated follows at once irom thu 
equation ; it is the antdogue of the relation ih**! ~ V*sh | which arose in 
the Weierstrassian theoiy (§ 20'411). 

Keample 1. Shew that 

S (u+K)- £{*)’= E -If mu oiu 

Emm^ S. Shew that 

(8i()+2i (K' - E’). 

EeampU 3. Deduoe ftwn example 2 that 

E{u+ iE')=‘iE (2a + X(E') + Ji* en* (a + iE') sn (2b + 2tff ') 
^E(u)+eaudiu+i(E'-E’). 

Exempt* 4. Shew that 

Elu+K,\-*K')~E{ftt -mu iou+E+HE'-S’). 

Exempt* 6. Obtain the expansions, valid when | /(r) |<iw/ (r), * 

(*^)*sn«a-^*-jrB-2w* 2 EZ(u)-%x 5 

»«] 1 — ^ M 1-^ 

(Jaoo^) 

* Exemeee it Omlepl Inttgral, i. (Ull), p. 61. For a gsonMtrieal prool sss CHaisbet, 
IbMMfM-. rr. (1674), pp. 96-96. 
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22730. Propertiet of the complete elUptie vOegniU, regtwdei ae fitnelMiui 
of the modvJtM. 

If. in the fermulae B (I — If mvf d^, vre differentiate under the 
sign of integratiou (§ 4'S), we have 

^ ■ — J** t8in*^(l — . 

Treating the formula for K in the same manner we have 
J**^A!sin‘^(l— i*8in*^)~*d^=l:j' sd'udu 

by § 2272 example 3 ; so that 

dK E K 

IS S ■ 


if we write lf = e, these results aemme the forme 

,dB E-Kd 
' dc ™ cc' 

SxmpU 1. Shew that 


^dE E-K 
^ dc 


„<iB' K'-E ^dK‘_cE'~B' 

Examfie 2. Shew, hy differentiation with tegaid to e, that ES'+EK-KK' » 
oonetant 

EamepU 3 Shew that E and S' are aolationa of 

and that S and E'-K' m eolations of 




(Legendre.) 


227S7. The vcduee of the comply elltptw %niegrale for mail values of k. 
From the integral definitions of E tmd f it is easy to see, 1^ expanding 
in powers of k, that 

lim if wi lim ff lim (if — £)/&* i>iw. 

* A -^0 ^ 

In like manner, lim£'»| ooeAdAa>l. 

*»• is 

It is not possible to determine iimff' in the same way beoanse 

k—r 

<1— it^sin'^)''! is discontinuous at jk»0; but it follows from 

example 21 of Chapter xnr (p. 299) that, wh«a j drg h | < w, 
lim {K‘ —logiklk)] —0. 
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This nsolt is slao dsdadble from tbs foraolae Kf'mirrS^, ^ 

or itmsy beprovsd for nsl Tslues of i hy the foUoning elsmaotsiy metl^; 

Bf §82-32, now, whaaA<t<^iiV (1-1*) liM between 

1 and 1— £; and, when ^^<(<1, (C-i*)/f lies between 1 and l-t. 'I^ieiefors K' lies 
b e tween 

and -t^-icUy, 

and therefore 


x-(l-di) tjiog J Iog-^_ 


wheieO<d<l. 

Now 


5 1 

- (1 - di) - 1 [2 log {1 wa -*)} - log ii 

lim p (1 - dt) - i log{l + ,y(l - *)} - log 4] -Ot 
lim{l-(l-di)-i}logt-0, 


Km{jrviog(4/i)}-0, 


and therefore 

which is the required result 

SmmpU. Deduoe Ijegendrrfs rdation from § 22-736 example 2, b; making 


2274 The tUiptic integral e^. the third kind*. 

To evaluate an integral of tiie type 

j(l + irtFr* {(^.P + B0(A,if+Bi)] - i dt 


in terms of known functions, we make the gnbstitution made in the corre- 
sponding integrals of the first and second kinds ^ 2272, 22’73). The 
integral is thereby reduced to 


' B-h<9an*w 
1 + vsn'v 


d« 




where a, /3, v are constants; if ><=0, —1, oo or —If the integral can be 
expressed in terms of integrals of the first and second kinds ; for other values 
of V we determine the parameter a the equation v— — l^an'o, and then it 
is evidently permissible to take as the fundamental integral of the third kind 


n(tt,o)> 


r* jld tn a en a dn a sn* w 


du. 


1— if an* a an* a 

To express this in terms of Theta-functions, -we observe that the inte- 
4 paBd may be written in the form 

ji*an»sno{8n(t»-»-a)-j-8n(»— o)}- j{Z(u-o)-Z(«-4- a)-f 2Z(a)}, 


*' Timsndm. Exereiet$ it Calad MienU, i. (1811), p. IT; Fonettem EU^HfUt, i. (1826), 
pp. 14-18, 74, 76s JssSM, Fsadswawe Now (xaW),-pp 187-172; ws sn^loy JsseU*i aois tloB , 
ns* T es i d ii ’a 
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by tin additioii'theotem for the 2Seta-{nncti(m ; mekiBg nee of the ftMtmula 
Z <u) • ^ («)/^ («)> ve Kt onoe get 

n <«, a)- i log + «Z (»% 

A result whidi shews that 11 (s, a) is a maoj-Tolned function of u with 
logorithmio siagularitiee at the seros of B (u ± a). 

Sxamph 1. Obtain the oddition-ibRaala* 

...|gS±g|gjg|^;> 

, . l-ymaeossnesafs+e-a) 
“*“*l+i*SDO«n««n*Bn(*+»+o)’ 

(Legandm.) 


(Takes 15 ;s:w~i< ;v:±a :«-t-«±a in Jacobi’s fundamental formula 

S a .V W+n]-W + [l 7 > 

8. Shew that 

0(s, a)-II(<i, «)»«Z(a)-aZ(i(). 

(Legendre and Jacobi.) 

[Thu ia known oe the fonnnla for intenhaoge of azgument and ponuneter.] 

SxampU a. Shew that 

n(«, o)+n(«. 6)-n(«, s+t)-i log (»+>+«) 

wf an a an an (a + i). 

, , (Jacobi) 

[Tbu w known os the formula for addition of pamnater&J 

Stamp!* 4 . Shew that 

□ (w,ia+£’, /t)-n(it,a 4 - 4 :',i 0 - (Jacobi) 

Bxcmpi* b. Shew that 

n{s+n «+6)+n (•— », <i-i)-sa(«, a)—sn{v, b) 

- - an o an t . {(»+a) an (0+6)- (w-e) an (o- ft)} +4 log 


and obtain apetiol forma of this result bj putting r or ft equal to ■>«. 


(Jaoobi) 


22 * 741 . A €fynamioal appSaaiion oftk* aif^ptie mtigrai ofth* Aird Had. 

It is evident from the expraaoion for n («, e) in terms of Theto-hnotione that if n, a, ft 
am teal, the emrag* rate of in crease of Q («, a) as a inereasea is Z (a), aines e («±a) is 
]Mriodie with ms|ieot to the real period Sf. 

This manlt detaRninss the mean pirnnaaiiin about tbs invariable line in the motion of 
a rigid body relative to its centte of gmvity nndsr foonoee whose raeialtaat paaeea tbroogb 
its centra of gravity. It is evident that, for purposes of oompataticn, a nsnlt of this natnra 
is pmfoisble to the ootraaponding result in terms of Bigma-fanctians and Weisntnaaian 
ZstoJUnottono^ tot the reasons that the Theta-fUnotions have a specially simple hehavioar 
with napeot to their real period — the period wbieh is of hnportaiMie in Api^ed Mathe- 
matkw— and that the g<aecias an mnoh better adapted for ooenpntotion than the prodoot 
hj which the Sgmo-fonotion is most simply dadnsd. 

* Ho fewer than M foeas have bean oUainsA (earths egression on the riifot. SasSaiahac, 
JfeMeayer, x. (im), p. IM. 
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22 ^ Tht lenmucate funetumt. 


The integral j (1 - 1*)” * <tt ocoura in the problem of rectifymg the ate of 

the lemniscate*, if the integral be denoted by we shall express the 
relation between ^ and s by writing^ e = sin lemn ^ 

In like manner, if 

I w-|\l -<*)-**, 

we wnte 


C9 >co 8 lemn^i, 

and we haie the relation 

sin lemn ^ = cos lemn 


These Umnucate fimetums, which were the first functions^ defined by the 
inversion of an integral, can easily be expressed in terms of elliptic functions 
with modulus l/VS, for, from the formula (§ 22 122 example) 

ridtt 

Ki-jfeV)(i+fc*y)r*‘iy. 


It IS easy to see (on wntmg V^) that 

ainleinn^=2~isd(^^2, l/VS). 
similarly, cos lemn ^ cn >Ji, 1 / 1 / 2 ). 

Further, is the smallest positive value of ^ for which 
on(«V2,l/i/2)-0. 
so that sr s 

the suflBx attached to the complete elbptic mtegral denoting that it u 
formed with the particular modulus l/i/2 

This result renders it possible to express K, in terms of Gamma-fiinotions 
thus 

Jo Jo 

-2-*r(j)r(*)/r(f)-iw-* {r(i))* 

a result first obtained by Legendref 

Since b — J/ when i — 1/V2, it follows that K, >■ K,’, and so — s~* 


* Xh* asaatioii of tbs Iwnnunsts bemt **sa*aosW, li » oomj to dsilTs the eqnatwi 

t Qaaw VTOto il wid d for *Ia bmu and aos Imn, ir<rl!<, m. (1878), p. 488, 

$ Goaw, TTdrtc, m. (1878), p. 404. Thsidanof umfagotinethaAiaetMnioaoaiitdtoOana 
on dsinaip 8, 1787. 

• Batmt— 4t O^Lad ZoUfral, LjPans, 1811), p. 988. Th* vain* of X; u 1'86407488 
whil* w>>9«no(7se . 
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Saamfite 1. ExpMH £o in twin* of Gamnui-fiiuctiona hj twng Kuinmer'o foRnii]a 
(aee Chaptn zir, exampio 12, p 298) 

Saample 2 B/ wnting ta>(l in the fennula 


shew Uiat 




and deduce that 2i^-iC'o->2e’f 

ExamfU 3, Deduce Legendre’s relation 22 736) from example 2 combined with 
§ 22 736 example 2 


Example 4. Shew that 


sin Iema*^‘ 


1— coslemn*)^ 
l+coslemii*^ 


22'Sl. Tke vabue of K and S for epecial values of k 

It has been seen that, when k= l/«/2, K can be evaluated in terms of Gamma fimctions, 
and K^K , this is a special case of a general theorem* that, whenever 

K' «+6</i» 

JT 

a here a, h, e, d, n ore integers, /t is a root of an algebraic equation with integral 
coeffiriente 

This theorem is baaed on the theory of the transformation of elliptic functions and is 
beyond the scope of this book , but there are three distinct ossee in which k, K, K' all 
have fairly simple values, namely 

(D i=^8-!, 

(II) i^sm-j^ir, K oAVS, 

(III) k- tea* In, K n=iK 

Of these we shall give a brief investigation t 

(I) Tie gnarter pertode mth tie modulne J2 — 1 

Landen’s transformation gives a relation between elliptic functions with any modulus k 
and those with modulus k,—(l-P)/(l-ri'), and the quarter periods A, \ associated with 
the modulus A, satisfy the relation A'/A—tS jK 

If we ohooae k so that k,=k, then A^K' and A|'— A so that a=K, and the relation 
A7A-2A'7iSr gives A*-SA« 

Therefore the quarter periods A, A associated with the modulus A, given by the 
equation Ji, •(I —A i)/(1+Ai) are such that A'— ±A«/8, le if A|»^2-l, then A'oA%/8 
(since A, V obvioui^ ore both positive) 

(II) Tie guarter penode aeeoetated mth lie tnoehiUe eai'iin 

The case of hnsaa-ffir was discussed by Legendre^, he obtained the remarkable 
result that, with this value of A, 

* Abel, /oursel/llr Afsth ni p 184 (Oeuvres, i. (1881), p. 8TT] 

t For some sundar lonnnlss of a less simpls natuis, see Kronedur, Berliner SuemtgebeneUe, 
1867,1882 

t Bscreieee de Ooleut InUgral, i (1811), pp. 88, 310; Bbsetiisie BUqrtifsei, x (1836), 
pp. 69, 60 
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nut ntAiracgDiDSitrrAii Fcnronoim [couf . k 

Thu i«mlt iblloini from the nUtioD hatmen deftnlte inte^rele 

To obtain thu leletion, oomder J(l-i*)~ldSit*kan Tonndtiwaantoarformed 
put of the real axu (indented at <^-1 by an arc of radius £~^) jouiing the points 0 1 
S, the line joining to 0 and the arc of tadiiw £ joining the points B and B^; 
jt^co, the integral ronnd the an tends to sera, as does the integnl round theindentati 
and s(s hy Cauohy’s theoieai, 

J\l-r*)-*die+»J" {*•-!)■ *<ir+e*"J* (l+s*)-*<id-0i 

on writing s and ne^ reapeetiTely for a on the two straight Unas. 

Writing 

we hate 

so, equating real and ima g inar y parts, 

fi-i/a. ii-WJa. 

and therefore /i+i*— 

which u the relation stated*. 

Kow, bjr § 3S-7> example 6, 

/,-4(e*+/S*)-*f, /,+/,-4(s*+/SI')-ijr', 
where the modulus is a (a'+/S') ~ ^ and 

a>-SV3-3, /S*-S^+S, 

so that 4*— i{8-V3)=sin*^ir 

We therefore have 

3" *. *dr-a “ * . sf 

-3-* p^i~’(i-tr*<B-iwir(t)/r(i), 

when the modnlue 4 u am ^ir. 

(Ill) TAs fuarUr-feruMb wtid <A« m^dulut tan'Jw 

Jt, m Landmi’s tranaformafaon (§ 3S 42), we take we hate A'lA^iS'lBt^i 

now this value of 4 gives 

4.-^;-|-tmi«iw; 

snd the oorresponding querter-penuds d, d' an ^(1 -(-2~ i) Xe and (1 +3 ~ i) its. 

1. Iheeuae the quarter-penods when 4 has the valoas (2^2 -2)^, an 
aiidat(v^-l). 

* Another method of obtslung the relation is to express h. It, It !■> tsrma of Qammi 
fonstiens hr writing |t, i't, (t-»-l)* r ae p eet tvsly ter s in tbs integrals hy whWh Ii, it. Is si 
dsAnad. 
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29*823 THE JAOOBIAir BIXIFTIO rUNCnOKS 


EaamfiU S. SIwir that 

»"0 ••■ i ' 

(Qlaishar, ittugngtr, t.) 

EaaufiU 3. Sxptea* the ooonliiikteB of on; point on the onrve yiaa*- 1 in tin fotm 

, 3^(1— on at) S-Stsandov 

l+cn* ’ ( 1 + 1 ^ tt)* ’ 

where the modnliu of the aUiptie functiona ia ain^ir, and ahew that ^fB3~iy. 

By oonaidaring / y~'<tr>i3~^ / <ii<,aTaluataXiatannaof Oamma^nctianawhen 
irxain^r. 

SmmpI* 4. Shew that, when y*«>x'— 1, 

and thence, uaing exam^e 3 and expreeaing the bat integral in terms of Gamnut- 
functiona by the substitution obtain tim formub of Legendre {Calait ItU^ral, 

p. 00) oonneoting the first and second complete elliptic integrab with modulus sin -ffw : 

XxantpU S. By expressing the coordinates of any point on the curve r*»l’- JT* in 
the form 


X 1 8^(1 -one ) y 2.8^snvdn» 
” 1-fcnv * ” (1+cnv)* ’ 


(1+cnv)* 

in which the modulus of the elliptic functiona u sin ^w, and evaluating 

in terms of Qamms-functicaa, obtam Legendre’s result that*, when it— sin ^ir, 


ir«/3 




22*83. A ffMmtlrieal iUuitratioHof lit /uiutiinu Ban, mu, dDu. 

A geometrical repreaentation of Jaoobbu elliptic functions with i—1/^ b afibrded by 
the arc of the lemnisoate, aa has bean seen in § OS'S ; to r opi e oou t the Jacobian fiinetians 
with any modulus it (0<il<l), we may make use of aevrw dmeriMona ip^tre, known 
as St^fertt tpkirieat lynenif t. 

Take a qihete of radius unity with centre M the origin, and let the cylindtioal polar 
ooordinates of any point on it be (p, ^ x), so that the an of a ourve traced on the qihare 
b given by the foimubt 

(*)*-p*(<l^)»+(l-p*)-*(dp)». 

* It b inteneting to observe that, when Legandm had proved by diOenntbtion that 
XX'+S'X-Vr b eonsbat, be need the reedto of axamplee 4 and fi to detanaine the ocostant, 
bsloro neiiig the methods of 1 33*8 exampb 8 sad of 1 33*787, 

7 Seifbrt, Deter aim am* pMaMtriMks BiitfUrsag indie Tbeorie der eb^rtieebea AnUionen 
<<%ariatlanboi«, 1896). 

■$ Thb IS IB obvioai taaafacmatien of tbs foemiib |<b)>3>(ib)*7^(df)*+(da)*wben p and e 
ape aoniweted 1^ be relation f44>s*-l. 
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THB TBAiraOBNDEin'AL FUNCKIQNB [OBAF. XXH 
Saiftirt^ qnnl ia defined bj tiie eqantks 

when « is the aio meMUted from tbs pole of tbs ephein (Le. the poant when the sxb of e 
meets the sjdien) end burn poaitiTe oonstant, less th«n unity*. 

For tiiis ourve we bsTS 
end ao^ ainoe * and p Taniah together, 

p-an(^i). 

The qrbndrioal polar oooidinatee of any point on the ourve ezpreeaed in tenns of the 
an measumd tram the pole am therafbre 

(p,^*)-<aniila,on»); 

and dn « ia easily seen to be the ooame of tiie angle at which the curve outs the mendian. 
Hence it may he seen tiiat, if f be the am of the curve from the pole to the equator, then 
an e and one have period If, while dne has penod iK. 


HEFISKENCES 
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J. TamraBT et J. Uolk, Fmeiunu EUiptiqiui (Parlay 1893-1902) 

A. CaTIiBT, JBlbptie Fnnetwiu (London, 1893). 

P. F. VaBHcrLBi, Traitd 4UmaUatrt dee fimetmu (Bruaaela, 1841). 

A. EBmpaa, Elbftucht FWUAonen, Zweita Anflage von F. Hnller (Halle, 1890). 

HiacxLLamous Examples. 

1. Kmw that one of the values of 

f /dnn+cnn \^ . / dna-cnwN ^ U l-en > / l+snn 

1+onii / I— cn« / / ■»“/ W»+i'an»/ f 

is 2 (1 +iiO- (Bath. Trip. 1904.) 

A If e>+^‘-an'(«<+m) and «— >jr—sn* («—•*), shew that 

{(»- l)*+jf^*— (**+y*)* dn 9«+cn Eu. 

(Math. Trip. 1911.) 

A Shew that 

{l±on(n+t)}{l±on(*-.))-j-^^^^. 

4. Shew that 

1 +on («+•) on(»- ,)-_p-g_^ . 

(JaoobL) 

* If i^l, tbs cur ve is imagbuey. 
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6. Shew that 


6. Ezpnw I T?* /* ~ “ * functioD trf Bn*«+sn*«. 

<Math. Trip. 1809.) 

BD u dnuene-angdiiecnit 
1 — au* « in* » ■ 

(Jacobi.) 

7. Shew that 

{I -(l+ilQan«sn(«+ir)) (1— (1-i') an wan («+*■)) ={«ii (»+jr)-eB«}*. 

(Hath. Tripi 1914.) 


8D(ll-«)dD(»+*)> 


8. Shew that 

9. Shew that 

10. Shew that 
and hence ezpreaa 


, , , — . . u.-iJ'an u+cn «dn« 

.n(«+ir)=(l+i^) 

/ . 1 f.v i.-4(l+i)»n»+»cnudn» 

8n(»+i.ir')=i * — • 

. , , , s . / 2 an « cn « dn a 

ain (am («+«)+am(B-«)}-Y3p--,,^,,, 

... . .. cn*»-8n*»dn*tt 

ooB {mu (w+v)— am , i, — « - 


j . . t.. . ^ d8*ud8»*+4»ir'* 

dn(«+a)dn(n-a)i= , 

rf»(«+»)-a, f(u^v)-6i^ 
LPCB+a^-aa' P(«-a)-«J 


(Jacobi.) 


(Trinity, 1908.) 


aa a rational fanction of f>(») and |l(o). 

11. From the formulae for cn(8f— v) and dn^Zf-v) combined with the formulae 
for 1+OD 8« and l+dnSu, ahew that 

(l-cn}f)(m-dDi£^)>l. (Trinity, 1806.) 

12. \7ith notation aimilar to that of § 28'2, shew that 

ei<f|-e,d| ^ cn(«i+i>i)-dn (»,+%) . 

ti-t, “ in(i(t+«i) ’ 
and deduce that, if «i+V|-f then 

(cjdi-ejdi) (a,-aa) (aa-a,). 

(Trinity, 1906.) 

13. .Shew that, if u + a^-w— 0. then 

1 -dBaK-dn'e-dn'w+2dn»dnednw»i*an'«an'raB'w. 

(Hath. Trip. 1907.) 

14. By Lknirille^ tiieorem or otherwiie, shew that 
dni(dn(i(+«a)-dn«dn («+ia)>ii*{in von«an(a+w)cn (u+w) 

- an w on « an (v4- w) cn (a 4- ta)}. 

(Hath. Trip. 19ia) 

16. Shew that 

3 cn «( on Wa an (Hi - «•) dn «| 4- an (% - at) an (H) - Wi) an (wi - Hi) dn 111 dn at dn ii(»0^ 
the nmunatKOi ap|il|yin( to the auffioea 1, 2, 8. (Hath. Trip. 1894.) 

v.K.a. S4 
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tHX tBANBOBan>BNTAl. VUlTOnOHB [oflAP. XXH 


1& OtituD the fomnilM 

■b 3<(~ A/A CD iuSfD, da 3 i»b C/D, 
whan . 

S-me {1 

C-d {1 

Z>-1 -«*•*•+ 4i» a +i*) *•- St***, 
end e^anti, ea^onti, d—dnw, 

IT Shew that 


l-dn!h»_/l-dn*'\ /'l+aidn«+agdn*H+a|dn*«4-a4dn*«'\* 
l+dB#«”\l+dn*y Vl-ajdav+Otda'ii-aidtf w-i-Otda**/ ’ 
where oi, O), O], <■( ere ooneteate to be detarnuaed (Tnaity, 181S } 

U „ 

P(u)-P(u+atK) cnSweno 

Detennme the polee end xerae of P(it) end the first term in the expeanon of the 
fiiactioD about each pole aad am 

(Math Tnp 1908) 

19 Shew that 


«“(“i+«i+«»)=A/A oa («!+«< +<!>)- P/a dn («, +«,+«,)— C/P, 

where 

4-*.%*, {- 1 -i*+aHl»,*-(d*+t*)S»i*.,»+2*‘V*eV) 

+* i»>et«$d,d, (1 +Si*W-i*S»?V)}. 

P-CCfl, 

c-dididiii-eu^tt^+aftiW^ 

D-l - 2i>SV«^+4(i>+d«)«iVe9*-Si««tWS%*-t.i'S<,<Jt,«> 
aad the aunuoationa refer to the euifioea 1, S, A (Qlaieber, Mmatger, zi ) 

50 Shew that 

■n (»i+«i+«»)“'^'/A, ou(s,+«,+i(,)=P'/i)', dB(ii,+i(f+i(,)-«(7'//)', 
irtiexe A'—2eiet«t4i<4-*iti4i(l+'f*—****i‘+*‘*i’V«/>. 

//••I -i'S«i'l/4-(d'+it*)«i*a^4*-d'<iiriaZeie^c^c^ 

(Cayley, JoanuU fiw MatH xu.) 

51 By q^yuig Abel’s method ($ 90318) to the mtsiseeboae of the twisted ourve 
a*4-y'»l, i'+d*s4»l with the ▼aiiaUe plane Ig+rny+nrm I, shew that, if 

•i+«i+«,+«i-(^ 

thea S| 0| 1 »(X 

^ A, 1 

1 

a« Oi Ai 1 

Obtain this result also fiwm the equation 

(*!-*>) M - ««<4)+(«i-*») (Oii^i -<(i<y -A 
which may be proved by the method of assmple lA 


(Cayky, ifeatsaper, zir.) 



THB rxOOBlAX VLtimu TUKcnoNB 


531 


SSi Slow 

W-H*) 

^ erprwing eaoti aide in terma of «), <i, a,; and deduce from example 81 that, if 

«I+«> + «I+«4“0, 

then »te,dt+iii<!tdi+iie,dt+tiettii=0, 

•4Ctd,+h<>i^+h‘4‘i)+»i^‘l*^0. 

(Foiaytb, Mattenger, zir.) 

83. Deduce from Jacobi’s fundamental Tbeta-fUnotion fonnulae that, if 

«,+«,+«, +«,=0, 

then /F*-i*i’*«iai^«4.Mt*c,e|Cae4-<f,<{|d)(f4-iO. 

(Uudennann, Journal fitr Math, xnn.) 

84. Deduce from Jacobi’s fundamental Theta-function fonnulae that^ if 

Ui-t-1t,4-«l-l-K4=0, 

then i*(fit,cie4-cieiiia<4)— d,d|+i^d^=0, 

(»ia,-aia4)+<fi<i|C,C4-Ci<!,<^|d;=0, 
ai«ic^<f4— cfi<^a|t4-f U1C4— CiCt^O. 

(H. J. S. Smith, Proe. London Math. Soe. (1), z.) 

Stk. If <ti +i<i-t-«i-l-«4='0, shew that the cross-ratio of an it|, an ui, sn Ug, sn M4 is equal 
to the crosB-ratio of an (ti,-f IT), an (ot-t-iT), sn (iii4-£’), an (iC4-t-f ). 

(Hath. Trip. 1906^) 

36. Shew that 

Bn*(»-f») bu(u 4-*) sn(»-i«) Bn*(a-») 84’*<iag’eiegif|d^ 

cn’(«-l-») cn(«■^») on(«— ») cn*(»-*) 
dn'(K-t-«) dn(«-t-»)dd(»-i') dn*(»— ») 

(Math. ’Trip. 1»18 l) 

87. Find all ajstems of values of a and v for which sn* (v 4-tv) is real when 11 and v 
are real and 0<i*<l. (Math. Trip. 1901.) 

5S8. If F=« J (a”‘— o)*, where 0<a< I, shew that 

*“’*^“{iTa*)(l + 80 -®') ’ 

and that an* \K is obtained by writing -®~' for a in this expression. 

(Math. Trip. 1902.) 

89. Ifthe valuasofcns, which are such that on a>»a, an ci, e^, ... <^, shew that 

at* □ Cr+F* 3 c,=a 

' (Math. Trip. 1899.) 

aOL If ' «+sn^«+^_i+oi^«+v)^c-Kln(if-hr) 

a+an (• - ») “ h4-ca(»-«) "" o-fdu (i— v) ’ 

and if none of an*, dnu, dni^ l-i'an*«an^* vanishes, shew that « is given by the 
i* (F*(»»-ba»-e*) *n*»-F*-ht*6»-«*. 

(King’s, 1900.) 
34—3 
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THB T&ANSCENDBNTAI. BT 7 KCTION 8 


[oHAP. xxn 


31. Shew tint 

(Math. Tript 191A) 

32. Shew that 

1— m(2g«/») “ 

{dii(Sir*/w)-*'«n(2iE»/ir)}* “«-=« +2?*-'«n *+?*—*/ ' 

(Math. Trip. 1904.) 

33. Shew that if i he so small that h may be Deglected, then 

an u ^sin « — cos V . (» - ain u cos »), 

'or small ralues of «. (Trinity, 1904.) 


3 A Shew that, if |/(sr)| <|« 7 <rX then 


I I > 1 I 4o*Bin*)ie 

log cn (2Xir»=log «>s*-_^2^ ^ {1 +(- j)-») ’ 


[Intefcrate the Fourier aenea for su (S£f/r)dc (SJTr/jr).] 

36. Shew that 

( - T ^ - du = {(1 +i')* - 1 }/K 

Jt on*»dn*u » ■ ' " 


[JExpreas the integrand in terms of functions of Sa.] 


(Math. Trip. 1907 .) 


(Math. Tnp. 1906 .) 


36 . Shew that 

f eatd u . 3,(i*+^y-iir)3i (jj+jy-jw - J wr) _ S ,’ (y + J wr) 

Jeav-mu 3i(i*-iy)^(i»-iy-i<rT) 5i(y+i"-T)’ 

(Math. Trip. 1912 .) 


where 2 £s.>wa, 2 iry»irv. 

37 . Shew that 

38 . Shew that 


r?T 


l+ten asnS 

sn asn /}' 


(Math. IVip. 1903 .) 


(St John's, 1914 .) 


39 . By integratiiig J^dnwosiKft round a rectangle whose conien are ±iir, 
j;Jw+mf (where 8 i&=v«) and then iutqiiating by parts, shew that, if 0 <il'<l, then 


J* oos(w»/ir)'log sn udu^iJC tanh ((wir). 


40 l Shew that Xand.f' satisfy the equatioa 

e (1 -«)^+(l— *») ^~i«“0. 


(Math. Trip. 1908 .) 


where e—1^; and deduce that they satisfy Lageodie’s equation for fonorions of degree 
with aignmeiit 1 •>■ 814 . 
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41. Bxpreu the coordiiMta of my point on the curve «>4.y>a> 1 in the ibrin 
^^g .a^enednu-d -one)* ^ ^^ooe (I-cn«)<l+tan i^ircne} 
2.S^eni(dn«+(l-on«)> S.3i>nKdntt+(l-enu)’ ’ 

the moduluB of the elbptio fonctiona bung sin and shew that 

j (1— 

Shew further that the sum of the parameters of three coUinear points on the cubic is a 
period. 


[See t..ohelot, Jimnal fw Hath. iz. (1832), pp. 407-408 and Cayley, Proc. Oamh. Phil 
Soc. IT. (1883), pp. 106-109. A uniformismg variable for the general cubic in the canonical 
form T’+Z^ +6mX7Z=0 has (leen obtamed by Bobek, EMatung in die Theane dor 
tll^uehm PuithtoHM (Leiluig, 1884), p. 251 Dixon (^fuarterly Journal, XXIT. (1890), 
pp. 167-233) has developed the theory of elbpfic functions by taking the equivalent curve 
J!^ +y*- 3aJ^ml as fundamental, instead of the curve 

y>-(l-.r»Hl-IV).] 


42. Express j {(2r — (“) (4.r*+9)} ~ ^de m terms of a complete elliptic integral of the 
a (Math. Trip. 1911.) 

u=J“{(t+l)(P+t+l)}- 


first kind with a real modulus. 
43. If 


express x in terms of Jaoolnan elliptic functions of u with a real modulus. 

(Math. Tnp. 1899.) 


44. If 


«» J'‘vl4f>-2f<)'**, 


express x in terms of « by means of either Jacobian or Woierstrasasan elliptic funotiona 

(Math. Trip. 1914.) 

45 Shew that 

- 9 v^.- 26 v^ _(2*-l)r(i) 




46. When a>r>^>y, reduce the mtegralB 




(Tnmty, 1881.) 


I’ {(c-O (<-« («-y)) -**. f* [(.-0(f-/3)(<-y)> -4* 
by the subatitutionB 

XT— y=(o- y)dn*ti, x— y™(|!f— y) nd*v 
respectively, where ii*—(o-B)/(o-y). 

Deduce that, if w+wAj then 

1 - sn* « - an* r + 4* an* ■ an* * —0. 

By the snhaiitntion yia(a-() ((-0)/(t-y) applied to the above integral taken between 
the limits /S and a, obtain the Qauaaian form of Laoden’e tranaformation, 

where Oi, bi «e the arithmetie and geometrio means between a and A 

(Oeuas, Wmii, m. p. 3fiS: Math. Tr^. 18B6.) 
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47. Show tfakt 

goi»- -P-Mf 

«4iere the Zete-fonotione era fbnned with pariode S>i, S«i>iSUr, 4tK’. 

(Meth. Tnp. IMS.) 

48. fflunr that B-lflK aatiafiaa the eqoetion 




where and obtain the pnmitrre <A thie equation. 

49. Shew that J*i— ‘.rdl, 

(»+a} 

50. If 

.hew that + 


(Hath. Tnp. 1911.) 


(Trinity, 1908.) 


(Tnnity, 1896 ) 


81. Shew that the pnmitive of 

a+T+rrp=° 

A(B-Sr)+J'B 

** '‘~jb+a’(B^bV 

where A, A' are oonstanta. (Hath. Tnp. 1908) 

68 Deduce from the additum-ihtmuia for B{u) that, if 

«I+«%+«t+«»“0| 

then (an«,Bn«t~Bnes>°*«i*o(«i‘t-ii|) 

la unaltered by any permutation of auffioes. (Hath. Tnp, 1910.) 

68 Shew that 

^(®“)~®^(*)”i-e*‘»‘+4 (*•+*•) 

(Hath. Trip. 1918) 

64. Shew that 


ai* J^*od‘*<ii*-9Z{(S+i»)Z-2(l+i»)Z). 


[Writew—Z+w.] (Math. Tnp. 1904.) 

65. By ooneideriiig the eurrei y*— w(l —«)(!- if w), y— l+iu+wf, ahew that, if 
Bi+xi+wi+Hi— 0, then 

Z(ii,)+ Z (aj + ^(a,) + Z(ih) =i a,* + 9e,i),ii,c, - 8«, no,*,- sj- 

(Hath. Tnp. 1908) 

SO. Bf Ha method of example 91, obtain the following aereu expnaaiona for 
X(ai)+X(i(i)+X(ii,)+Jf(a 4 ) when iii+ai4-Bg4-«c>0: 

r*! 

(I\«7th, Ifmim/ftr, xt.) 
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OT. Show that 

wheu I /(«)!< ir/(r); ai»^ differentiation, daduoe that 

+64 (1 +*•) 




She* alao that, when | I(x) | < ^^/(r), 

: fl+i* («a+l)*/*\*i**9«+*sin(aa+l)* 

2**' Viff;; 

(JaooiH.) 

6A She* that, if a be the eemi-m^or axis of an ellipee whoee eooentrioit; ie ain ^ir, 
the perimeter of the ellipee is 




(Bauaoiyan, ^tiarUrlf Jimnuil, xlt .) 
69. Deduce firom ezamide 19 of Chapter xxt that 

l+fen’eanau ’ l+iPatf«an8v 

(Trinity, 1881) 

6a IVom the formula ad (i«, 4)o>ad (y, deduce that 

where 9 -«eip(-irfrVdr), y,=exp(-*ff’/ff'’), 

and « liea inaide the parallelogram whoae rertioea are 

±tff±jr'. 

By integrating foam w to f ' ftom 0 to a and again from w to ff prore that 


[A fnmhla wfaidi may be derired from tliia by writing w^+m, where f and y aie 
real, and ei]tiating imaghmiy parte on either aide of the equ^on waa obtained fay Thomaon 
and Tait^NittHraf i%<IaMfN^,n.(1888), p. S49, but they fiiiled to obaatreAat their formula 
waa nothing but a conaaqiumce of Jacobi'a tntaginary tranafonnatioo. The fomnda waa 
euggeated to Thomaon and Tait by the eolation of a problem in the theory of ffiaatiai^.] 



CHAPTER XXIII 

ELLIPSOIDAL HARMONICS AND LAMfi-S EQUATION 


83'1. The dejirutum of Mtp»(»dal harmoiacs. 

It has been seen earlier in this work (§ 18*4) that solutions of Laplace’s 
equation, which are analytic near the origin and which are appropriate for 
the discussion of physical problems connected with a sphere, may be con- 
veniently expressed as linear combinations of Auctions of the type 

J*i>n(C 08 d), r»P,«(C 08 tf)^»»^, 


where n and m are positive integers (zero included). 

When Pn(coaO) is resolved into a product of factors which are linear in 
cos' 0 (multiplied by cos 0 when a is odd), we see that, if cos 0 is replaced by 
s/r, then the zonal harmonic r"Pn (cos 0) is expressible as a product of -factors 
which are linear in tc*, y* and z', the whole being multiplied by z when n is 
odd. The tesseral harmonics are similarly resoluble into factors which are 
linear in «*, y* and s* multiplied by one of the eight products X, ®, y, g, yt, gas, 
my, myz. 

The surfaces on which any given zonal or tesseral harmonic- vanishes are 
surfaces on which either 0 or ^ has some constant value, so that they are 
circular cones or planes, the coordinate planes being included in certain casea 
When we deal with physical problems connected with ellipsoids, the 
structure of spheres, cones and planes associated with polar coordinates is 
replaced by a structure of confocal quadrica The property of spherical 
harmonics which has just been explained suggests the construction of a set 
of harmonics which shall vanish on certain members of the confocal system. 

Such harmonics are known as elhpsoidal harmonics ; they were studied by 
lam^* in the early part of the nineteenth century by means of confocal 
coordinates. The expressions for ellipsoidal harmonics in terms of Cartesian 
coordinates were obtained many years later by W. D. Nivenf, and the 
following account their construction is based on his leeeorchea 
The fundamental ellipsoid is taken to be 


and any confocal quadric is 


^ y 

a'^4' 



1 . 


y* r* 

a* •+ 0 h* -f- ^ if + 0 * 


* jro»nua it Math. nr. (18S9), pp. Uia>lSS, UO-ISS. 
t fhO. Tram. ISSi (U8S), pp. 181-378. 
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where 8 ie a oonstant. It will he Deoexeary to consider sets of such quadrics, 
and it conduces to brevity to write 

-JL + »* I 1-ft ** 4. J!* , ^ -JT 

«* + d, J'+dp ^ 

The equation of any member of the set is then 


The analysis is made more definite by taking the jr-axis as the longest axis 
of the fundamental ellipsoid abd the «-axis as the shortest, so that a>b>c. 


282. The fmr epeetes of elltpaoidai harmonics. 

A consideration of the expressions for spheric^ harmonics in factors 
indicates that there are four possible species of ellipsoidal harmomcs to be 
investigated. These ore included in the scheme 

*. y*. 

1, y, sx, ayr 1 - B,©,...e*, 

• { s, xy, 

where one or other of the expressions in {) is to multiply the product 
If we write for brevity 

0.«b...e,=n(0), 

any harmonic of the form 11 (0) will be called an dhpsoxdal harmonic of the 
first species. A harmonic of any of the three forms* xll (0), yll (0), rll (0) 
will be called an dUpsoidal harmonic of the second species. A tiarmomc of 
any of the three fiirms* yzXl (0 1, sell (0), xyll (0) will be called an eUipso*dal 
harmonic of the third species. And a harmonic of the form zysll (0) will be 
called an ellipsoidal harmonic of the fourth species. 

The terms of highest degree in these species of harmonics ore of degrees 
2m, 2m + 1, 2m + 2, 2m + 3 respectively. It will appear subsequentiy (§23*26) 
that 2n + 1 lineariy independent harmonics of degree n can be constructed, 
and hence that the tenns of degree n in these harmonics form a fundamental 
system (§ 18*3) of harmonics of degree n. 

,1 . , 

We DOW proceed to explain in detail how to construct harmonics of the 

first species and to give a general account ot the construction of harmcnics of 
the other three species. The reader should have no difficulty in filling up 
the leunmos in this account with the aid of the ccrresponding analysis given 
in the case of functions of the first species. 

* thiss (onMWiil bs dlstiagaisbsd tgr Mag dsmibid m diSsMst Igpw ot ths ^tsias. 



538 


THK TBANI9CBN1>BNTA.L 70KOTIOinl [OHAP. XXIH 


S8^. Sne eonttrucHon of ^^loidat karmomct of the first tpeoies. 

As a nni{de case let os firat consider the hamonios of the first Bjiecdea 
winch are of the second degree. Such a harmonic must be Bim|dy of the 
form 8,. 

Now the efibot of applying Laplace's operator, namely 


y a* 3* 


4. .£ J I_ _ 1 

+ C' + tf, 


2 


h* + C* + tf I 


a‘ + 8, 

and so 0, t« a harmome i/0iii a mot of the quadrattc equaHon 
I + i*) ( tf + C) + ( tf + C) (7 + «•) + (7 + o*) (tf + i*) « 0. 

This quadratic has one root between — C and — h* and another between 
— and — d*. Its roots are therefore unequal, and, by giving 0, the value of 
each root m turn, we obtain two* ellipsoidal harmomcs of the first species 
of the second degree 

Neztoonsider the general product Si8|,.. 8,,; this product will be denoted 
by n (8) and it will be supposed that it has no repeated fiustois — a supposi' 
tion which will be justified later (| ZS HS). 

If we temporanly regard 8i. 8„ ... 8n as a set of auxiliary variables, the 
ordmary formula of partial differentiation gives 

an(8) • an(8)^ 2 an (8) a» 

a« pmi a8j a* ^ _i 38^ a’ +0p’ 
and, if we differentiate again. 


a«n(8) san(8) 2 . «an(8) 

flas “ 8«_ • 0.1 j. • i 


at* 


3** ,-i 38, • a'+0,^,ttde,dBt'(a!> + ^,)(a’+ 7,)’ 

where the last summation extends over all unequal pairs of the integers 
1, 2, ... m. The terms for which P’*q may be omitted because none of the 
espresrionB 8,, 8,, ... 8,, enters into n (8) to a degree higher than the first. 

It follows that the result of applying Isqplace’s operator to 11(8) is 


A 0®^ {ef-t-O, W^p^<f + 0,) 


, y fn(8) f 

Now 


^ 

;a»+<',)(o*+ff,) t(b*+«',KJi'+tf^‘^ (y+3s)(y+^*)) ‘ 






ns smiMs StI of S tU^teidal ksomiw ef the SNtad daism i* SM^ssm a( Aims tea 
tSe<)ftWsinil«ttesslmepicnfass»,«r,si>.**Mtsssall|sttiias ( isbltl. 
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28'21] 


aod 3n (6)/99f oomuta of the product 11 (0) with Uie fiustor 0, omitted, 
while 0*11 (0)/d^30( eoneiste of the product n (0) with the fitotoie 0, and 
0, omitted. That is to aaj 

a*n(0) 3n(0) ^ 0*n(0) 5n(0) 

CrwpvVg vvf OOpO^q 0f9p 

If We make these eubstitutions, we see that 




may be written in the form . 


1 

p“i 


m(0) 

00 . 




'6*+0','^c*- 


2 






•'p i-l^p 

the prime indicating that the term for which q = p has to be omitted from 
the summation 


If n (0) is to be a harmonic it is azmihilated by Laplace’s operator ; and 
it will certainly be so annihilated if it is possible to choose ff,, St> so 
that each of the equations 


I ■ 1 ^ 1 

o’ +• 0p 6* + 0f tf+8p ■” 0$ 
is satisfied, where p takes the values 1, 2, ... m. 


0 


Now let d be a variable and let A] (0) denote the polynomial of degree 
m in d 

fl(0^0,). 

If A,' (fi) denotes dJii (0)ld0, then, by direct differentiation, it is seen that 
A,'(^ is equal to the sum of all products of 0 — 0i, 0 — 0%, ••• — 1 at 

a time, and A"(0) is twioe the sum of all products of the same expressions, 
in — 2 at a time. 


Hence, if 0 be given the special value 0,, the quotient A/' (9,)/A,' (0,) 
becomes equal to twice the sum of the redprooals of 0, - 0], 0p— 0i, ■ . . 0p — 0m, 
(the expression 0,-0, being omitted^ 

Cfonsequently the set of equations derived from the hypothesis that 


n (6^) is a harmonic shews that the expression 

111 2Arm 

a* + 0^^T0^c’+0^ A,'(0) 


vanitiies whenever 0 has any of the spemal values 0|, 0., 0m- 

Bieooe the expfeaaion 

(i«»+^(i*+0)(o*+^A,"(^+|j^E^(i<'t*0>((i'+0)}A/(^ 



540 


THE TKANSCSNDENTAI. rWSfKmOVS [OHAP. XXIC 

ia a polynomial in 8 which vaniahes when 8 has any of the valuea 9,, 8„ 
and 80 It haa 8- 8^, 8- d«, .... aa &ctoT8. .Now this polynomial ia o 

degree m + 1 in 0 and the coefficient of 8^' la m (m + i). Since m of thi 
&ctois are known, the lemaimng factor muat be of the form 

m fwi + 4) ^ + \0f 

where C is a conatant which wiU be determined aubaequently. 

We have therefore ahewiv that 

(o* + tf) (6» + d) (C* + d) A." (d) + 5 j S ^ (6* + «) (e* + «)} A,' { 8 ) 

= (m + J) d + JC) Ai (d) 

That la to say, any ellipsoidal harmonic of the first species of (even 
degree n is expressible in the form 

if] t +./ _ii 

,-ilo* + d,^6* + d,^c* + d, 1 

where d,, d,, 6^ are the zeros of a polynomial A, (d) of degree Jn , am 

this polynomial must be a solution of a differential equation of the type 

4 ^{(o» + d) (6‘ + d) («• + d)} ^ [vi(o« + d) (fc« + d) (c« + d)} 

= ln(fl + l)d + C’iA.(d) 

This equation is known as Lami’s differential equation It will be in 
vestigated in considerable detail m §§ 83'4-23'gl, and in the course of th 
investigation it will be shewn that (I) there are precisely + 1 differen 
real values of C for which the equation haa a solution which is a polynomie 
in d of degree ^n, and (II) these polynomisla have no repeated factors. 

The analysis of this section may then be reversed step by step to estabhs 
the existence of in + 1 ellipsoidal harmomcs of the first species of (even 
degree n, and the elementary theory of the harmonics of the first species wi 
then be complete. 

The corresponding reaolta for harmonics of the second, third and fourt 
species will now be indicated briefly, the notation already introduced bein 
adhered to ao far as poasibla. 

23‘22. Ellipeoidal harmwics of the second species. 


We take «n (6,) as a typical harmonic of the second species of degre 
v^t 

2m + 1. The result at applying Laplace’s operator to it ia 
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and this has totTsaish. Goneeque&tly. if 

A.(d)='n (d-fl,). 

we find, by the reasoning of § 23‘21, that A,(0) is a solution of the differential 
equation 

(a*+d)(6*+d)(c* + d)A,"(d) 

+ i {3 («»• + «) (c* + «) + (c* + «) (o* + d) + (a« + fl) (6* + d)l A,' (d) 

-[m(f» + f)d + if?.)A.fd), 

where C, is a constant to be detonuined. 

If now we write A, (d) = A (d)/v^(a* + 0), we find that A (d) is a solution 
of the differential equation 

4 ,/l(a* + d) (fc« + d) (c- + d)l ^ j^VKa* + d) (f + d) i<? + d)l j 

= {(2m + 1) (2m + 2) d + C) A (d). 
where 6' = C, + 1* + c*. 

It will be observed that the last differential equation is of the same type 
as the equation derived in §23'21, the constant n being still equal to the 
degree of the harmonic, which, in the case now under consideration, is 2m + 1. 

Hence the discussion of harmonics of the second species is reduced to 
the discussion of solutions of Lamp’s differential equation. In the case of 
harmonics of the first type the solutions are reipiired to be polynomials in 
d multiplied by V(a* 4- d) ; the corresponding factors for harmonics of the 
second and third types are V(6*+d) and ^(c’ + d) respectively. It will be 
shewn subsequently that precisely m + 1 values of G can be associated with 
each of the three types, so that, in all, 3m + 3 harmonics of the second species 
of degree 2m 4- 1 are obtained. 

23'2S. Ellipsoidai harmonic* of the third epeeiet. 

We take y* n as a typical harmonic of the third species of degree 


2ni 4- 2. The result of applying Laplace’s operstor to it is 



and this has to vanish. Consequently, if 
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we find, by the leasoning of § 23‘21, that A« (tf) is a aolatun of .the difierential 
eqoatitm 

+ i Kf + fl) (o' + tf) + 3 (S' + fi> (o* + fi) + 8 (a» + ) (6* + fi)} A,' {0) 

B {m (m + 1) d + ^ 0,} Aa (d), 

where is a constant to be determined. 

Ifnow we write A,(^sA(tf)/V'{(6*+tf)(0*+^)}. 
we find that A (9) is a solution of the differential equation 

4 ,/[(o' + fl)(6» + «){«• + d)} ^ [vKa^ + 8) (6* + d) (C + 

- {(2m + 2) (2m + 8) d + 0} A (d), 
where C = C, + 4o* + 6* + c*. 

It will be observed that the last equation is of the same type as the 
equation derived in § 23'21, the constant n being still equal to the degree 
of the harmonic, which, in the case now under consideration, is 2m + 2. 

Hence the discussion of harmonics of the third species is reduced to 
the discussion of solutions of laani’a differential equation. In the case of 
hasmonics of the first type, the solutions are required to be polynomials in d 
multiplied by Vl(^ d) (d' + d)j ; the corresponding factors for harmonics of 
the second and third types are V|(«^ + 8) (o’ + d)} and V{(<»’ + d) (6* + d)} 
respectively. It will be shewn subsequently that preciaely m + 1 values of C 
can be associated with each of the three types, so that, in all, 3m + 3 harmonics 
of the third species of degree 2m + 2 are obtaiiied. 


2S'24. ElKpaoidal harmomios of ^ fourth tpeeieg. 

The harmonie of the fourth specTes of degree 2m + 3 is expressible in the 

m 

form n (0p). The result of applying Laplace’s operator to it is 
r-i 


r5 3n(e)( 6,6.6) 


+ 2 


a'n 




^1{(^ 






- d^ (o' + d,) ^ (S' + d,) (6' + d,) ^ (if + d,) (c + d, 
and this has to vanish. Consequently, if 




A,(d)s n (d-d,), 

ve fisd by the reaBoniDg of 1 28'21 that AgC^) is a solutkm of the eqtiation 
(o' + d) (i' 4- d) (o' + d) A." (d) + 1 j^2 ^ (f + d) (o' + d) J A,' (d) 

- {m(m + 1) d + id,} A4(d), 

whson (74 is a constant to be determined. 
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If now we write 

+ 5) (5* + 6) (C + «)}, 
we find that A (5) is a aolntion of the differential equation 

4 V{(a^ + 5) (6» + 5) (<f + fl)l ^ [VK«* + (?) (6^ + 5) (c* + 5)} ^>] 

= {(2m + 3>(2m + 4) 5 + 0} A(d), 
where C — C 4 + 4 (o* + 6 ^ + c*). 

It will be observed that the last equation is of the same tjpe as the 
eqqation derived in 123*21, the constant n being still equal to the degree 
of the harmonic which, in the case now under conaideraticm, is 2 m + 3. 

Hence the discussion of harmonics of the fourth species is reduced to the 
discussion of solutions of Lamd’s differential equation. The solutions are 
required to be polynomials in 0 multiplied by V{(o* *(' 5) (M + 0)(<f + (*)]. It 
will be shewn subsequently that precisely m + 1 values of C can be associated 
with solutions of this type, so that m + 1 harmonics of the fourth species of 
degree 2m + 3 are obtained. 


23*26. Niven a evpreaaiona for eUipaoidal karmotUea in terms of homo- 
geneous harmonica. 


If On(‘B, y> s) denotes any of the harmonics of degree n which have just 
been tentatively constructed, then Gm (v, y. s) consists of a finite numbw of 
terms of degrees n, a — 2 , n - 4, ... in w, y, a. If y, g) denotes the 

aggregate of terms of degree n, it follows from the homogeneity of Laplace's 
operator that (v, y, a) is itself a solution of Laplace’s equation, and it may 
obviously be obtained from 0 , (w, y, s) by replacing the fectors B,, whiidt 
occur in the expression of Gn (v, y, s) as a product, by the fectors Np. 

It has been shewn by Niven (foe; ed., pp. 243-245) that Gn (», y, e) may 
be derived from Nn (s’, y, *) by applying to the latter fnnetion the difimrentitd 
i^rator 

4 D* . D* O’ 

8(2»-l)'^2.4.(2n-l)(2«-3) 2.4.8(2B-l)(2a-3)(2»-6) ■ ’ 


where D* stands for 


dal‘^^dg‘*^da” 


and terms oontaining powers of D higher than the nth may be omitted from 
lEhe opemtar. 

We shall now give a proof of thia result fbr any harmonic of the first spedee* 


* The ptooA far bannoma of flu othor thrm spsow an loft to tHe nodor as ouaflet. 
A proof appliasUo to ftraotioiu of all Tool speoitt baa been eirsa hj Hobson, Proe. Coadm 
JfstA Sac. ssiT. (ISW^ pp. 6IM4. In ooastroeting tbo proof given In tbs tszt, ssvsal modiS- 
eafions have baen aaads in lKven<a proof. 
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Far gttcb humonicB the degree ie even and we write 

y. *)» b 6 (^v- 1) 




where S m, i8 ^, Sh_ 4 , ... arehomogeneonefhnetionsofdegTeeBn, n— 2,n— 4, .... 
reepeotively. and 

S» “ JT, (*. y. *) = fi K,. 

The function S,^ ie evidently the sum of the prodncte of Ki, K,, ... 
taken |a — r at a time. 

If Kt, Kt, . . . be regarded as an auziliaiy system of variables, then, by 
the ordinaiy formula of partial difFerentiaticm 

ix 


and, if we difierentiate again, 

^ as.-^ 2 


to 

~Zx 

^ te 

ZICp o* + * 


■+ 2 


a*-SUr 


a** 


a** ajsrj a*+e, ^ zk^zk^ (o * + $,) (o* + a,) ■ 

The terms in can be omitted because each of the functions 

K, does not occur in Sa-» to a degiee higher than the first. 

It follows that 


n.o 2«» . 26* a? 1 

•8^ (_ 

1,3^, t(‘*’ 


+ 2 


98 ^ ( 8rf** Sh'y* Sc*** 

BK,dK, t(o' + 0,) (a* + 0^ ^ {9 +'$,) (5* + 0,) (c* + 0,) (c* + 0,, 


;>}■ 


It will now be shewn that the expression on the right is a constant multiple 

of 8 m Ilf 

We first observe that 

V g^a* _0 ,K,-0fK, 

and that, by the diflerential equation of § 23*21, 

-.4^ _ - - 


1 



28-25] 
■o that 
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D>8^^6 k’ ^ + 8 § -1-1 

+**^a^air, e,-0, ■ 

Now dStt^ldRf'is the sum of the products of the expressions if,, Kt, 
-Kin {Kp being omitted) taken ^n — r — lata time ; and K^i^Sn-trldKpdK^ 
consists of those terms of this sum which contain Kg at, a, factor. 


Hence 


35,. 


?K, 


'^‘•dKpdKg 


IS equal to the sum of the products of the expressions K^, K,, ... K^„.(Kp and 
Kg both being omitted) taken ^n — r — 1 at a time; and therefore, by sym- 
metiy, we have 


35n.^ ^ 

dK, ^^dK„dKg 


so that 


•■p 

3*5«-». 

dKpdK, 




dKg ^>‘dKpdKg’ 

35«-» 
dK, 


'p 

On substituting by this formula for the second differential coefficients, it 
IS found that 


X^5,. 


_ 4" 


■[ 


6 + S6p 2' „ a 
g-lOp — Og 


\ -8^' I 


*^3S, 


g‘:yiep-eg){Kp- 
(4n - 2) --g^ - 8 ^2^ \^Kp ®g^ - A", - Kg). 


Now we may wnte 5«_w in the form 

5„-.lr + KpSf^..gr-,t + KqS,. + KpKg8p..gp-g, 
where fiU> denotes the sum of the products of the expressions Ki, K,, ... K^ 
(Kf and Kg both being omitted) taken m at a time ; and we then see that 

Hence = - 2) *2 8 2 

P',1 p^,g 

Now it is clear that the expression on the right is a homogeneous sym- 
metric function of f,. Kg, ...K^ of deg^ree Jn— r— 1, and' it contains no 
power of any of the expressions Ki, Kg , ... K^ to a degree higher than the 
first. It is therefore a multiple of fig, i, ■ To determine the multiple we 
w. M. A. 36 
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observe that when ^ r i >* wiittm out at length it oontaiiu terms 
while the nnmber of temis in 

(4«-S)5fe’-8SS«-*-. 

is i*(4a*“8) . 8 . 

The mnltiiAe is omiseqnently 

(4s —* 2 ) * * 8 , 

and this is equal to (8r-l-S)(2a— 2r— 1). 

It has oonsequently been proved that 

L^Sn^ - ( 2 r + 2 ) ( 2 n - 2 r - 1 ) fiU«. 

It follows at once by induction that 

a ■D'd* 

®“-*”2.4...2r.(2»-l)(2«-3)...(2«-2r + l)’ 
and the formula 

GJa;, y , «) - 4 ir.(in - ... (2m - 2r +1)] 

is now obvious when y, s) is aa ellipsoidal harmonic of the first speoies. 

Kmmpl t 1. Prove Hiven’s fonnnls when <?.(«, y, s) w an ellipaoidal harmonic of the 
aeoond, third or fooith a|^ea 

iEsamipI* S, Obtain the symbolic formula 

o.(*. y. •)-r(|-s). S.(s. y, .). 

83'26 EUip$oid<U hamonios of doyroe n. 

The leeults obtained and stated in $§ 23'21-28'24 shew that when n is 
even, there are -t - 1 harmonics of tire f^t q>edes and }a harmonios of the 
third speciee; when n is odd there are |(n + l) harmonios of the second 
species and ^ (n — 1 ) harmonics of the fou)^ species, so that, in either case, 
there are 2 n -f 1 harmonics in aU, It follows from $ 18*8 that^ if the terms of 
degree n in these harmooka ire linearly independent, form a fcmda- 
mental system of harmooiei of d^;ree n ; and any homogeneous bannonie of 
degree n is expressibie as a linear combination of the homogeneous harmonios 
which are obbuned selecting the terms of de|^ee n from the 2 n + 1 ellip* 
SoidBl harmonics. 

In order to prove the results concerning the number of harmonios of 
degree n and to establish their linear independence, it is necessary to make 
an inteimve study of Lamp's equation ; but before we pursue this investigation 
we shall atuiiy tike oonstructim of ellipsoidal bamonios in toms of ocmfocal 
oo«ndinatea. 
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23-25, 23-8] 


ni«w ttpniaioM for dlipaoidiJ barmonioa are of hiatorical impwtaMe in rieir of 
iMDfm invaatigatfona, bat the expraasiona whiob have joat been obtained b^ Nireo’a 
method an^ in aome raepaeta, ntore auitaMe for phyaioal ap^catuma. 

For a^>IioationB of dIUpacHdal harmonica to the invaatigalaon of the Figure of the Earth, 
and tw rednotion of the hannoiiioa to forma adapted for nnmeiioal computation, the 
reader ia referred to the memoir liy Q. H. Oanrin, PkU. TVniu. 1B7 a (1901), pp. 461-637. 


83-3. Oot^ocal eoordinatea. 

If (X, F, Z) denote eurrent coordinates in thiee-dimensioual space, and if 
a, b, e are positive (a > b > c), the equatitm 


X* r* X* 


1 


represents an ellipsoid ; the equation of any confocal qnadric is 


X« Z* 


1, 


and $ ia called the parameter of this quadric. 

The quadric passes through a particular point (it, p, «) if 5 is chosen 
so that 

g* ^ ^ 

FTd fc* e ■ 

Whether 0 satisfies this equation or not, it is convenient to mite 

.y _ *• - m 

o' + 5 b*+'« c* + 5 “ (o* + 1?>(M + tfXe* + f) ' 

and, since /(3) is a cubic function of 0, it is clear that, in general, three 
quadrics of the oonfiical system pass through any particular point (it, y, s). 

To determine the species of these Ahree quadrics, we construct the following 
Table: 


e 

/(<) 

— * 
-o* 

-J* 

-<? 

+« 

+* 


It is evident ftom this Table that the equation ^(5) wO bos three real 
Wonts X, p, s, and if th%y are arranged so that \>p>s, then 
X> — 1^; 

•odalso /(3)a(3-X)(3»p)(3-.»). 

Vmu tbs values of V p, * it ia dear ,that the soxfoeei^ on vdiieh 0 has 
the n^eotim values X, p. s. are an ellipsoid, an hyperboloid of coo aheet and 
an hypwbohnd of two dieeto. 
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Now take the identity in 0, 
a* y* 


1 -- 


j* ^ ( e-\)(a~^ne-p ) 

c^ + 0 6*+</ c*+d"(o« + fl)(6» + «)((!•+■#)■ 
and multiply it, in tuzn, by a* + d, i* -t- d, c* + 0 ; and after eo doing, replace 
0 by — a*. — reepeotively. It ia thua found that 

(o’ + X)(o* + m)(o* + >') 

" (a‘-6*)(a*-ci) ’ 

(6' + X)(6* + ;t)(6*+ ») 
y ~ (o*-6»)(6*-c*) 

, (c* + X)(c*+/i>(c’ + i>) 

* “ (a*-^)(i>’'-c») 

From theae cquationa it is clear that, if (x, y, z) be any point of space and 
if X, It, V denote the parameters of the quadrics confocal with 

X' K* , 
o’ 6’ c* 

which pass through the point, then (^, y‘, s’) are uniquely determinate in 
terms of (X, /i, v) and vice versa. 

The parameters (X, /t, v) are called the confocal coordinates of the point 
(x, y, z) relative to the fundamental ellipsoid 

X' F* F* , 

It is easy to shew that confocal coordinates form an orthogonal system , 
for consider the direction cosines of the tangent to the curve of intersection 
of the surfaces (^) and (v) ; these directicat cosines are proportional to 

/to dy to\ 

lax’ ax’ ax/’ 

j , dx dx , dy dy dz dz 

it is evident that the directions 

/to to dz\ /to ^ to\ 

WX’ at’ 0xr Ito* dft' dll) 

are perpendicular ; and, ahnilarly, each of these directicms is perpendicular to 

t ^ 

“ lav ’ he ’ dv ) ' 

It has theielne been shewn that the three systems of sur&ces, on which 
X, /i, V respectiv^y are constant, form a triply orthogonal ^stem. 

Hence the square of the line-element, namely 
(to)> + (Sy)* + (8*)», 

is Mq^ngesible in the form 

{H.8xy + (5,SM)» + (£!.&)•, 


. i y _Q 
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where 



with eiinilar expressions in it and v for and B,’. 
To evaluate Bi* in terms of (X, n, v), observe that 


5.* 


-L J. L 

”4c*V3xj ■‘■4y>\3xj ■^4e*V0X.J 

= 15 . (®’ + m) (“* +_•') 

* r (a* + X) (a* - 6*) (o‘ - e*) ' 


But, if we express 


(X- /*)(X-y ) 

(o> + X)t6* + X)(c= + X)’ 


qtia function of X, as a sum of partial fractions we see that it js precisely 
equal to 

(a* + #*)('o* + v)_ 

«.I . (o' + XI (a*~- 6*) (a* - c*) * 

and consequently if.« = + x“)(i- + X)- 

The values of Bt* and B/ ate obtained from this expression by cyclical 
interchanges of (X, it, v). 

Formulae equivalent to those of this section aere obtained by Lamij Journal do Math. 
II. (1837), pp. 147-183 

Example 1. With the notation of this section, shew that 
**+y*+»*-a*+i*+c*+X+^+». 

Example 2 Shew that 

.fft j** . y . ** 

(«'+X)«'^(»»+X‘)>'^(«*+X)»' 


28'81. Uniformiring variaUes asaoctated with etmfocal coordinalet. 

It has been seen in § 23'3 that when the Cartesian coordinates («, y, z) 
are expressed in terms of the confocal coordinates {X,it, v), the expressions so 
obtained are not one-valued functions of (X, p, v). To avoid the inoonvenienoe 
thereby produced, we express (X, ,a, v) in terms of three new variables (u, o, w), 
respectively by writing 

p («) = X -p J (o* + 6’ + c*), 
f(«) -/a-Pi(a*+M+c»), 

= V +i(o* + 6*+e»>, 

the invariants g, and g, of the Weierstrassian elliptic ihnctionB being defined 
by the identity 

4 (o* + X) (6» -P X) (c* -P X) a 4 p» (n) - (u) - g,. 
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The discriioiiiaiit aaBooiated with the elliptic fonctions (e£ § fiO^, 


example 3) is 

16 (a* -¥f(¥- tfy - aV. 

and so it is positive; and, therefore*, of the periods 2 mi, 2«i and 2«i^, 2wi is 
positive while itt, is a pare imaginary ; and 2 * 1 ^ has its real part negative, 
sineeoh + «»»+«*• >•0; the imaginary part of ag^ is positive since /(«•/•,)> 0. 
In these drcumstanees Si > > *>> and so we have 

8«,-o‘ + l»-2C, 3«,-c»-»-a»-26», 3s,-6« + r>-2a'. 


Next we express <x, y, g) in terms of (u, «, to) ; we have 
^ (o’ + X) (a* + m) (a* + v) 

^ (f IP(v)-h}IP M- e,] 

(•i -«•)(«» -ft) 

^ a} (u) < r,» (v) <r.*(u >) g*(<»,) 

” o* (u) o* («) <r* (») ■ <r,* (to,) <r,‘ (a*,) ’ 
ly § 20'53, ezamjde 4. Therefore, by § 20*421, we have 


and similarly 




ymr± 


tr,(tl)<r,(v)a,(w) 
<r («) O’ (e) IT (ttr) ’ 

(»)<>•«(»> 

O’(m)0’(v)0’(w) 


' o(«)o(v)o’(w) 

The effect of increasing each of it, «, w by 2», is to change the sig^n of the 
expression given for a while the expressions for y and s remain unaltered ; 
and similar statements hold for increases by 2a>i and 2«i ; and again each of 
the three expressions is rhanged in sign by changing the signs of u, v, w. 

Hence, if the upper signs be taken in the ambiguities, there is a unique 
correspondence between all seta of valnee of (a, y, g), real or complex, and all 
the sets of values of (it, v, w) whose three representative pdints lie in any 
given cell. 

The nniformisatitm is oatiseqnently effected by taking 








»<») 


r.(s)w«(w) 

r(*>ir(w) ' 




Formulae whidt differ from these only by the interchange of the snffixe* 
1 and 3 were given by .Halphen, Fouctiotu SfUptiyuv, u. (1888), p. 468. 

.1 * Ob I w<n, sxsDi|]s 1 . 
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23-32] 

38 ‘ 82 . Laplae^t equation referred to eonfoecd coordinate*. 

It hw been Bhewn by Lam4 and by W. Thonuon* that Laplace’s equation 
when referred to any system of orthogon^ coordinates (X, /t, v) aasumes the 
f(vm 

1 ]?»■?• 1 4. 1 £!ZI ^ 3^ n 

8X1 S, •8xP8;il S, •8/*l'*'8i.l B, ' 
where (^i, fft, B,) are to be determined finm the consideration that 
(fl.Jxy + + {B,tpf 

is to be tiie square of the line-element Although W. Thomson’s proof of this 
result, based on arguments of a physical character, is extremely eim{de, all 
the analytical proo& ore either very long or else severely compressed. 

It has, however, been shewn by Lam^t that, in the special case in which 
(X, !*, v) represent confocal coordinates, Laplace’s equation assumes a simple 
form obtainable without elaborate analysis ; when the nniformising variables 
(a, 0 , to) of § 23'31 are adopted as coordinates, the form of Laplace's equation 
becomes still simpler. 

By straightforward differentiation it may be proved that, when any three 
independent functions (X, v) of (a, y,t) are taken as independent vaiiabies, 
then 

d‘V »y 

8** 8** 

transforms into 

4.9 S r8>*8v 8^8v 8 m B v] W 

», ». • L®* dce^dydy^de 8*J dftdv 

^ - ra-x . 8*x . a'xiaF 

vZrLa*''^?y'^as*j8x- 

In order to rednoe this expression, we observe that X satisfies the equation 

_?*_4. y , ** .1 

a* + X^J?Tx^c* + X ’ 

and so, by differentiation with c, y, s as independent variablee, 

_ L _i!L_ + -JL. 1 = 0 

a* + X ((o* + X)» (6» + X)»^(<!*+X)*J8« ’ 

2 4w 3X f et y 

- 1 - X ~ (u* 4- xj^ 8*^ 1 ( 0 ' + xy <i* +x)*'^ ??+ xyj Va«7 

. + -SL- + ?^.o 


* Of. Os footaoto m p. 40L 
t JimmeUfMatk, iv.{UW), Pf. 1S»-U«L 
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,0»F. 


o'+x “‘a#’ 

2 ae» <t» _ • a* 

o« + X (o' + X)»i/,« 2a,*(a* + X)»^,,|,,^(a' + Xj* ‘ a®*’ 

with similar equations in /*, i> and y, a. 

From equations of the first type it is seen that the coefficient of is 
1 d‘V 

and the coeffiment of i® zero; and if we add up equations of the 
second type obtained by interchanging x, y, t cychcally, it is ffiund that 

with similar equations m ft and v. 

If, for brevity, we write 

VKa*+^-)(6*+^)(e*+V)} = A;k, 
with similar meanings for A,, and A,, we see that 


a*X a'X 3*X_ 

“t* T »% * •“ j 


A„* 


0** 0y* as» (X-/i)(X-i»)|o^ + X'^6* + X'^C* + 

_4Ax_ dAx 

(X — ^)^X— v) dX ’ 

and so Laplace’s equation assumes the form 


2 2 
+ »..» + 


44 






0*7 dAx97-l_ 


that is to say 

0® - v) Ax A Ja* I?} + (v - X) A, A I A, ^} + (X - m) A, I, ( A, „ 0. 


The equivalent equation with (u, v, w) as independent variables is simply 

{p(«)-|p 

or, more briefly. 






The last threh eqnatimu will be regarded as canonical forms of Laplace's 
equation in the subs^lwnt SaalyBis. 

28*88. EUipiitidei karmonici rsfsmd to eot^oeai coordinate*. 

When Niven’s function 9p, defined as 

0p^ if + dp 

«« 

■fi 
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IB etpresaed in terms of the confocal coordinates (X, ji, v) of the point {x, y, z), 
it assumes tiiie form 

(a« + d,)(6* + 3,)(tf + 3,)’ 
and consequently, when constant factors of the form 

- (a* + Bp) (b> + $,) (c* + 0,) 

are omitted, ellipsoidal harmonics assume the form 

*. y* ) , 

1, y, zx, ryz 11 (X-d,) 11 (iz-0,) D (p-0p). 

p=l S-l p-l 

If now we replace x, y, z by their values in terms of X, ^ v, we see that 
any eUipaovdal harmonic u exprezzible in the farm of a constant multiple of 
AMN, where A is a function of X only, apd M and N are the same functions 
of /t and V respectively as A is of X. Farther A is a polynomial of degree m 
in X multiplied, in the case of harmonics of the second, third or fourth 
species, by one, two or three of the expressions \/(o* + X), V(6* + 


m 

Since the polynomial involved in A is 11 (X — Bp), it follows from a con- 

S"! 

sideration of §| 23'21~23'24 that A is a solution of Lamp’s differential equation 
4 v'Ka* + X) (i* + X) (c« + X)) ^ + X) (i» + X) {e> + X)) 

<= {n(n + 1)X + 0} A, 

where n is the degree of the harmonic in {x, y, z). 

This result may also be attained from a consideration of solutions of 
lapiace’s equation which are of the type* 

F- AMN, 


where A, M, N are functions only of X, v respMtively. 

For if we substitute this expression in Laplace’s equation, as transformed 
is § 2332, on division V, we find that 

r « (w )-p(u) d»M f W - pjv) ^ _ 0 

A ■ M dr* N 'dto> 

The lost two terms, qua functions of u, ore linear functions of p(i(), and 


so 


1 d’A 
A d«* 


must be a linear function of p(m); since it is independent of the 


ooordinatee « and w, we have 


where £* and £ are oonstante. 

* a hsiBMsio whlsh fa tbs pndoot of thn* tsMtioiu, «teh at vhfab dspaads oa <mm ismidi- 
aste oafr, fa snmstlass «Ul«d s mmaltaluHtm at Implete'e sqaatfan. Tha* aomal solations 
vrttb polsr soordlastM an (| 18-81) 
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If W8 owka this sobstitntion in the differential eqoation, we get a liitear 
Auction of p (tt) equated (identicallj) to zero, and so Ihe coefficients in this 
linear function must vanish ; that is to say 

rifW-fWl- H N 

and on solving these with the observation that f(v)—p(w) is not identically 
zero,' we obtain the three eqnationa 

^-{jrp(»)+i»}N. 

When X is taken as independent variable, the first equation becomes 

4A* . (ffx+ff + + 6* + <!•)) A. 

and this is the equation already obtained for A, the degree a of the harmonic 
being given by t^ formula 

n (n + 1) •> JT. 

We have now progressed so fiir with the study of ellipsoidal harmonics as 
is cmvenient without making use of inoperties of Lamp’s equation. 

We now {unceed to the detailed consideration of this equation. 


284. Varioiu forms ofJjomPs diffsrmtiial equation. 

We have already encountered two forms of Lamp's equation, namely 

4A*|^|Ax^|-K» + i)l»-+<7}A. 

and this may also be written 

rPA I i * i_l^ {n(a + l)X+j7}A_ 

(BS lo*+\ ^+x‘^e'+x| dx 4(o*+x)^+x)(c'+x)’ 


which may be termed ^ algebraic form ; Mid 

^-jii(n + l)p(«) + ff}A, 


which, aiiiBe it aontains tiie Weientraaaian elliptic Auction f (tiX ^ 

termed the Weierstrasaian A»rm ; tbe constants B and C are connected by ^ 
TelaiM» 


ff 4 |«(a 4- 1)(«^ +-4f + ^•*0. 
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If we take (u) as a new variable, which will be called we obtain ^e 
atightiy modified adgebmic form (cf. § 10 * 6 ) 

+ i IdA |w(n + l)f + glA 

This difierential eqnation has singularities at t,, a,, 4 at which the 
exponents are . 0 , ^ in each case ; and a singnlarify at infinity, at which the 
exponents are - j^a, ^ (n + 1 > 

The Weterstnusian tom of tiie equation has barn studied by Ealphen, /’oaeObat 
n. (Patia, 1888), pp. 487-831. 

The algebmia forms have been studied bj Stiei^'es, data Matt. rt. (1886), pp. 381-308, 
Klein, Pofisnnt^ S&ar Union DifmnitelgleidiMngin (lithognphed, OMtingen, IBM), and 
B£oher, ffbir dii ReihauntmekArngm dor PofaMultAaorM (Leiinig, 1884). 

The more geoeral differential equation «iU> four arUtiiuy singularities at iduch tiie 
exponents ore oitntrary (save that the sum of all the exponents at all the mngulaiities is S) 
has been disonaaed by Heun, Itaik. Aon. xxxin. (1886), pp. 161-176 ; the gain in genenlity 
by taking the singularities arbitrary is only apparent^ beoausa by a homograpfaic change 
of the independent variable one of them oan be traosfbrred to the point at infinity, and 
then a (diange-of origin is sufficient to make the sum at the complex Goordinates of the 
three finite singularities equal to aero. 

Another important form of Lamp’s equation is obtained by using the 
notation of Jacobian elliptic functions; if we write 

X, - tt V(s, - e,), 

the Weierstrassiau form becomes 

^. [»(« + !) j^-2- -+n»^..} A. 

and putting Xi»a — ilT', where Stf' is the imaginary period of ansi; we 
obtain the simple form 

{n (n + 1) ifc'sn'o + A| A, 

where A is a constant connected with B by the relation 
£ + e,n (h + 1)— A (Sj-SiX 

The Jacobian form has bean studied by Hennita f’wi^usr appKootiMS dst/merioM 

sSqotigass, Oonqotw Htndnt, Lxxxv. (1877), pablUtri lepamtely, Pi^ 1888. 

In Studying the propwties of. Lamd's equation, it is best j)Dt to use one 
form only, but to take the fonn beet fitted fiir tl^ purpose in hand. For 
practioal applications the Jaeolaan fora, leading to the Theta fimotiooit i> 
the most suitoUe, For obbuning the poooperties of the scdutions of the 
eqnatom, the heat fimn to use ta in gmenl, the seoond algebrao fiinn, 
though in emne pgntUems analysis is ampler wito the Weietabaalian fora. 



556 


TBB TBANSOXKDrarrAI. FUNOnOMB [OHAP. XXlIt 

3341 . SolMtiong w laiu of Lani4'$ tqwOion. 

Let U 8 now aesume a solution of Lamp’s equation, which may be written 

4(f -«,)(?- «.)(f-s.)^ + ( 6 ^- - 1« (n+ 1) f + B) A - 0, 
in the fonn 

A - 2 

The series on the right, if it is a solution, will converge (§10'31) for 
sufficiently large values of ) f j ; but our object will be not the discussion 
of the convergence but the choice of B in such a way that the series may 
terminate, so that considerations of convergence will be superfluous. 

The result of substituting this series for A on the left-hand side of the 
differential equation and arranging the result in powers of f — is minus the 
series 

+ («i - ei) («i - ^) (4 n - r + 2) (i n - r + f ) 6 ^,], 
in which the coefficients 6 , with negative suffixes are to be taken to be zero. 

Hence, if the series is to be a solution, the relation connecting successive 
coefficients is 

r (n - r + 4) 6 , = ( 8 «i (4n - r -(- !)• - 4n (n + 1 ) - JB) 6 ,_, 

~ («i ~ — Si) (4* — r + 2) (4» ~ r 4) 6 ,.,, 

“d («-l)6.=.ifn%.-4n(» + l)«k-4B}6.. 

If we take 6 , » 1, as we may do without loss of generality, the coefficients 
6 , are seen to be functions of B with the following properties ; 

(i) 6 r is a polynomial in B of degree r. 

(ii) The sign of the coefficient of S' in 6 , is that of (-)» provided that 
r ; the actual Coefficient of is 

i-y 

2.4.„3r(2»-l)(2a- 3) ...“(2n - 2r + 1 ) ’ 

(iii) lf«^,^,lb«fld.Baierealand«,>sb>s„ then, if 5^., » 0 , the values 
of 5|r and 6 m axe Opposite in sign, provided that r< 4 (n+ 3 ) and r< n. 

Now snppoee that « » even and that we choose B in such a way that 
If this ehoioe is made, the recurrence formula shews that 

6 j,+*- 0 , 
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by putting ♦•■•in + 2 in the formula in question; and if both 6^*+! 

fS subsequent recurrence /ormulae are satiejied by taking 

*4ii+8 = *tB+4“ ••• =0- 

Hence the condition that lium^’s equation should have a solution which 
is a polynomial in f is that B should be a root of a certain algebraic equation 
of degree + 1, when n is even. 

When » is odd, we take 5^ to vanish and then vanishes, 

and so do the subsequent coefficients ; so that the condition, when n is odd, is 
that B shcMiId be a root of a certain algebraic equation of degree |(n + 1 )l 

It is easy to shew that, when «,>«,> e„ these algebraic equations have 
all their roots real. For the properties (ti) and (iii) shew that, qua functions 
of B, the expressions b,, bi, b,, ...b, form a set of Sturm’s functions* when 
r < ^ (n + 3), and so the equation 

^411+1 = 0 l)“0 

has all its roots realf and unequal. 

Hence, when the constants e,. e, are real (which is the case of practical 
importance, as was seen in § 23'31), there are ^n + l real and distinct values 
of B for which Lamp's equation has a solution of the type 

r»0 


when n is even; and there are J^(n + 1) real and distinct values of B for 
which Lamp's equation has a solution of the type 


when n is odd. 


4(^-1) 

r-O 




When the constants ore not all real, it is jiosatble tor the equation satisfied 

by £ to have equal mots ; the sulutions of Lamp’s equation in such cases have been 
discussed by Cohn lU a Konigsberg dissertation (1888). 

Bxample 1. Discuss solutions of Lamp’s equation of tbq types 

(1) («-♦,)* 2 V 


(ii) ({-s,)4 2 
(ui) S 


* par Ut Savaat ^trangert, n. (1696), p|>. 971~819s 

t Thi« ptoesdute it dw to UoaTille, Jownal de Math, xi. (IMd), p. 991. 
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otatainintrtbe reonmoM zdatioM 

(i) r(»-r+i)&r' 

- -«li) (<»i - ^ (lf»- «•+!) (4“-''+!) 

(ii) r(i.-r+4) V- 

(i*- r+l) (tn-r+l) 6",-„ 

(Hi) r(*-r+i)6,*-ia<,(4«-r+i)>-J.»(«*+«+l)-J/r}4-^, 

SaampU 2. With the nototiciii of aumple 1 riiew that the numben vt reel dietinot 
Teloee vt B tat whioh lAmd^ eqaatioD ia ntie^ed bgr terminating miee of the eeveral 
epedeeare 

(i) 4(a-l) or (ii) i(a-l) » J(a-8)i (lii) J(a-S) or i(«-8X 

23*42. The definttioR of Lami fitnetUma. 

Wheo we collect the resultB which have been obtaiitad in § 23*41, it is 
clear that, given the equation 

^-[«(« + l)|>(u) + £]A. 


n being a positive integer, there are 2n -t- 1 values of B for which the equation 
has a solution of one or other of the four species described in §§ 23*21-23*24. 

If, when such a solution is expanded in descending powers of the 
coefficient of the leading term is taken to be unity, as was done in 1 23*41, 
the function so obtained is called a Lami fimetMn of degree n, of ike /!rs( 
hind, of the first (second, third or fourth) species. The 2n 4- 1 functians so 
obtained are denoted by the svmbol 

■S.’tf); («-1.2, ...2n + lX 

and, when we have to deal with only one siuA fanetion, it may be denoted by 
the symbol 

Ea{lg). 


Tahlas of the ei^rasnons rep r eee a ttng Lamd funotions for a—l, S, ... 10 have been 
eontdled by Ounritere^ Owntalt di Mat. (3) XVL (1800)^ pp. 104-173. 

Bbamplt 1. Obtmn the five Lamd fanotione of degree 8, nanniy 

^(X+t*)^(X+«^ V(h*f'<^V(X+o*), V(X+«*)^(X+4*). 


Xeeiiyfa 3. Oblaib the seven Lamd fimetions cf degree 3, namely 
S V{(X+»^(X+»*>{X+e^), 

and six fanedgaseilMnad by iniatchaogss of a, e in the espr—inm 

V0i+«^;iX+4(«''*f*M^-»*S^±*»/{^*t*<i**»*<«'-7*V-<W~ii*i»)J. 


2843. 3%e non-nj)etMon (ffutot^ it Lami fiuieiione. 

It will sow be shewn that all the xatiooal linear fiuston of ate 

viisnMf. This result fellows moot eimpi^ from tirndifforential equation whidi 
Jftf*'fl& ,'e * * »sfiee; foi^ if f be any feotor of JB'n'*(f)> where ft is not one of 
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a«-42-28-44] 


the Buoiben «h or 4, thea ^ is e r^ier point the equation <§ ID'S), 
and any aolntkm the eqaadon which, when expuded in powers of { — ft, 
does iu>t begin with a term in (f— at (f-'fiY must be identieBllj zero. 

Again, if f, were one of the numben or Sb, the indicial equation 
ajqiropriate to (, would have the roots 0 and i, and so the expansion of 
Ej* in aecendiag powers of f, would begin with a tenn in (f — or 

(f-fi)*- 

Hence, in no drcumstanoes has qua function of {, a repeated 

&ctor. 

The determination of the numbers d,, d|, ... introduced in §§2321- 
23*24 may now be regarded as complete : for it has been seen that solutions 
of Lami’e equation can be constructed with non-repeated factors, and the 
values of 0t , ... which correspond to the roots of Ha*‘(f)— 0 satisfy the 
equations which are requisite to ensure that Niven’s products are solutions of 
laplace's equation. 

It still remains to be shewn that the 2n + 1 ellipsoidal harmonics con- 
structed in this way form a fundamental system of solutions of degree u of 
Laplace’s equation. 


28*44 The linear independence of Lamd funelione. 

It will now be shewn that the 2n + 1 Lamd functions which are 

of degree n are linearly independent, Uiat is to say that no linear relation can 
exist which connects them identically for general values of f. 

In the first place, if such a linear relation existed in whidi functions of 
different speciqB were involved, it is obvious that by suitable changes of signs 
of the radicals ~Si), — Si), vo could obtain other relations 

which, on being combined by addition or subtraction with the original relation, 
would give rise to two (or more) linear relations each of which invdlvea 
functions restricted not merely to be of the same species but also of the same 
type. 

Let one of these latter relations, if it exists, be 

( 0 .^ 0 ) 

and let this relation involve r of the functions. 

Operate on this identity r — 1 times with the operator 

in>e results of the successive operMions are 

Sa,(H,«y H,«(f)s 0 (s- 1, 8, ... r- IX 

where is the particnlar valae of H whieh is assooiated with 
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Etimioate a,, a,, ... Or from the r eqoatioBs now obtained; 


that 


1 . 1 , 1. ... P 

B.* . 5.‘ . A*. .* 


-a 


and it ia foond 


(BJT-' 


Now the only fiuston of the detanninant on the left are differences of the 
numbers JS.**, and these diffisrenees cannot ▼anish, by § 23'41. Hence the 
deteimintmt cannot vanish and so the postulated relation does not exist. 

The linear independence of the 2n+l Lain4 functions of degree a is 
therefore estabUehed. 


2346. 2%s Imtat indepmdmee of Miptoidal harmonics. 

Let tfa* (2> y> *) the ellipsoidal harmonic of degree n associated with 
E^(^, and let y, s) be the corresponding homogeneous harmonic. 

It is now easy to shew that not only are the 2n + 1 harmonics of the type 
<?•*(«> y, *) linearly independent, but also the Sti't* 1 harmonics of the type 
y, £) are linearly independent. 

In the first place, if a linear relation existed between harmonics of the 
type (c, y, s). then, when we expressed these harmonics in terms of con- 
fo^ coordinates (X, /i, v), we should obtain a linear relation between Lam4 
functions of the type (f) where f = X + J (o’ + h* + c*), and it has been 
seen that no such relation exista 


Again, if a linear relation existed between homogeneous harmonics of the 
type y, r), by operating on the relation with Iwven’s operator 

<5 23-25), 


IP 
2(2n-l) 


D* _ 
2.4(tn-l)(2n-S)* 


we should obtain a linear relation connecting functions of the type («, y, s), 

and since it has just been seen that no such relation exists, it follows that the 
homcgeneous harmonics of degree n are linearly independent. 


SS'fifi. theorem on the seros of Lami funetions. 

It has been seen that any Lam4 function of degree n is expressible in the 
fisnm 

(d+a^'(d + 6'y(d+c0’>. n (d-d,), 

,-i 

where ku «t> ** >>6 equal to 0 or ^ and the numbers d|, d„ ... 8^ are real and 
uneqpai both to each other and to — a*, — — c*; and + + 

*» are given the number of Lam^ functions of this degree and 

1. 
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23*46] UJlil’s SQUATtoif 

The remeiheble resalt hre been jmsed by Stieltjee* that these «t+l 
fbaetions can be aizanged in order in such a way that the rth fiinction of the 
set has r— 1 of its seroet between —a* and —h* and the remaining m— r+1 
of its seros between — h* and — and, incidentally, that, for all the m + 1 
fonctianB, 6|, 0„ ... lie between — a* and — e*. 

To prove this lesalt, let ... be any real variables such that 

(y>-l, 2, ,..r-l) 

(p-r, r+1, ...nt) 

and consider the product 

P”I s+« 

This product is zero when all the variables ^ have their least values and 
also when all have their greatest values ; when the variables dy ere unequal 
both to each other and to — a’, — M, — e*, then 11 is positive and it is obviously 
a continuous bounded fiinction of the variables. 

Hence there is a set of values of the variables for which II attuns its 
upper bound, which is positive and not zero (cf § 3'62). 

For this set of values of the variables the conditions for a maximum give 


that is to say 

•i + 4 *« + 4 '^ + 4 m 1 

where p assumes in turn the values 1, 2, ... m. 

Now this system of equations is precisely the system by which 6„ d,, ... 0, 
ore determined (c£ H 28‘21-2S'24) ; and so the tyilem o/equatitnu dstsrmintng 
0u dfi 9m has a solution for which 

f-a*<d,<-i*, (p-I. 2, ...r-1) 

1— 6'<d,< — c*. (p — r, r+1, ...et) 

Hence, if r has any of the values 1, 2, ... m + 1, a Lam6 functioa exists 
with r — 1 of its seros between — a* and — 6* and the remaining m— r + 1 
seros between — ft* and — c*. 

Since there are m + 1 Lund functions of the specified type, they ore all 
obtained when r is given in tom the values 1, 2, ... m + 1 ; and ti^ is the 
thetamn due to Stiel^bs. 

* J hrt oas vto a, vi, (1885), Vf. BU-8U. 

t Hmmiw -i^, -S>, -^antobtssUMad hoBUds SBomMUioB, f|, ... 4^ «alr batv 

ate into wassal. 


3 log n 8 1(^ n 
8*. " 8*.' ’ 


w.ii.a. 


3C 
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An intarwUng tUiiMl intepivtction til tlM tbaoram ma glvao Bttel^{ai, namaljr 
that if at 4-8 partidw whidi aUnct ma another aaeotding to the law of the inmae dMaaioe 

midaoed OB a line, and three oftheaepartidea, whose naaaet an «ct-j,aM 

find at poiata arith oaordioatea —o', —V, — the ramunder being of unit maaa and &w 
to more on the Uae, then log H ia the gravitational potential of the a;ystsm ; and the 
poaitioos of equiKbrinm of the efitem are thoee in vhioh the ooordinatM of the ntoveable 
parti e laa are dt, fit, ... d„,ie. the valnea of dfbr triiioh a certain one of the liamd fiinotiona 
of degree S (m-t-M+aj+ei) vanidiee. 

JBsampU. Diaouae the poeitiaos of the aens of pol; vnnials which aatiafy an equation 
ofthetjrpe 

^ n (d-o.) 

whwt (0) U ft pol^omift] of ilngmn r^S in ^ in which the coefficient of ie 

r 

-«t{«+r-l- Z 0,}, 

a-l 

m h 4ng a poaitive integer, and the nsnaining coefficients in d)._| (d) era determined firom 
the oonaidention that the equation hae a polynomial solution. 

(StielQea.) 

IB'47. Lamdjimetioiu of Ike eeoamd kind. 

The fonotionB (g), hitherto diacnased, are known as Lamd functions 
of the find kind. It is easy to verify that an independent solntion of Lamd's 
equation 

^-(n(fi + l)f +5,") A 

is the fiinotion Fn*' defined by the equation* 

and (() is termed a ljifn4 function of the MPond kind. 

From thia fonnula it ia <dear that^ near 


- (2* + l) «-» {1 + 0 («){ {1+0 (»)} «iw - »•+> {1 + 0 («)}, 
and we ohrionsfy have 

«i"'<f)-tr*{l + 0(»)|. 

It is clear from these r s poi te that ({) can never be a Lamd function of 
the first kind, and se fterv u no value <if Bj^for wkiak LamFe equatim ie 
eaUefied by two I4mi JvnaHone of ike firH kind of different tpeeiee or typee. 

It is pQ(ii|b|e to obtain an ezpressioa ibr->V*(f) which is free frpm 
quadratures^ 'tatalogons to Christoffel’s formola for Q»(*), given on p. 888, 
ezample 29. We liiaU give the aaalyBiB in the case when JSj' (() is of the 
first species. The oidy irredncible pdes of l/i.iFii.*'({)}', 9<«t frmetUm of h, are 
at a set 4 ^ pointe u,, ... Kh which are none of them pmriods or half petwcfo. 

Vtie dafiotthm of tha tnaalian b das to Baina. Jmmuaftt UeOu ssn. (Ifitfh 

p. wUt 

V 1 
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28 * 47 , 28 * 5 ] 


Near any one of these points we have an expansion of die fom 

and, substitution of this Series in the differential equation, it is found that 
hb is aero. 

Hence the principal part of near u, is 

1 

k,*(u-Urr 

and the residue is zero. 


Hence we can find constants A, such that 


rml 

has no poles at any points congruent to any of the points u, ; it is therefore 
a constant A, by liouville s theorem, sinoe it is a doubly periodic function 
of M. 

Hence If 

Now the points tv can be grouped in pairs whose sum is zero, sinoe 
iS^** (0 is an even function of u. 

If we take = — «,+„ we hare 

i* |4I 

-.4tt-2?(u) 2 rir- 2 

r-I r=.lP 

and tberefiire 

(a« + i) (ri«-2{:(u) t ri,}ff.-(f) + p'(u)wj,_i(e), 

r»l 

where Wpi-i(^ is a polynomial in { of degree — 1. 

XsamfU. Obtain fbrmulse analogous to this expression tor when is of 

the asoond, third or fourth qpeoiea. 


■ArP' {a) 

(it)-»(iV)’ 


886. Lam4’a equatim tn'assocwdioa with Jaeobian MipHe funetwni. 

All the results which have so far been obtained in connexion with Lam4 
• fdnctions of course have their analogues in the notation of Jacobian elliptic 
functions, and, in the hands of Hermite ^cf. § 23'7l), the use of Jacobian 
elliptic functions in the discussion of generalisations of Lamp’s equation has 
inuduced extremely interesting results. 

Unfortunately it is not poasiUe to use Jacobian elliptic functions in which 
ail the vaxjablea involved are re^ without a loss of symmetxy. 


34—2 
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The symmetncal formulas may be obtuned by taking new 'vanabies a, A 
y defused by the equations 

r«=»Z'+tt 
■ /3=iir'+ « 

and then the formulae of § 23 SI are equivalent to 

k* i^(o* — C*) SD a sn ;S sn 7, 

■ y = — c*).cn«on/8on7, 
r= (t/Jf) V(o*— ^).dnadn^dn7, 


the modulus of the elliptic functions bemg 



The equation of the quadnc of the confocal system on which a is con- 
stant IS 


X* r* Z' _ _ ^ , 

(a*— 6*)an*o (a* — 6^)cn*a (a“— c*) dn'‘ er 

This IS an ellipsoid if a lies between xK' and K + xK ' , the quadric on which 
/3 IS constant is an hyperboloid of one sheet if ^ lies between E -I- xK' and 
K , and the quadnc on ■which 7 is constant is an hyperboloid of two sheets it 
7 lies between 0 and K , and with this determination of (a, y 9 , 7) the pomt 
(w, y, z) hes m the positive octant 

It has already been seen (§ 23 ' 4 ) that, with this notation, LamA’s equation 
assumes the form 


da* 


[n (n -4- 1) /fc* sn* a -»• 4 } A, 


and the solutions expressible as penodic fonctions of a will be called* 

The 6rst species of function is then a polynomial in sn’a, and generally 
the species may be defined by a scheme analogouB to that of § 23 ' 2 , 
f sna, cnadna, 1 


cna, 

dna, 


dnasao, 

snacna, 


snacnadna 


n (sn'a — sd’o^). 

j> 


23‘6. TAz tnteyral egaaium zattg/izd by Lami fimttxonz of the firet a«d 
sscond speeies't’. 

We shall now shew that, if En’"('o) is any Lamd function of the first 
species (n being even) cr of the second species {a being odd) with sna as a 

' There is so risk of oanfnsingiluM with tb« comspoDdingfonetlonB 
t This istegrsl eqoaboa and the sotraipaidmg formnlseof |3S Msreoeiat e dwith dlqi So W sI 
h s rmmi iee wen gives Iqr tnutteker, iVoc. Lewies 4lat*. Sac. (3) ur. (1916), pp. StO>aeS. 
Proofs of fhe {ormshw isTolnsg fosotMiss of the thud ssd losith qieeiis have sot bees 
ptsilsiielr psbbdied 
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LAMi’s EQUATION 


taetor, then u a aolutinn of the integral equation 

(«) " ^ P» (i an o sn ^ (6) d0-, 

where a is one of the ‘ characteristic numbers ’ (§ 1 1-2S}. 

To establish this i«nalt wo need the leimtna that Pnlfesnaand) is 
annihilated by the partial difierential operator 

— n (n + 1) ib* (sn“ a — sn* d). 


To prove the lemma, observe that, when /t is written for brevity in jdace 
of it sn a sn p, we have 

■» /r^ {cn*adn*aan’5 — cn'ddn'flsn'a) 

+ 2i* an o sn (sn* « — sn* 9) P«' (;t) 

= i>f8n»«-8n'9)[(M‘- 1) P," 0a)+2^,'O*)] 

=*i:’(sn’« -sn*9)B (« + 1 )P,(a(), 

when we use Legendre’s differential equation (§ 15iS). And the lemma is 
established. 

The result of applying the operator 

— a (a + 1 ) ifc* an’ « - A 

to the integral 

j ^P„(ksnaBa0)En'"{0)dff 

is now seen to be 


/*»A ~ n (» + 1) ** ®“’ * - •dn**| Pm (fc sn a sn 0) (9) d9 

* y - n (» + 1) *• sn* 9 — A»"| P„ (/t sn « sn 9)J (9) d9, 

and when we integrate twice by ports this becomes 

pM|2£?Sf)j5.«(9)-P,(bsn«sn9)'^^>]“^ 

4y“^P.<fcan«sn9)|^- a (n + 1) i* an» 9 - A»-| (9) . <19 - 0. 

Hence it follows that the integral 

f P« (Ji; sn a sn 9) £•** (9) <19 

. -iK 

is annihilated by the operator 
iP 
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and it » evidently a pid^nAiiiial of degree n in an* a. Stnoe Jjuui’t eqaataen 
haa only one int(^;nl of tlna lype*. it Ibllowa thjit the integral ia a mi^]^ 
of if it ia not aero ; and the reanlt ia eatabliahed. 

It appean thatvaayehaiaotariatia maalwr aMXMted mih the eqaatioa 

fields e eolation of Leta^eqnetidn; of. Inoa/Voe. Aiyal&e AiAi.zuL(19tlXpp-43-t3' 
IbampUl. Shew that the iniolaiia of aointegial equetioD (etiafiedl^ Lama lonotione 
of the fii^ apeoiee (a heiiig even) ot of the aeoond qieoiea (a heiog odd) with one aa a 
Ihotor, may he taken to be 

P.^jonecnd^. 

Sgaatple S. Shew that the nudeoa of an integral equation aatiafied by Lamd fanetiona 
of the fiirt species (a being even) or of the second species (a being odd) with dne at a 
&otor, may be taken to be 

P.^pdnadnd^. 

28*61. 7%e tniayraZ tqvaiUm taiitfied hy Lami JmeUont of tho'tkird and 
fourth tpoeiet. 

The theorem analogous to that of § 23*6, in the case of Ijun^ functions of 
the third and fourth species, is that any latmd function of the fourth species 
(n being odd) or of the third species (a being even) with cn a dn « as a factor, 
satisfies the integral equation 

I cnadnacn6dndPs'(ABnam6)£'s*W<f^* 

J-tK 

The preliminary lemma is that the nucleus 

cnadnaonddn OP^' {kmataO), 
like the nucleus of § 23*6, is annihilated by tiie operator 

^ ^ - n (n + 1) t* (sn* a - sn» 6). 

To verify the lemma observe that 
}cn g dn aPf (ksnaand)! 

■> if cn* g dn* g an* dPa** — 3kaa««a a dn g an 6 (dn* a -(■ cn* g) P« " (m) 

— cn a dn g (dn'g + cn* g g) P»" (/a), 

and 80 

.{cnadngcnddntf P«" (k sn g an 6)} 

■a k cn g dn g at 6 dn 6 (an* a — an* 6) 10^ — 1 ) PJ* (^) -f 6/aP«"' ( m) + fiPa" <^)) 
■■k'ongdn goD 6d]tf<#(aa*a - an* 6)^ 1) P* (m)} 

K W (« d* 1) os a dn g on dn d (an* g — an* 6) P*" (/a), 

* Eh* BShWcn whsa ssp a adm ia dsasmdiag powsra of ana b ig hi i with a tana ia 
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23*61, 23*62] 

and tke lemma is established. The proof that Ej" (a) satisfies the integral 
equation now follows precisely as in the case of the integral equation of § ^*6. 

JSmmpU 1. Shew that the nuoleus of an integral equation which is satisfied laiai 
fimotions of the ftiurtb spedea (a halng odd) or of the third speeies (a being even) with 
snsdnoas aihotor, may he taken to be 

an s dn o an d dn d P," on e en . 

JSaa m pU S. Shew that the nucleus of an integral equation which is satiafied hj Lamd 
funoUoDS of the fikurth species (a being odd) or of the third species (a being even) with 
sn a on a as a factor, may be taken to be 

snaonasndcndPa,'’^P dnednd^. 

Bmmjilt 3. Obtain the foUoaring three integral equations aatufied by Lamd fhnetioos 
of the fonrth species (a being odd) and of the third species (a being even); 

(i) i«sn*«^-(«)-Xon«dn«J^P,(i.naand)^{~^^^'^^^?J}dd. 

(ii) -i*cn« aP.- (.)-XP*«, adn P. (Jen a cn d) 1 ^ 

(iii) i»dn*oi^»(a)=XP»8nacnoJ^P, ^ ^ 

in the case of Ihnctiona of even order, the funotiona of the different types each satisfy one 
of these equations only. 

28 ' 62 . Integral furmvUu far eUipeaidcd harmonies. 

The intogcal equAtions just oouaidered make it possible to obtain elegant 
representations of the ellipsoidal hannonic (w, g, s) and of the corre- 
sponding homogeneous harmonic S^(s, y, s) in terms of definite integrala 

From the general equation formula of § 133, it is evident that (c, y, s) 
is erpreei^le in the form 

y. a)- J (aeoef -by «n * + «)•/(») dt 

where /(t) is a periodic function to be determined. 

Now the result of applying Niven’s operator Zl'to(«ooat+yaint-f- ts)* is 
n (it - 1 > <a* cos* f + id sin* t - cd) (* cos t + y an t + u)P^, 
snd so, hy Niven's formula (§ 88*26) we find that Ga** (c, y. s) is expeemiUe 
in the fom 


. s } .^y.aV ^ 
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SIscooef-Hyamt-fir, 

® a V{(a* — e^) oorf < + (6* — ain* <}, 


80 that 
6»*(aty, *) 


2».(niyr* / ^eoBt + ysint + u 

(8»)! J-, ■^“W{(«‘-e^coe*t + (6»- O') ain't} 



Now write ain t a od 0, the moduloa of the elliptic fiinotiona being, as 
nsnal, giren by the equation 


if 


o'-M 

a»-c*‘ 


The new limita of integration are — %K and K, bnt they uxay be replaoed 
by - 2K and 2K on account of the periodicity of the integ^rand. 

It ia thus found that 


^ f** n /ifwantf + ycntf + trdny^ j 

<?.- (*, y. a) - P, [ j 4 , (tf) M. 


where ^ (d) ia a periodic function of 6, independent of x, y, t, which is, aa yet, 
to be determined. 


If we express the ellipsoidal harmonic as the product of three Lam6 
/uBCtHms, witb the aid of the fmrauiae ef§S3S we Sad that 

EJ- («) £■.« (/9) *(d)dd, 

where C is a known constant and 


/taA'anaan/^anyand— (if/k^)cnacni9cD7cn d 

- (l/if*) dn a dn dn 7 dn d. 

If the ellipsoidal hannonic ia of the first species or of the second apecies 
and first type, we now give /9 and 7 the special values 

0 ’^K, ymK -t-iK', 

and we see that 

a an d) ^ (d) dd 

ia a solution of Lam^'a equation, and so, by § 23'6, ^ (d) is a solution of Lamp’s 
equation mkieh can be ne other* Aon a mvitiple of Ej* (d). 

Hence it fbllewa tdwt 


fl «/_ .. -s-., f** s /A!'*snd+ycnd+wdnd\ ... 

«*• (*. y. *) - X j P.\^ ) 


where X is a constant 


UoW loTolred the anoaS lohrtioa, th* iatognl msU a«l sea w fa 
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If If, t) be of the eetxmd apeoes and of the oecond or third tjpe 

▼e pat 

13^0. rfm.K+iK'. 

or /3 ■■ 0, 7 — jBT 

reepeetivelj, and we obtain anew the aame formula. 

It thna follows that if &•** («, y, t) be any ellipaoidal harmonic of the first 
or second species, then 

(». y. *) - 0*) A’,- (tf) <W. 

iTn" («, y , 5) - X . r-T— — -TZ { (fc'«8n6 + ycn6 + t»dn6)» .S',* (6) <W, 

2* (» ly (i* — c*)*^ J -« 

where = (k'f rnff + ycoff + iedti 0 )liji]bf — c*). 


fiS-fiS. Inisgml formula for dliptouial harmonict of the third and fourth 
speoies. 

In order to obtain integral expressions for hannonios of the third and 
fourth species, we tnm to the equation of § 23*62, namely 

(«) O) (7 ) =■ -P. (m) « (6) 

where 

/« = ib*8n « sn /9 sn 7 sn 6 — cn a cn /3 cn 7 cn 6 — (1/5'*) dn a dn /3 dn 7 dn 6 ; 

this equation is satisfied by harmomcs of any species. 

Suppose now that .£„*(a) u of the fourth species or of the first type ot 
the third species so that it has cn a dn a as a factor. 

We next differentiate the equation with respect to 0 and 7, and then put 
/8 •■jff, 7«« y + iK'. 

It is thus found that 


i-trl a/98y 


n 

Jci-jr.T* 




so that 


--(s/*')dnsdnj8dn6P,'0i). 

L Jr-x+tJC' 


. dfidy J(S-X,y-X+iX') 


— — A; on a dn ■ on 6 dn 6 (5 an a an 6)k 


Henoe J*^cnadnacn6dn6P«"(hsnain6)^(6)d6 


is a solution of Isund’s equation with enadnuos a faetcx; and so, by §88-61, 
^(6) onn 6s nens <ith«r than a constant multgiU of 
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W« have tirns {rand that the eqaatioi 

<?«" («. y, •) • ( a *) ^•*<^) ^ 

is satisfied by any ellipsoidal hannonio whieh has cn a dn a as a fisetw; the 
eonespondtng fioraula fior tile homogeneous harmonic is 

y, *) “ ^ g, «rad+yond+»sdnd)»^“(d)<W. 

/Ewiwpit Shew that the eqnetioo of this wotioii is ■atisSad by the diipsddal 
honnanioa which have an adn a or an a os a fhetor. 


237. Generaliaation* of Lami’s eqvMion. 

Two obvious generalisations of Lamp’s equation at once suggest them- 
selves. In the fint, the constant B has not one of the chaiaeteristic values 
for which a solution is expressible os an algebraic function of p (u); and 
in the second, the degree n is no longer supposed to be an integer. The first 
generalisatioa has been fully dealt with by Hermite* and Halphenf, but the 
only case of the second which has received any attention is that in which n is 
half of an odd integer; this has been discussed by Brioschi}, Ualphen| and 
Cnwford||. 

We shall now examine the solution of the equation 
^ - {n (»+ 1) p(u) + B] A, 

where B is arbitraiy and a is a positive integer, by the method of Lindemann- 
Stieltjes already explained in connexion with Mathieu's equation (§| 19'6- 
19-62). 

The product of any pur of solutions of this equation is a solution of 
g - 4 {a (a + 1 ) p («) -HI} g - 2» (a + 1) (u) X - 0. 
by § 19*62. The algebraic form of this equation is 
4 (f - •.) (f - *0 (f - ^ -t-8 <«p - Jy.) ^ 

-4{(n*+a-3)f+B}^-2«(a + l)X-0. 

If a solution «f tinajp #tirMiding powers of E ~ be taken to be 

r-S 


* Casv«MjBsa*u,tasxT. (unVn^Mt-WMM-lM.Btt-SSe. 
t fmuUam X l l ffM t m , a. (Paris, ISSSh jja tM-tOI. 
t OmffUt J tu kh u , taxxn. (ISTI), pp. US-SIS. 

I AacNom SUffUnm. a. (Faria, tSMI, pp. *71-47$. 

I qasr(«r% Ae»aal.Kxni. (UH9. pp. ta-W. 
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as*?] 


LAVafg XQVAXIOV 


the Tec an wwe fiviaiila tar the coe6Boieata Cr is 

4r (n - r + 1) (Sn - r + 1) e, 

««(n-r+ 1) {12«a(n-r)(»-r + S)- 4i«^(n' + n — 3}- 4tB}c^, 

- 2 (« - r + 1 ) (n - r + 2) - «,) - «i) (2n - Sr + 3) 

Wiite r n 4- 1, and it is seen thetew+i = 0: then write r«n4-2 snd 
snd the reenirence fonnnlae with r > » + 2 ere all satiafied taking 

Hmee Lamfi gmtralited aquation alv>ay» hat two aolutionu whoae prodMOt 
uofthe/orm 

r-o 

This poljnomial may be written in the fwm 
n (a,)), 

r*l 

where a,, a,, ... Oh are, as yet, undetermined as to their signs ; and the two 
solutions of Lamp’s equation will be otdled A„ A|. 

Two cases arise, (1) when A,/A( is constant, (II) when A,/Ai is not 
constant. 


(1) The first case is easily disposed of ; for unless the polynomial 


is a perfect square in {, multiplied possibly by expressions of the type f—Ot, 
( — «$, then the algebraic form of Lamp’s equation has an indidal 
eqnatum, one of whose roots is at one or more of the points (•‘f (Or); and 
this is not the case (§ 23*43). 

Hence the polynomial must be a square multiplied postibly by one i» 
mme of f — s,, { — ai.t — ei, and then A, is a Lam4 function, so that B has 
one of the characteristic values and this is the case which has been 
discussed at length in 23*1-23*47. 

(It) In the second case we have (| 19*53) 


A. 


dAg 

'St 



where C is a constant which is not sero. Then 

dlogAg dlogAi fiS 

du ” S "X’ 

dlqgAt . dkg A, 1 dZ 
Si’ 

dlogAi 1 dZ <E d log At 1 dJT . (£ 

dS — -firai+j- 


Sotitat • 
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Od intogmtiaD, we see that we may take 

Again, if we differentiate the equation 


[OBAP. xxzn 


we find that 


Ai du 


1 ^ e 

iIdu~X’ 


1 «»A, (1 dA,|« 1 

A, dv* I A, du)~ iX du* 2l* V rfa / X* du' 

and henc^, with the aid of Inm4*a equation, we obtain the interesting 
formula 

1 /IdXN* S* 

If now {r = (Or), we find from this formula (when multiplied by X*), 
that, if u be given the special value Or, then 


(f): 


4g> 


~tr F'*(ar)’ 

We now fix the signs of a„ a,, . . a« by taking 

fdX\ 


(fl 


I, +P'(«>r)' 


And then, if we put 2S/X, qua function of into partial fractions, it is seen 
that 

?®_ ? 

X 


r?i f-p(ar) 


• 2 {{•(u-o,)-?(B + o,) + 2{r(a,)l, 

rml 


and therefore 

A,-[n{p(*)-F(«,)}]* 

X exp j^j 5 Jlog » (Or + u) - log »((»,-«)- 2u{: (o,)) j , 
whence it follows thot ($ 20*53, example 1) 

2^ complete solatum has therefore been obtained for arbitrary values <ff the 
oowtant B. 
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38 * 71 . The Jacobian farm o/ihe gmerahaed Lame equation. 

We shall now construct the solution of the equation 

(n (n+ l)i*an’a + j1} A, 

for general values of A, in a form resembling that of § 23*6. 

The solution which corresponds to that of § 23*6 is seen to be* 

where p, Oi, a,, ...On are constants to be determined. 

On differentiating this equation it is seen that 

i ( H'(a + «r) e'(g)) 

Ada ,.i|H(a+a,) ©(o))"*^^ 

= £ {Z (o + 0 , + iJf') — Z (a)] + p + imrilK, 

ral 

BO that °° ^ {dn*(a + a,+iy') — dn'al, 

and therefore, since A is a solutiou of Lamp’s equation, the constants p, Ou 
0 ,, ... a« are to be determined from the consideration that the equation 

«(n + l)ifc*sn’u + A = X {dn’(u+a, + »if')— <ln*u} 

r»*i 

+ X {Z (a + Ur + iK') — Z (a)j + p + 
is to be an identity ; that is to say 
n’jfc*8n*u+a + A + X c8*(o + a,) 

r-I 

= ^X {Z (a+a^ + t/r^) — Z(u)} +p + Jnwt/Arj . 

Now both sides of the proposed identity are doubly periodic functions of 
a with periods iK, UK', end their singularities are double poles at points 
congruent to —xK', — at, — Oi, ... — b»; the dominant terms near — xK' and 
— St' are respeotively 

n* 1 

(a+iJC')*’ ~<u + 0 r]P 

in the case of each of the expressions under consideration. 

The residues of the expression on the left arc all sero and so, if we choose 
P> <ti> ... so that the residues of the expression on Uie right are sero^ 

* 1%i(*olati<aii«aapaUUMdiBl879taH«nBito*(litlMieiapiMdn(ilMafliisle«lsiwdaliTCrad 
•t iha ikgols poIrtMbiiisiM. 
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it will follow from laoaville'a theotem that the two oqpcewioiui differ by a 
ooBstaBt which can be made to vaniA by proper qhoiee of A. 

We Ane obtain »-t-S equations connecting p, c^, a ,, wiA A, but 
Aeee equationB are not all independent. 

It is easy to prove that, near 

S {2(a+Br + *d^')-Z(«){ + /» + 

r»l 

*=* + s' Z((^— ar + iff')+iiZ(nr) + p + Kb — l)wi/ir + 0(B + a,), 

B + Or 

where Ae prime denotes that Ae term for which r is omitted , and, near 

-iK’, 

S {Z (a 4- Or + iK') — Z (a)) + p +inin/K 

r»l 

Hence the reaidaea of 

^S (Z (a + Bp + tJP'} — Z (a}] 4* p + Jmn/Jrj 

will all vamah if p, a,, a,, ...an an chosen so that the equations 

2' Z — Sr 4- *fr') 4- nZ (Or) 4" p 4'4 ^(b— 1) wt/JT^O, 

. r“* 

2 Z(a,)4-p“0 
Vr»l 

are all satisded. 

The last equation merely gives the value of p, namely 

-lz(s^x 

r»J 

sad, when we substitute this ndue in Ae first system, we find that 

i' [Z (a, -ar-t- iK')4-Z(firy - Z (q,) 4- iwi/K] - 0, 
s-i 

where rol, 2, ... n. By J 22'78S, eum^ 2, the sum of the left-hand sides 
of these equations is tero, so they are equivalent to n — 1 equations at most ; 
and, when a,, c^, ... s. Save any values which satisfy them, Ae diffiereoee 

rB^lfBn*«4-B4-4+ 2 cii^(b4-s^)1 
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LA.lris'fl SQDATIOH 


u eaoabutt By lakiiig n -i 0, it is seso that the constant is aero if 

»-^A+ S o^Or** f 2 {Z(«^ + tX') — 2(«4.) + i«7ir)l * 

r»l Ir-I J 


Le. if 


! S cnardsarl — 2 

rel j r=l 


tU^Or** d. 


Wejxnr ndoee the s^etem of • equations; with the notation of § Si'S, if ftmctions of 
q,, Or he denoted by the eofliies 1 and S, it is eaqr to see that 
ZiOf- e,+»4 ’') +Z (a,) - Z (a^+^wilK 

• Z(ofi) ■* 2 (o^+i^r^)+Ci<ij/ii 

-•fan (i^-MX')en<vSD (e^-f if ' -ar)+Ctdi/(i 
•* ■ 


<, an (0,-0 ,) Si 
a«(«i<!|<^-«-«i<!i<<i)+ei rfi («i»- J»») 

*i<|d|->-ai ttd| 

Consequently a solution of Lamd’s equation 

(n + l)it*8n*«+ f ) A 


provided that Oi, Oi, ... a. be chosen to satisfy the a independent equations 
oomptiaed in the system 

’ ang,cogj,dn% + BnarCng,dng, ^^ 
sn’e^-sn'or “ ’ 

I S cng;.dsa^| — 2 ns’at-^-d; 
iL^J J *■“> 

and if this solution of Iamb’s equation is not doubly periodic, a secimd 
solution is 

The existence of a solution of the system of a + 1 equations fiiUowa from 

5 m. 
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Miscbllaneodb Examples. 

1. Obtoia tiM fonnola 

«.(*. 9, J“/)**P.^2,)*-«*i.H,(a,y, i). 

(Nnan, PJuL IVdM. 189 a (1891), p. 646.) 


3 . Shew that 

Hi- 1 - 


3\ 


, 1 H-.(A.y,. ) 

5y V(**+y*+*^ 9*.«I 

(Hobson, /Voe. Lenthm MaA. Soe. zxiv.) 

X Shaw that ths ‘eztSEoal ollipsoKisl harmonic’ Pn"^ {() {i/) Bj“ (£) is a constant 

mnltiplsof 

»• ('3 I 3\/. , J* I />» , \ 1 

By’ 5A * (»«+3) *•■*{>•+*)(*" + *) 

(Nirw; and Hobson, /Vnc. hmdox Math. Soe. XX 17 .) 

4. Diaonas ths conOuent bim of Lamp’s aquation when the invariants p, and ^ of the 
Waim'iitrasaian e]lipti»fiuioti<m an made to tend to aero; axpraas tiie solution in tanas of 
Beassl fonotiooa 

(Haantisohsl, ZoiUohrift fUr Math, imd Phj/t. XXZL) 

6. If a dsnotas ’^^^ozp[{X-Z(p)}sl lAsn X and p an oonstanta, shew that 

w W 

Lain<% equation has a eolation whidi is apiOnibla as a linear oomhiasti<» of 

<f*~*o <**•*» d‘~*v 

S’-* ’ i»-»’ 

when X* and an*p an algehaaioAinBtiona^ the constant d. 

(Hannita.) 

& Obtain solotioaa tf 

{ |^-l6**Bi«a-4(l+il»)±6,y(l-i*+n 

(BteobmE, deto Jfati. x.) 

7. DiasaH the solution of the aquation 

A(a— l)(f-o)^+[{a+;fl+l)i*— (o+B— 9+l+(y+d)o}i+oy]^+a/S(*-j)p«0 
in tbs fonn of tlia aarios 


l+a 6 X 


<?»(g) (»/•>* 


'iit»!»(y+l)...(r+")’ 
®i^)*“a6^+^«+3-'6+l)+(y+6)a)f-ay, 

fl’c+j to)“l»{(«+B-6+»)+(T'+'3+*~ +46f] ®«(9) 

-(sH-w-lltf-fa- l)(v+«-l)«a( 7 ._, (p). 

(Bout, Jfoti. dm. Mxxm.) 
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A Shew that the expananto at the aingularitiea t), 1, a, a: of He«ii*8 equation are 

(0,1 -y), (0,1-*), (0,1-.), («,|8), 

whore y+D+.:-a+/}+l. 

(Heun, MatK Ana. XzxilL) 

d. Obtain the following gioap of vonablea for Heun’S equation, oomaponding to the 
group 

, 11 » *-l 

*’ 'z' T::;’ a-i’ . ’ 

for the bjrpergeometnc equation : 

, 11 j *-l 

*’ *“*’ i' 1-*’ »-l' ~i ’ 

I a -2 a a t t—a 

a* o’.* o— .* o* . * 
i-o . - 1 1 -ji 0-1 i-o t_-l 

l-o’ 0 — 1 ’ .-o’ .—1’ »-!’ .-o’ 

g-ji (o-l). a(z- \) 0 ^- 1 ) .-a (1 -a). 

a(.-l)’ o(.— 1)’ .-a ' (a-l)i’ (l-o).’ s-o 

(Heun, Math. Ann. xxxiu ) 

10. If the aenea of example 7 be called 

/•(o,}, o,ti,y, t. z\ 

obtain 1 U3 iKilutioiw of the diSereiitial equation in the form of iwwera of - 1 and . - a 
multiplied b) ftinctione of the type /*. 

[Heun givea 48 of theae aolutiona.] 

11 If vcsgv, shew that Lamd’a equation 


fj-{n(n+l)P(aj+S)4 


may be tranaformed into 


by the aubetitution 

A-r («))-£. 

13. If shew that a formal aolution of the equation of example 11 is 

Z= 5 *r(f-*.)— ^ 
r**o 

provided that (o- in) (o— n+ J)— 0 

and that 

4(o-r-Sn)(o-r-n+t)6,+ [13s,(o-r+l)(o-r-Sn+l)+4e,n(8n-l)-4B]J,_, 

- 4 («, — (*,-ei) (o - r+ 8) 'o - r - «+|) Ii,.,=a 
(Brioechi, Oompm Rmdat, ucxxvi. (1S7B), pp. 318-SlS and Halphen.) 

13. Shew that, if n is half of an odd positive integer, a solution ot the equation of 
exaraide 11 exisressihle in finite form is 

r--t 


w. M. a. 
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pmidsd tluA 

4r()i-r+J)«^.+pSn(l«-r+l)(»>-l)-4i»i»(««- !)+*«] 

•od B ii M datenmned that 

(Brioadti and Halpluin.) 

lA Shaw tbat, if • b half of an odd iategar, aaolutioQ of ^eqoatioD of afamida 11 
a ai a a a a i Ma in Anita fcnn b 

i'-Vva-H)*''"*. 

pm% 

gaondedthat 

+4(a»-a,)(ia-.a)(ii-j»+|)0»-l)y,.i-0 
and ^0 b tha eqnatioa whbh datenoinea A 

(Ocaarfiad.) 

IB. With the natation of anmtdaa IS and 14 abaw that, if ' 

tin aqoatioaa whioh iWomiina <i, — *** idactioal with thoaa which datannine 
i,, i|, and daduoa that, if one of the adniiona of Jjuaft aquation (in whidi n b 

half of an odd integer) b eiptaaaihb aa an algahraio Ainctiaa of f>(v), ao aloo b the other. 

(Crawford.) 

1& J^mve that the rafaiaa of B datonnioed in enin{da 18 are real whan Oi, % and 
oteraaL 

17. Shew that the oonipleta odution of 

J33-IPC) 

» A-tf»'(l*)J-*{dP(*a)+a}, 

whota A and B on orUtiaiy oonalaata. 

(Halphiai, M/m, par d it m m taiantt, uvm. (i), (1880)^ p. lOS.) 
1& Shew that tha oom^ata adution of 

ig-IP.Ita-i-d+it) 

b A-(«4{<7-o)oni(C-Trt<<“*(<’'-«)r*{A + San»t((7-a)}, 

whm d and S am oihitrazy oonataata and C^aA+tS'. 


(Jomet, Qoay t n i im dar , oxl) 



APPENDIX 

THE BLEHEJiTTABY TBANSCENDENTAL FUNCTIONS 

A'L Oft cmiam rt$uU* atnuiud m Ciapteri I-IV, 

It wM ooavauwaA in th« flnt toar cfaaptem of thn work, to la-iiiw lome of the 
prt^iertiM of the eleiaentuy tnneoendaitel funotiona^ oemely the exponential, logantbmic 
end eirouler fimottona ; it wee elao convenient to make uae of a number of resolta which 
tiie reader would be prepared to aoeept intintively by teaaon of hia Suniliantf wttU the 
geometnoal lepreeeatation of complex numbere by meana of pointa in a plane 

To take two inatancaa, (i) it waa aaaumed (S that lim (expx)=exp(lim«), and 
(li) the geometrical oonc^ of an angle in the Argand diagram made it appear plauaible 
that the aignment of a complex number wee a many-valued function, poannamng the 
pnyerty that any two of ita valuee differed by an integer multiple of Sw 

The aaeumplion of reaulta of the fint typo waa clearly illogical , it waa alao illogical to 
ban anthmetieal reaulta on gaometncal reaaoning. For, m order to put the fbundatioox 
of gacmetty on a aatitfactaiy baaia, it n not only deauaUe to employ the axiame of 
anthmetic, but it la abo neoeaaaiy to utilin a Airtter aet of axioms of a more definitely 
geometrical ohanoter, ooneenung propertiee of points, stinight lines and planes* And, 
Author, the anthmetieal theory of the loganthm of a oomplex number appeals to be 
a nennasaiy prahminaiy to the development of a logical theory of angles. 

Apart from this. It aeems unaatiefrctory to the aesthetic taste of the mathematician to 
employ one branob of mathematics as an esaeatial oonabtuent in the structure of another; 
partwulariy whan the former has, to some extent, a material basis whereas the latter is of 
a purely abstract natuief 

The reasons for puTsuing the eomewhat iUogioal and unaestbetu. procedure^ adopted in 
the earhar part of this work, were, firstly, that the properties of the elementary hranaoen- 
dental Aiuotiona Were required gradually in the oontae of Chapter n, and it aaemad 
undeaiiable that the oouise of a general development of the vanons infinite p iocea s ea 
ahonld be fitequently interrupted in order to prove theo r wme (with which the reader waa^ 
m all probabihty, already familiar) ooneenung a aingla particalar hmotaon , and, aeumdly, 
that (in oooiiexion with the eaaumptiou of results based on geometnoal ooneideestioae} 
a pui^ antiunetiaal mode of development of Ch^tan i-iv, deriving no help or lUna- 
tistMtts from geometnoal pt o oeea o e, would Kve wy greatly inersaasd the difitcultieB of 
the reader Unacquainted with the metheda and the spint of ^e analyst. 

* ttu notout ob;aet tcgiveany assount of the faBndaUoDsatgaoniattymtfatewaA. Thtf 
an mvaetigaisd by vanons wntara,soeb is Whitehead, dsieewe/Jiwpietawgmaisiiy (flamlaldga 
Haifa. Iraett, no, 4, 1906) and Hathawa, ProiteUM Chamttrf (Zacndon, 1914). A patnaal of 
Ohaptan i, xx,,xxu and xxv of ths latter work will eontinee the laedm that it le even nma 
Isboiwns to devel^ geomstty In a la|d<*l aannsr, from ths mtniimitn number efesoms, than 
it le to awlve the theery of the auanlar Auetuos by pnraly aaalytnnl aethode. A oompletn 
aecDont of ffw eleiaante both of andunstls and of gaomatay has fatan givtn by Whitihaad and 
BasNtt. JVMpfa Mathmartoa (ItlO-lfU) 

t Ot Ham, Hittarg qf ft i r epa ea TbeayM is tbs W isrrtr a t b Owts ip, n. (laodon. 1909). pp. 691 
(nets H and W Ibota 1), whare a Mtar from Wabnaraa ta aehwan is qnetsA Sm aim 
Byltbaa; FMh Hap; («), u. {Win, f- [HstA Pofm, m. {WOU), 9- Mi)- 


37—8 
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ApraNsix 


A.'U. SmKmarytf^ Appmiuc. 
niegeaenl oomBSof Urn Appendix u as fSsHom 

In §g A S-A a, the a^xmential fimotion is defined by a posrar ssnee From tins 
definitum, oombinad with rasnlts eontamed in Chapter n, are dsnved the elementaiy 
properties (apart ficom the penodie pK^Mrbes) of this fiinction It is then eaq' to deduce 
orareqionding properties <d loganthms of paatire numbers ($§ A4-A 3S) 

Next, the sine and oosine are defined power senes from irinoh follows the oonnsxion 
of these functions with the exponential fiinction A bnef sketch of the manner in wbndi 
the fiirmnlae of elementaiy trigonometry may be denved is then given (S§ A 4-A 42) 

The results thus obtained render it possible to duouas the penodKnty of the exponential 
and oueolar Amotions by furtig anihautwal eiettodSi (j{^ A ft, A fil) 

In §§ A 52-A 522, we oonsider, substantially, tbe oontinmty of the inveree ommlar 
fimotiona When theee ftinetions have been investigated, the theory of logenthma of 
complex numben (§ A 6) presents no fiirther difficulty 

Finally, in § A 7, it is shewn that an angle, defined in a pordy analytical manner, 
poaMsaes properties which are ooneistent witb the ordinaiy oonc^ ct an angle, baaed on 
our expenenoe of the material world. 

It wiU be obvious to the reader that we do not profees to give a complete aeeount of 
the elementary tranaoeudental funotiona, but we have confined ourselves to a bnef aketoh 
of the lopoal fouodstioiis of tbe tboory* The dfivelopmeuts have been given by wntem 
of vanoua treatisea, such as Hobson, Fiaiu Tngonometrg , Hardy, A eovne of Pore 
MeUKtmaua , and Bnmwuh, Theoiy of JefieMt Stm* 

A 12> A logwal order ofdosdopamt of the elemmti of AiuUyn* 

Tbe reader will find it instructive to read Cbaptera l tv and the Appendix a second 
tune in tbe following order 

Chapter I (omittingt all of § 1 S except the first two paragrapbe} 

Chapter n to the end of § 3-91 (omitting tbs examples in 2 31 2 61) 

Cb^iter in to the end of § 3 34 and ^36-472. 

The Appendix, §$ A-fi-A 6 (omitting gj A'Sfi, A 33) 

Chapter u, the examidee of S§ ^ 31-2'61 
Chapter m, 3 341-3 4. 

Chapter iv, inserting A 32, A 33, A 7 after §4 13 
Obiter n, g§ 2 7-2fBL 

He (hottld try thus to convince himasK that (in tbai oader) it is pouaiUe to elaboxate 
a purely anthmetaeal developnieat of tbe subject, in wbieb the graphic and 
language of geometsy { is to be regarded as merely conventional 

* In wntaag the Appanffix. fasgusot leferanos has bean made to the aniola on Alpebrsis 
Analyew in tbs Jtaeytlapdd i s dtr Jfolt. WuHsmbs/tia by Fliagabaim and Fnber, to the 
artide trandatsd and reneed by Molk for tiie AseyebpfiHr d<* Selomctt Math , and to Tannery, 
J a lrp JMC Iioa ft la TUorU An Fometitmt d’ww Forieftlf (Fwie, 1904) 

t The propertim of the argument (<w phase) of a eomplex number an not tegaited m the 
tast bsfam Chapter v. 

3 Kg ‘a pomt’ tor ‘an ordered number pelr,” foe eftele of unit tedine with eentm at foe 
ongm' fur ‘the set of ordered numbet^paue (s, p) idneh estiefy the conditma < foe 

pomte of a straight hna’ fin < tiw set Of ordend nomber-paire (a, p) whuh saUefir a relalto of 
thefypcda-rilp-i-CBA' e^ eft XB' 
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A.'X Tht itjmmUialftiMitm exp x 

Tbe npaaential ftmotioii, of • oomptax variable t, is defined the aeriee* 

Jhia Mriea oaovetgee abaolutel; for all values of s (real and complex) b/ D’Alembert’s 
'^tatio teat ($ fi46) maae lim | (>/«) |oO<I ; so the definition is valid for all values of a 

Further, the series eouveiges uniforml; tfarooghout any bounded domain of values of s; 
fur, if the domain be such that |x|^/i when x is in the domain, then 

and tbe uniformity of the eonvergence is a oonsequenoe of the test of Wmerstrass (% S'34), 

•> 

by reason of tbe oonvetgenoe of the series 1-|- Z (f^‘/n!), in which the terms are indepen- 

s»l 

dent (if s. 

Moreover, einoe, fhr any fixed value of n, i^/a ! is a continuous function of x, it fcdlows 
from g 3*38 that the exponential Amotion is continuous for all values of x ; and hence 
(of. g 3'8), if X be a variable whioh tends to the limit {, we have 

lim axpxoaxpf 

A‘21- Tii* addition^tkeortm far tit txponaUial funetioe, and itt conxsgwencsa 
From (laoohy’s theorem on mnltipliaatimi of absolutely convergent aeries (§ 8'63), it 
follows thatt 

(exp»i)(«ap*i)’"(l+fl+|-,+-) + 

« 1 +i±^+ *«’_+**>**+y + 

^ 1 ! ^ 8 ! 

=.exp(x,.i-^X 

so that exp(xi+xi) can be expressed in terms of exponential functions of xt and of X| by 
thefimnula 

exp (x, (exp X,) (exp t,). 

This result is knosro as the addition-tMemm for the exponential ibnction. IVom it^ 
we see by induction that 

(exp Xt) (exp X,) ... (expx;0-e:q)(xi-m-h ...+xj, 

um), in particular, 

(eipx) (eiqi (-x)}— expO»l. 

From tbe last equation, it is apparent that there is no value et x for whkib expsaiO ; 
for, if there were such a value of t, rinoe exp(— x) would exist for this value of 1 ^ we 
shauM have Ow 1. 

It also follows flmt, when x is real, expji>0 ; for, from the series definition, expx^l 
whan jr>Oi and, when x^O, expx»l/ejp(-a)>0. 

* It was formerly eastomaiy to define asps as lim Clears d'des^xs, i. 

p. UT. Osnehy (Md. ip. 108, 803) also derived the prapertiss of the functiim from the asriea, 
b(ri Us inveatigarioa whan X is not rational Is inaomptals. Besslsa SrtiUmilnh, Hondhwftdw 
elf. dnaipsis (1888), pp. 88, 178, IM. Hardy has pointsd out (Ifalk. OaxxMs, m. p. 887} that 
fos limit dsfinitiaa ^ ssany dtaadvantagas. 

t Ths xaadar will at onas vesUy that tbs gessral tarn in ths piedast aartss is 
(i,»+,Cix,«“«j,+,f^i,*<s,»+...+s,'Vsl»(s,+xJ»/»l. 
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tintlNr, axpxiBMi Mwrwuu^ ftinotioii of tha imI v«rteUec) fiir,if.t><l, 

«xp (x-f i)— «tpc-exp». {a^ 1T>0^ 

beotwie expoO and •xpit>l. 

A3ao,aiiioa {expA-l}/*-<l+(*^!)+(d*/81)+:., 

and tin aeriaa on the right is seen (}aj the methods of g A'S) to he eontiatioas fcr aB ' 
values of A, xe have 

hm {axpA-l)/A»l, 


dexpx ^ j.^«t p(«+A)-e 


A'32. Variotu pnptrtitt of ti* txponntuU fwustiiM. 

Betuming to the fonnuU (expt,)(exp^...(ezpO«°exp(t|+^-l-...+x,), ve see that, 
when a is a positive int^er, 

(eipx)*-axp(iisX 

and (exp*)-*— l/(oxpj)"— l/exp(B*)— oxp(-)M). 

In partioular, taking *— 1 and writing « in place of exp 1 — 2-718S8. we see that, 

when m is an integer, positive or negative, 

exp**— l+(m/ll)+(o^V21)+<"• 

Also, if p be any rational number (— p/$, where p and q are integers, q being positive) 
(exp fi)<— exppg— exp p— < 

so that the gtii power of expp is «*; that is to say, exps is a value of «*'•— X*, and it is 
obviondy (g A'Sl) the real positive value. 

If X be an irrational-teal number (defined by a aeotion in wbioh 0 % and a* are typical 
members of the A-dam and the /f-dnas respectively), the wrariosef power «* is most 
amply Jqfined as exp x ; we thus have, for all real values of x, rational and irrational, 

an equation first gii-ea by Newton*. 

It is, therefore, legitimate to write e* for expx when x is real, and it is oostomary to 
write <■ for exp* «hen c is com]dex. The fbinction e* (which, of oouise, must not he 
regarded as being a power of «), thus defined, is subject to the ot^nsry laws of indioea, via. 

.-•-l/e'. 

[Non. Tannery, £ef0M« ft eFAnaliite (1908), i. p, 48, practi'oally defines s', 

when X is irtatious], as the osfy immbcr X such that ^ C for every <i| and Ui. 
Finim the definition we have |pv«m it is easily seen that sudi a «st^ number exists. 
For eKpx(— J*) satisfies the inaqnality, and if AT’ (+ AT) also did so, then 

' exF«e-exp<t|— ^-^>|X'-Art, 

ao that, aioce the exponential fonetion is oontlnuous, ot-o, osnnot be obesen artutrarily 
small, and so (o), <4) does not define a seetion.] 

* De Asaiysi ptr ergsat. susi. tern. fgf. (written befua Ufi9, but not pnUUisd tOi 1711); 
it was also gtien both hj Heston and by Ixibais in Istlsis to Oifienboig in bfiffi ; it was first 
pnhIMmd bylfamA in.ia8t fat hi* Trsetti* on ATe et r s, p, 848. Tbs aquation when a is inatioasl 
was es^iaitir elated tyfieUfimileb, A f se d t ee A Ar e(g. Anel|r*fo (IM^. p. m. 

i 
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'At. iogmiiltmt 

ti bat IwMi MB (II A-S, A-Sl) that, when a n nal, eipa » a poutfra eoniiinioaB 
ilHnaaiagflaMiiaBaf«iaiMlobTioiiaIyezp«-*-+go aa «-»+«, irhile 
«xp«— l/ezp(i-a)-»0 aa 

Jt, than, a Im toy poaitive number, it foUonra from $ 3'6S that the equation in m, 

uxpx^a, 

has one real root and oniy one. Thia root (whiob ia, of oourae, a function of a) erill be 
wiittant LogaO or aimply Loga; it ia eaSed the LogarUkm of tht potUivt tmmbtr a. 

[Knee a ona«ne correa p o n danae haa been eataldishad between x and a, and ainoe a ia 
an inoreaaing ftanotion of « muat be an inoraaaing Amotion of a ; that ia to aay, the 
Logarithm ia an in eie ae i ng Amotion. 

Jbnaipb. Dadnoe from g A*ai that Loga-i-Ijog&~Logab. 

A'SL T*o eoxtuuatj/ of ti* IxgarMm. 

It will now ba ihawn that, whan a ia poaitiTe, Logs la a oontinuona Amotion of a. 

Let Loga»a, Ing(a-ft)— a+t, 

aothat e^**“i»+A l+(*/o)-e‘. 

Hint aoppoee that i>a, ao that i>0, and than 

j +( 4 / 0 )= H.i+g<l»+ ...> I +*, 

and ao 0<4<4/a, 

thatiatoaay 0<Lag(a+4)-Loga<4/a. 

Hanoa, k being poaitive, Log(a-f 4)-Loga can be made arbitrarily email by taking k 
aufliciantly amall. 

Kezt, auppoaa that A<0, ao that 4<0, and than a/(a+A)=«~t. 

Henoe (talniig 0< -A<ga, aa ia obvioualy permiaaible) we get 
«/(o+*)-l+(-4)+J**+...>l-A 

andao — i<-l+o/(o+*)— — A/(o+A)<— M/o. 

Ihaee fc Hv whether k be poaitiTe or nagativiV if < be an arbitieiy poaitive number and 
'f I A| be taken laaa than both go and got, we have 

|Log(«+A)-Logo|<», 

and ao the eonditioa tor eontinuity (g H) in aatiaSad. 


A'98. Zlfferentutim o/ tAe Logarilkm. 

Betalning tim notation of g A'31, we aaev from inaalla there proved; that, U A>a-0 
(o being teed), than alao A-»a Xbmefne, vriien a>Ot 

^^=Bm i. ,l.i. 

da a-oo ev*»-e» ^ a 
8iiMe Log lm(A vm have, Iqr g 4-lS example 3, 

Log—/; t-'dt. 


* Many wathemaMolane daftna Am Logaritfam by the integral toianla gtven in | A*3I> Ibe 
reader tiwdM eenaak a aemeir by HnrwUi (AAiiA dna. uz. (mi), pp. 3347) aa dm lavada. 
Hone ai fhatiamor ef the levuitimL 

t Xbla ia be agiaaeaaat with the aetation of meat text-hooka, in wtriah Lag daaalaa the 
ptiaaipal valne (am I Ad) of the logarilfam of a eomplez anmbar. 



584 


APPEKDIX 


▲*38. TAt^a^pmutono/Log (I+a)tnpo»irto/a. 
Tiom § A*32 «e have 

LoB(l+o)-J'(l+<)->rf< 


irtwre 

Now, if - 1 <a<l, we have 

.«-0 ae n-v-oo. 

Hence, when — l<a<l, +<>) can be expanded into the oonveiseut series* 
Log(l+o)=! 0 -Ja*+Jo’-...— S ( — )»”'o»/n. 

Ifa-+1, ^ ^ '*■* 

I ▲, 1 - J V (1 + <)" ** < - (n + 1 )"‘-*0 as » -► to , 

80 the expansion is valid when a— + l ; it is not valid when a— - 1. 


JSxampU. Shew that lim (l + 

[W. have JIun « log (l + i) = (l - I + 1, - ...) 

= 1 . 

and the result required follows from the result of § A'S that lim 
A'i. Tie definatuM of the nee and cotine. 

The ftinotionst sin x and cos* are defined analytically by means of power series, thus 

*» , «* : {-Tif'*' 

amx=x ’ 

j* x* *” (-)■»•• 

oosx«=l-^, + jj-...-l+^S^ (se,^! ! 

these aeries ronvei^ absolutely for all v^oas of t (real and complex) by $ 2'36, and so the 
defimtions are valid for all values of a 


On comparing these seiiee wHk the exponential series, it is apparent that the aine and 
corine are not essentially new fonctiona, but they can be expressed in terms of exponential 
functions by tha equations} 

a»aia*«wfap<u}-*>l>(-wX 8ooB»-exp(t»)+oxp(-i»). 


* This method gf cMtining the Logarithmic expansion is, in eOict, dns to WaUis, PMi. 
I'nnit.li.(1668),p.d|««'. 

t These asslaa 4am' ^ven by Mewton, De AitcdfH... (1711), sac | A*22 footnote. The other 
trigcnosaatciesl hmeiions ais deSnea in the maimer with which the reader is familiar, as 
ynetiaaSi asA tesqaicoala of sines and coaiaas. 

t Hl^sqnakoas wgre derived by Enler [thqy wees givmi in a latter to Johann BacBonUI in 
1748<^d'paUirimd in the But. dead. Btrhn. v. (1749), p. 979] from dm geomttriaa] definitions 
qtltlfi chic and oochm, open which the theory id Vae drcnlst fonetioos was than anivaraslly 

wptd> 
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It ii obvious thst nut and coat an odd aod even functions of t rcspaetivcly ; that u 
tossy 

sm (-*)>= -sins, ooa(-s)iB(soBa 
A'tt. TAa/uadqtiuiUalfMoptrtuio/Kmaandcoaa. 

It may be proved, just as in the laao of the exponential fUnctum (§ A 8), that the senes 
for sins and amt converge uniformly in any bounded domain at values of t, and oon- 
sequently that aln s and amt ate oontinuooa funotioos of a for all values of s 
Further, it may be proved in a smulsr manner that the senes 


defines a continuous fuootian of t for all values of a, and, m particular, this function 
le continuous at s»0, and so it follows that 

hm (s“‘Bins)=l. 


A‘42> TAt addituM-tkeoremi fi>f atD tatuf amt. 

By using Euler’s aquations A 4), it is easy to prove from properties of the exponential 

funotion that 

sin -t-ij) •csin S| oos ^ cos s, am S| 
and uas(si+ttl~oo8SiOasi|— anis^sins^ , 

these results are known an Ms acUiltan-lAcormu tor sins and cost 


It may also be {Aoved, by using Euler’s equations, that 
sin's 4- cos* sail. 

By means of this result, sin (i, -f r,) can be expressed as an algebtaie function of sm Sj 
and sins,, while oo8(s|4-i^ oan similarly be expressed as an algebruc function of ooas) 
aud coBS| , so the addition>fnrn)ulae may be regarded as additioo-tbeorenis in the stnct 
sense (of §§ 30 3, 28 732 note) 

By differentiating Euler’s equations, it is obvious that 


(fsinx 


damt 


^--ooex, 

&tamplt Shew that 

emSi^dsmxoaes, cosSs^^Baos's-l ; 
these results are known as the duplication-formulae 


A’fi. TAr pertodutlf of Ms oiponentvd 

If Xi and >sare auch that exp X|>r exp X|, then, multiplying both aides of the equation by 
Btpt- Xi), we get exp(x,-X])a,l , and writing y for x,-i|, we see that, for all values of t 
and all integral values of n, 

exp(i4- ?»y)=evpx (expy)*— expa 

’The exponential function iv then said to havt ptnod y, einoe the efieot of inoraaaing 
X by y, or by an intrgral multiple thereof, dues not afot the value of the Amotion. 

It will now be ebewn thst such numbers y (other than sero) actually exist, and that aU 
the numbete y, poiswsviuig the property juat deecnbed, ere comprised m the expteaeian 

Snw*, ±*» ±8,..-) 

where w ie a certain pueitive number* whtoh happens to he greater than 8>/S and leea 
than A 


* Ibe Ihet that r u an iriatieaal uomoer, whose value la S'141M , , ia itmlavant to tha 
ptaaant Invaadgation. For aa aeocunt ol attempts at datanniolng tha vslaa of r, eoodttHag 
vdth a proof of tha tfaaoram that r aatiafiea no algobcaw ogaation with latioiial oosMeianta, aaa 
Hthana’a monagiaph Bgtamt the Ctrele (19U). 
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▲6L W* w lrti wi tfth* wpyl. 

L«t wbara ■ and $ aiw ml ; tkcB tk» p^Uarn of aolvjag th* aqnatian 

opyial ia idintioai wilii that of aDhrliig the aqnation 

ag^a.aipi^Bl. 

Ownpaiing the leal and imagiiiaiy paita ef aa^ iride of tide aq[eat«», aw haTa 
azpa.ooaJIaBl, a]9a.■n^•0• 

Squaring a^ adding thaae equationa, and using the identity oos^S+sin'SB 1, wa gat 

azpSavl. 

Nov if a vow poritive, axpSa vonU be greater than 1, and if a ware negatiTe^ aapSa 
would he leas than 1 ; amd m tie atijfpomihU waha^fm a *■ aere. 

It follows that easS«>l, ainSaO. 

Now the aquation sinS^O is a neoeaaaqr oonaequanoe of the aqnatioD oobS» 1> on 
. aooount of the ideotitp oaf$+dxffiml. It is tberafare suffioiaDt to oonaider salatunaa 
(if Buoh aolutiona eiist) of the aquation easS~l. 

Instaad, howerer, of oonaidsring the equatioii ooaSol, it is more oonvanient to 
onnaider the eqoatkm* oosw— d. 

It will now be shaim that the equation ooswaiO lias one root, and onlf one, Ifing 
between 0 and S, and that this root ezoeeds ^S; to prose these statements, we make nas 
of the following oonsidantiaiia : 

(I) The fanotMm oos a is oartainip continuous in the range 0<x <8. 

(II) When ^/!!; we haref 

Jit g/k jjA mt «>t 

and so, whan 0<a<VSi eosO 0. 

(III) The value of cos 8 is 

^ "o) - ^ ilTii)" •••*"*" 

(IT) When0<x<8, 
and sa^ whan 0<a<8, sin 

It foOowB from (II) and (III) oomluned with the results of (I) and of | S'dS that tha 
aquation oosaaO has at foari one root in range ^<x<8,and it has no root in the 
raqge0<w<^ 

Thrthar, there is not ateiw (foM SM root in the range Jt<w<%i for,_sniqiose that 
thaw were two, wi and jq(s^>ri^( than 0<Sk-a(<8-^/8<l, and 
rin $i^o4t)**tii>atGDe«, -rin «| oosst^fl^ 
and this is ineompatiUe triAt-^nr) which ^awa that rin (se- Wi) >i<sq-«k). 

The egwohipa ooswaaO liwtpbwi Aar cm and es^ ewe lOeC triwars 0 raid 8. This 
root has between mi ^ and it is oallsd {r ; and, as stated in the footnote to | its 
aetusl velne luqgpm to be 1-57079 

* If ecasKO, it is an im M e d i ate eoneegweain of foe dapUBation>forannlas that eos8sw ~l 
and fosne e that aosditwl, so. if s la a solation eteesawtil, 4s is a aelelioa ofasailwl. 

t The qnnhr|> amp he replaead bp > fseept efoen s •> ,/8 in the drat piasc eAsea it assars, 
sad snopt whsn^ad in the afoer pla^ 
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Fnm tbe adiiittoii^biiaidM, it maj be proved et onoe by indnotiaB tbit 

ooe*ir—(-l)», mnitvaaO^ 

wheie « u any iateger. 

In pertifioUr, ooe9iiir»l, where n U any integer. 

Uaenver, there is no valne of A Mbo- then those rallies which sre of the form Sww, 
far wbieh eos/Sicl ; for if there wen such e ralue, it must be nsi*, sod so we eta 
choose the integer st so that 

— w^Siair— ^<w. 

We then have 

ain I mw - I ±sin (fur - lun ± (I - oas^)i»a 

and this is inconsistentt with ain|SMr— |/3|>i|fiiw-|d| unless 

Cmut^umUji the muMiere Snir, (n»0^ j;l, ±2,...), and no etileri^ hare thaif coMaS 
equal to unity. 

It follows that a positive number ir eiists snoh that eipe hat period Swi and that 
expe hoe no period fundamentattg dieting from Swtl 

The fomnlae of elamentaiy trigonometry ooncerning the periodicity of the circiilar 
functions, with which the reader is llready acquainted, can now be proved by analytical 
methods without any difficulty. 

Bxanpie 1. Shew that sin is equal to 1, not to - 1. 

Eoample 8. Shew that tan x>x when 0<j;<{ir. 

[For oca r>0 and 

mns-xcoas^\^ r^'i^ K-*- iSn} > 

and ever y term in the aeries is paeitive.] 

Saample 3. Shew that + is positive when “d that l-y + p 

TanuheswheDX->(6— S^)^~l'69S4...i and ^dnce tiiat| 

3-i86<«<8-I86. 

A'Ot. The eolation of a pair o/trigonomeirieedequatwne. 

Let X, p be a pair of real numbers such that X*+f>*<=l. 

Then, if Xq> — 1, the equations 

ooe«— X, sinjiwp 

have an infinity of aolutioosof which <me and only one lies between! -w and w. 

First, let X and p be not negative ; then (!3^) the equation oos«—X has at least one 
aidution X| sndh that ainoe oos 0— l,oasfir>*(X The equation has net two 

solutions in this range, for if W] and S| were distinct sblutioiis we could prove (of. $ Afil} 
that sin 0, a^ this would contradict § A’bl (lY), unoe 

Further, ainxt** 4‘s^(l— coa>X|}»4-^l— X^— g, so jq basolutico of holt equBtiena. 

* The aqastiea eosSal impUea that etpid<Bl,aDd we have sera that this aqnalion has no 
acmplsx roots. 

t The IssqualUy is trus by (IT) tinea 0 < I Bw - I < la <1. 

) Ses Se Xoigaa. A Budget ef Pnredaaet g iendsi i , 18W), pp. SIS el set., for rassces far 
prwvioglhetwSrhi. 

■| IfXw-t, *rassstialfoBsaadthsmemaotibatsiBtitsmaie(-s', a). 
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The equrtiona have no aohitiaDa in Um nngai <-irt 0) and (|v, «) ainoot in tbaaa 
nn(;aa, either ainer or eeejr ia n e g a ti ve. Thoa the eqnationa have one aolution, and only 
ona^ in the mi^ (—er, «r). 

If X or ft <or both) ia negative, vie may inveatigate the eqnationa inaaiinilat maaner; 
the detoiia an teft to the nadar. 

It ia eibviooa that, if S| ia a sohition ct the eqnationa, ao alao ia ai-t-Sna, vihen a ia 
any integer, and thanfom the eqnationa have infinity of real aolntiona. 

A’Sfil. TA» prmeipal of tit trigofuimttrieal aguatiom. ' 

'Hie unique aohition of the eqnationa ooaniX, 8 in««fi (when wbioh Uea 

between — w and w ie called the prme^pat tolu/im*, and any other eolation difien from it 
by an integer multiple of Sw- 

The prthapai taiuft of Me argtmnU of a oomplez number e (H>0) can now be defined 
analytiotdly ae the prinoipal aolution of the eqnationa 

|i|oaa^— if(*), |e|8in^af(e), 
aadthen,if e»|<|.(eoed-i-tBind), 

we moot have S=^+iiiv, and d ia oaUed a value of lie aryument of b, and ia written 
aigf (cf. § l-S). 


A'62X TieooiUiniu^ofliearytmenlo/aeonifilertaruMe, 

It will now be ehewn that it ie poaeibie to ebooee audi a value of the argument d(e), of 
a oomplaz variable e, that it ia a oontinnoua fonetiou of t, provided that e doee not poaa 
through the value aero. 

Let le be a given value of i and let d, be any value of ita argument ; then, to prove that 
d (r) ia continuoue at it ia aufficient to ahew that a number di existe eueh that 8 ,»aigii 
and that |di- 4 i| oon bemade leee than an arbitrary poeitive number t giving la | 

any value leee than aome poeitive number 7 . 

Let !,-»,+ aya, »i=»j+Vi. 

Aleolet |«|-je| bechoeen tobeeoamall that the following inequalitiaa are aatiafied ^ . 

( I ) |w,-aal<i|eii|> provided that aa+O, 

(II) |yi-ytl<ilyol. provided that ya+0, 

(III) l*i-*b|<J*i«al, ilfj-yal<i«l*a|. 

ftom (I) and (II) it foUowa that aaci and yay, are not negative, and 

■otb*t ah«i-«‘yayi>i|4a}*- 

Kow let that valne of d, be tafeoB wfaiaii diflbra firom da by leoa than w; then, einee 
and 1 ^ have not oppoaite aigna and ya Md fo have not oppoeite yignag, it follow* from 
aolntion of the eqnationa of g A'BS (hot and dh fy I*** !*• 


How 




* lfXw-1, wetake +* telha ycteetpal wdntion: of. p. B 

t The term yrhie^al Mfoi waa tartradBoad ia U4C by BjaiUng; aee the AreUe der Mali. 
uudPift.Mt.aMT},y,^ 

t or (II) leapettMMy ia aiinply to be l uppt eiii d la the eoae whan (i) aa^d, or when 
(Slua-o. 

1 The geomatdM tirterjeetotian of tfaaei eenditioiB la merely that a, and a, am not in 
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•Bd w (K A-61 MHapk S), 

' • JhJrt+mt 


„ 1 «ii(y i-yo)- y. (* * * * •>-*>») I 

^*i+y«yi 

But|s^|<|i^|andaIao|jrft|<|fi|; therefore 

1 «i - «o 1 < s 1 * 0 1 * * fl y« - yo 1 + 1 *1 - *0 ft < »■ 


Farther, if we tilu leas then J|^l, (if uid||yg|, (ify«<^0) and 

the inequhlitiee (1), (II), (III) above are eatiafied , so that, if ij be the smaJleBt of thie 
three numbeis* i|ro|,ilye|, lail, h; taking have |d,-do|<>, and this 

IB the ooaditiou that S (t) should be a continuous function of the complex vanable a 


A*6. LoganAmt of eomplts numibert. 

The number ( is said to be a logarUhn of i if s=e^ 

To eolve this equabon in f, «nte {-■f-t-te, where £ and q are real , and then we have 
a (cos V -i- > SID v) 

Taking the modulos of each aide, we see that |a|'-<^, so that ($ A3), fxLogltj; sod 
then 

i«J*)(ooav+»Bin5), 

so that ti must be a value of aiga 

The loganthm of a complex number is consequently a many valued funcbon, and it 
can he expressed in terms of more elementary functions by the equabon 

logIaliOg|t|-ftBIgS 

The conbnuity of log < (when s<bO) follows from § A 31 and A'6S2, since |t| is a 
continuous fancbon of < 

The diSsrential ooefficient of any parbcular branch of logs (§ 5 7) may be determined 
as in g ASS; and the expansion of § A 33 may be established for log(l+a) when |a|<l 
Corollary If a* be defaned to mean e*****, a* is a continuous funobon of s and of a 
when a<eO 


A'7. 2%e onolytieaf d^uuUoa of an an^fs. 

Let si, S|, S| be three complex numben r opwee nted Iqr the pomts P„ P,, P, in the 
Argand diagram Then the angle between the bnes (ft A 18, footnote) PiP| and PjPt is 
defined to be any valueof arg(is~S|)-ais(<i-s,) 

It will DOW be ahewnt that the area (defined as an mtegral), which is bounded by two 
radii of a given oinde and the are of the o^ole terminated by the ndii, is proportional to 
one of the values of the angle between the radii, so that an angle (in the analytieal senes) 
possesses the property which is given at the beginning of all text-books on Tn^ometry 

* If any of these numbers u seta, at u to be omitted. 

t She proof here Riven appbes only to sente snedss , tbs rtsdsr thenM hsvs no difiealty in 
sxtsndiag the lesnlt to angles grsatsr thu I*, snd to tbs esss when OA is not one of ths 
beanding isdu. 

t BBi3id*s dsflnitian of an angls doss not, in itaalt, aSoid a siessan of an angit ; it it diewn 

m trsabsaa on Trigonometiy (of. Hobaou, Plane rngonoautfy (1918), Gb. i) that an sngla ia 

meatnied by twioa tbs arsa of tha ssstor wbieh the an^ eute ofi (ram a unit ebela whoea eenin 
IS at foe vortex of foe angle. 
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(*>f yi) Im •air iritow eowditataB an poaiUw) <tt fha etatfa 

j^+3i*a*^{a>0). Lat 0 la* Uw principal Talna of •I8(jr,4'^)i ao thak 0<P<|«. 
tniaa tbe ana honmlad hy OX and 41w Una joiaiiig ^0^ 0} to (at, pi) and tbe an of the 

(anfegoining (ji^, p,) to (a, 0) ia when* 


f(a)m,xtia0 (0<«<aooad}, 
(aoaad<a<a), 

if an area be defined aa meaning a auitaUp ohoaen integial (e£ p. 61). 


It lemaine to be proved that y^/(c)dlciapfopoirtioaaltod. 

Now /^*/(*)<lc— /*** *tand<te+ /* (o*-**)tdl* 

J* Jt /■«•« 

m^a^AxBoost+ij* ^ |a*(o*-**)“i+^*(o'-**)l|<ir 
-hotf* 

J *tm» 


on anting stmoi and uaing the aiampla woiiced out on p 64 

That ia to aap, tbe ana of the aeetor u proportional to the angle of tbe aeotor. To 
ihia extent, we hare ahewn that the papular conception of an angle ia oonaiatent with 
tbe analptiCBl definition. 


* The laadar wdl eaulp an the geo m a t rita l ioterjoatation of the Integral bgr drawing a 
figoc. 
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GENERAL INDEX 


[2!la nvmberi r^hr to th« paga. Rtftrtneet to tKaoremo eoniamid m a of 
the inert important txampltt art qmtn by nutnben in vluhee] 

diMovai7 at dUptaa lanetioiu, 429, SIS , uwqiuht;, 16 , intagnl egiution, Sll, 329, 330 , 
mati^ ol gitaWimlng sdlition thconnu, 443, 496, 497, S90, 594, special toim, 4^(s), ot 
the eanflaeat hppeigeametnc fanotioB, 3SS , lest tor convergenoe, 17 , theorem os ooDtinoitf 
ol power sense, 67 , theorem on mnltiplioation of oonTergent senes, SS, 59 

ShrUged aotattOB tor nroduots ot Theta tanctisns, 468, 469 , tor gootients and remptooela ot 
^iptic foiMtions, At, 496 

**—»«»« sonTensooe, 18, 28, Caoclqr’s lest tor, 31, D’Alembert’s ratio test tor, 23, De 
tlotpn’s test for, 34 

AhstOals enina, see Modnlai 

ADNIntdp' eo n eeege n t double series, 28, infinite prudnets, 62, senes, 18, (tundamental 
propestf ot) 35, (multlphcntian of) 29 

Addlttoa taBils tor Bessel tunotione, 357 380, lot Qegenbaner’s function, 535 , tor Legendre 
mlynomials, 826, 695 , for Legendre functions, N8 , for the Sigma function, 45i , for 
rheta-funetions, 467, tor the Jaoobiao Zeta-funotion and tor £t«), 518, 554, tor the 
third kind of elliptie integral, 533 , for the Weierstrassian Zeta funotion, 446 

AddttteB fOnnnlM, dutiaguiahod tram addition theorems, 519 

Addition ttAom lor citeular fonetiona, 586 , tor the exponential function, 581 , lor Jacobian 
elliptic lunotions, 494, 497, 530 , tor the Weierstrassian elliptic function, 440, 457 , proots 
ot, V Abel’s method, 443, 496, 497, 559, 554 

Aftt,9 


Air la a where, vibrations ot, 899 
ABVUMde, 9 

AnalTtle continnaMca, 96, (not always possible) 98 , and Boiel’s mtegral, 141 , ol the hyper 
geometric function, 288 See aleo Asymptotic erpenelesis 
Aaalytle fnaotiaas, 83-110 (Chapter V) , defined, 83, denvatesot, 89, (inequelity satisfied by) 91, 
distinguished from monogenic functions, 99 , nspresented by miegrals, 93 , Biemana’s 
egoalions connected with, 64, valuas of, at points Inside a oontonr, 88, uniformly convergent 
senes of, 91 

Aagls, analytical definition ol, 589 , and popular conception ot an angle, 689, 590 

Aagls, modaUr, 493 

AMh represented by an miegial, 61, 589 

Axgaad dlagnua, 9 

Ahgnuat, 9, 588 , prmcipal value of, 9, 688 , oontmmty of, 588 

issoBlltsd flmctlea of Borel, 141 , of Biemann, 183, ot Legendre [Ps^Cs) and ({•'"(t)}, S38-BS6 
Adymptotlc eipaaslsiis, 150-150 (Chapter im) , differentiation of, 158 ; integration of, 158 ; 
mulnpliaation of, 153, ol Bessel lunchons, 868, 869, 871, 878, 074, ot eonflusnt hyper 
geometno toiiotions,84S,84S, of Qamina functions, 361, 376, ot parabolic cyhnder funetions, 
847, 848 , uaiquenesa ot, 158, 154 

Agyaipliitia laegaaUty for paiabolio cylinder functions o^laige order, 554 
Asgiaptotlo solutloas of Uathieu’s equation, 425 

datSMS of anthmetio end geometrv, 678 


Btiads’ eCBtonr Integrals for the bypeigeometnc function, 386, 288 ; tor the confluent hyper 
geometno function, 848-846 
iMMa' O-nae t tCh, 564, 373 


a wnnbsra, 463 

MdUan ttumben, 185 , polynomials, 196, 137 
aand’s test lor oonvergenoe ot Inflmts Integrals, 71 
•1 a asl lal e h da tf.(s)2, 101, 858, addition tozmulae tor, 557, 1 
diflMaatial eqnstton satisfied by, 857, expansion ot, as power 


I’s mtagral for, SH; 
I, 855; expaneton of 
89 o 
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lunations in Miioo ot (tf Nemnum), ST4, 878, S94, (tar SdUamlM^ 877 1 oipuniagi «t 
In nrioa ot, 874, 875, 878; aiftMadbla m o ooidnant tom of TogMidra taimBona, 
MT i axpraMiUa h oaolhiont hTpagaomotrla lanctioDi, 888; inaqugllty ntiiflad t(7i 878; 
Hsumum’i fonotion (K(*} eonnsMad with, let Iwnnam'i ftmoHan; oidor of, 856; noon' 
nnoe fonniilM tor, 868 ; apaoinl oon of oonSoant hTpengoomotrio fanotloat, 858. fiw olto 
Bm i l fla wM o o o 

Bofoti ft mo M OBi , 866-885 (ObuteT xni), J,(s) daflnad, 868.868 ; oddlUon (omnlns tor, 980 ; 
Hymptotie oqaasion of, 868, 868. 871, 8^ 874 ; nonnam ot, M an oagowdlng Hrios, 868, 
871 ; sxponiioo of fonstionB in lente of, 874, 876, 877, 381; find kind <d, 868; Sbnkol’o 
tategml for, 866 ; intognl eoanaetu^ Logoadn tnaetlona wiili, 904, 401 ; JntMtal nrapot^ 
of, 680, 88i, 884, 8U ; Intunls invotaing ptodnelo ot, 380, 983, 885 ; noloSons foe, 856, 
878, 878 ; oite of, 8W ; prodoata ot, 379, 380, 883, 985, 4*8 ; noomnoa fonnolM tta, 860, 
878, 874; lektions botwm, 880, 87i, 87*: rdotlon batmen Oegenknoeir’s Innotian and, 
878; Sehle&t’e fum ot Beeaal’e integral tor, 388, 87*; second kind of, T.is) ffioidtsl}, 870; 
m (t) (Nenmann], 678 ; T, (i) (Waher-SeJiiSfll), STD ; ncond bind of maided, 878; 

solotlm of Inriaee’a eqoation by, 896; solution of the wan-motion equation by, Wf; 
tabulation of, 378 ; whose oider-u large, 388. 8U; whose order is halt an odd integer, 864 ; 
with imsginaiy argument, /.(e), ir,(s), 373, 878, 984; aaros of, 861, 867, 878,881. St» 
ttlta B esse l eoaOelents and Bessel’s sgoatian 

Bessetls egnstton, 804, 867, 878 ; tundamantal syston of solutums of (whan n is not an integer), 
869, 872 ; second solution when « is an integer, 870, 878. Set alto BaMI tnnetlins 
BliMt’s jntegTSls lor log r (s), 348-261 
Binomial theeeeen, 85 

Bteber’a thaorem on linear differential aquations witii Ore eingularmes, 208 

BOtaaaa'a thaomm on hmit poinbi, 12 

BonnetW form of the second mean value theorem. 66 

Boral'e associated tunetion, 141 , integral, 140 ; integral and aoalytio oontinnation, 141 ; method 
of ‘ summing ' smies, 164 ; theorem (the modified Heme-Boml theorem), 63 
Bonadaty, 44 

Boandaiy eondltlons, 887 ; and Laplaoe’s equation, 393 
Beniids of conbnooue fnnetions, 55 
Braaeh ot a function, 106 
Bcaaeb.potnt, 106 

BBnuan’s thaorem, 138 ; extended by Teiztfia, 131 


Cantorrs Isnnna, 188 

Oanohy's oonditian for the existsnoe of a limit, 18 ; disoontinnons factor, 128 ; formula for the 
remainder in Ihylor’s senes, 86 ; inequality for derivatives of an analytio funotion, 91 ; 
integral, 119; inSign] rspresanting T (t), 848 ; numbers, 373,; teste lor oenveiganoe of series 
and integrals, 21, 71 

Oanohiy’s llwataas, 85 ; extenaion to earves on a oone, 87 ; Moreta’s coBvarae ot, 87, 110 
0011,480 

OtabD’Sassthader'aBDaaiiw’aaefae, 166; geasraiiasd, 166 

OhaagaeracdarsftantslBasetiae, 28; in so infinite datnminant, 87; in an infinite produal; 88 
ahange ot paramsler (method of eolation ot bfathiea’e oqnaliao), M 

Ohanelaaiatls fnnetions, 920; numben, 212; noaiben aesnoleted with symmeWe nnslei an 
teal. 396 , 

Ohastufa test tor oanvergenos of Infinite Intagtals, 79 
MrtlSs ACWk of M 0 fav ofa fi80 1 s DC ooD'vnBCBioOa 80 

DItndttr fiDuHiMWo 4B5| 584 ; Dddltiaa Ibsonou for* 585 ; oonUnni^ of. 665 ; dUEamoMieik 
of, 666; daphoation foimaln, 665; periodieity of, 687; relatioB witii Oamma-fanetioiM, 
389 

ObnwiaT mamBraae, vibrationa at, 866, 666 
0laae,latt(I,),4; ti.d>4(ii}.4 
aiaiM,44 
OMattr-palat, IS 

OoalhdaBta, eqaatiag, 88; in Toniim eetiee, natore of, 167,174; in tdgaaomaMoal letiM, tahua 
ot, 168, 166 

Osaepallasia thaaw ter oenveegmiee ot integrals, 71; fee aonvasganos at stidaa, 90 
BiiiillUaii— H gtodaa, 479, 498 ; oUlptlo IntagBik With, 479, 601, 690 


J;'. 



in (Best mid soonid kinds), 488, 488, 619 ; Lnaadn W 
(fua fdastioas of tho modofaiiq, 494, 409, 4m, 501, 881 1 
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Mrioi fa, M{f ; Wi«» of, {!18 ; fh* (hauiio tnnsfamotun, MS : Talmi fa (miB nltm 
of |tj, no.; TohiM (m GuuBO-fanatKm) fa naoiol voIom of k, 6M~6>7 ; with ooraple, 
mmktf nodoU, 479, tOt, S30 

77 , qipa limit to nine of, 76 
ftWylB iaMtftMOB, tmiduDMital theomm of, 78 

ONtpMsaaaMn.S-lOfClavterr), dofliwl, 6, unplltode of, 9 , sigiimmt of, 9, <88 ; i^eadenae 
ofonaontiiottMt, 41; uoagtaar pot of (I), 9; lo8Uithmof,689; moiiiliuof,8 ; lealpot 
of (if), 9 ; npraanttliTO pomt of, 9 
Owpmr vutaUt, oootimibtu taootian of o, 44 

DtopMltlM of dbptio tunebona, 48S, of wlotiona of intagml oquoboiu, 311 
Oondttloaal emTW(tBM of aonee, 18, of mdnite datenunuita, 418 SU aUo OouratsaaM and 
AkosuM oatnaioBOo 
OaMMob OtlBMinWI^ (Bienuum’a), 88 
Oepamww, DuioUet'a, Ml, 188, 184, 178 
OoaMMUM of BaaA, aqnotaoii of, 887 
ONAMaw, 903, 887 
COpfoaot tom, 908, 887 

OonSaaBt h ypat oo i iiotalo AmoHoB [If'k ■ (<)]< S37-SS4 (Cbopter it) ; oqnotioii fa, 887 , geoeal 
upimtotia eiponmoii of, 843, 848 ; inteffc^ deftnmg, 889 , mtegmla of Bonwa' bfpe fa, 
SW-M5 , Kttmmai'a fonoalaa for, BW , roconaaice formulae for, 859 , teUbona with Beaad 
toocbona, 880 , the tonetiona Ht,,, (a) and Ut - (a), 837-859 , the lelationa between funobona 
of tbeae tppa, 848 , vanoua foootiuna eipreaeM in tenna of (t), 840, 859, 858, 880, See 
aUo legal fnnotloBa and Panholle cgdliiter Itmottona 
Ooatoat oooidlaata, 406, 647 , form a tnpi; orthooonal ayatem, 648 , in UBootabon with 
ellipaoidal hamoniob, 563, lioplaee't equabon tefetred to, 551, nmtoimiaing vonaUg 
aaaooiated with, 549 

Oo H'mo na of pomta m the Aigand diacmm, 430 
OaniHuit, Bnla'a or Maarhetom'a, [y], 386, 346, 948 

Oonetaita <i, ri, 445 , A £' 618, 630, of Fourier, 184 , m, in, 448, (relabon between in 
end «) 446 , &, 489, 473 , X, 484, 498, 409 , K', 484, 501, 60S 
Oonotmottob of elliptae fancbone, 438, 476, 493; of Ifotbien fonctaona, 409, (aeoond method) 
430 

Oontignou hypergeometne foncbona, 394 
CoBttinm, 48 
OoBtfBnutta, 88 

Oon tt nuattOB, asaDnia, 98, (not alwaya poaaible) 98, and Borel’a mtegral, 141; of the hypa- 
gaomebio funobon, 388 Sre afro Saymptotto expgnmona 
Ooatmfty, 41 , of power aertea, 57, (Abel's theorem) 57 , of the arpament of a oomplei aanahle, 
568 , of the oirculu foncbona, 585 , of the exponential fonoboa, 681 , of the logantlimia 
fnnotton, 688, 689 , nnilormity of, 64 

Oonttaiumi nmetlou, 41-80 (Chapter m), defined, 41 , boonda of, 66 , Integrability of, 88 ; of a 
complex Tenable, 44 , of two variables, 87 
Amtoar, 86 ; roots of an equation in the interior of a, 119, US 

OOBtonr tUagtada, 65 , eTahiabon of definite mtegrels by, 113-134 , the Uelhn-BonMe Ijype of, 
388, 848 , tee alia wufrr the special /harbon rqiFetenfM bp (be lAtspral 
OoBTeagaag, 11-40 (Chapter n), dsfiiiM, IS, 15 , eiiele of, SO , oondibonal, IS ; of a donUo 
aeng, 37 , of an infinite determinant, 48 ; of an infinite produot, S3 , of an iatote mtefpal, 
70, (team fa)7l, 73 , of a grus 15, (Abel’s tgt fa) 17, (Dinclilet's tgt fa) 17 , of Foana 
oerig, 174-179 , of the geometnc aeng, 19 ; of the hyponometne aeng, U ; of the aang 
Zn~', 19 , of the aeiua ooenmns in Uathwn fonetuma, 4n ; of tngonometrfMJ gng, 161 ; 
pnnoiple of, 18 , mdiaa of, SO , Ihsoraa on (Hardy's), 156 Set aUo AhgMa BBBTggiBg, 
g n T o ga ii g and naUhnstty of goranma 
Bwadhgtg, oonfosal, 406, 547 , orthogonal, 401, 648 
Otgaaat, aang fn, 185 
Ootig, a«s Oiealar fauUnaa 

(Maodat^gial [Ci {e)J, 359, -aanea (Fonrla aang), 186 
tMaacaala, axpou^ of a tuncbon m aeng of, 189 
4MMa l a aa lSaBi intagiatum pnUam oomieetad witti. 453, 518 
«aaala|hag'a MaellMi (<v . (r)], 868 

tlanra, auapla, 48 ; on a cone, extension of Canohy’a theoram to, 87 : on a ghata (Mlaal't 
apiial),537 

4nMtMltlWMltea,8S5. Sce«ga«faaetiaBB 
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kMo tut <w aoDTCqfeiioa at Hna, 39 


Sutou' IMUla, 13S 

SoonMtaf HqaMM, U 

DoMdaira tkoorr tOtnttoul Boatm, 4 

imnUngy ot • pliiiia oiim, 455 

]Mb4to 1iita»ra1i, •nloktum at, 111-134 (Ohaptor n) 

l> i lia » of Legendre Innetione, DOB, 807, 834 

OelBTalldefmMtBa tart for unifonni^ otooiTargeneeot on infliuto mtagielt 73 
He Ilergaiil tart for oonTergenee of aeius, 38 
OepmdeDM rt one oomplex nomber on another, 41 

Staonieeaent ot oonveigent eenee, 38 , of donUe eenoe, 38 , of Infinite datemunonte, 87 , ot 
infinite prodnate, 38, 84 

Utrteatas of an anolptfo ftinallon, 89 , Caneh; 't ineqotlily for, 01 , integial* tor, 88 
Bertentaa of olliptio fnnetione, 430 
OatexadaaBt, Hedamaid’e 313 

Srtemlaaata, Isfialta, 88 , eonvergenoe ot, 36, (oonditional) 418 , diaoDeead by BiU, 86, 418 ; 

eraloated br Bill in a partionlor ooee, 418 , namngemant ot, 87 
Mfbnasa agnatfoa satlafied by the Oamina tonotion, 387 

ntfotanUal eqiiatUaa eatieflod by elliptio fonotione end gnobentt of Theta fnnetione, 486, 477, 
483 , (partial) eatisfiad by Tneta-fonetione, 470 , Weiemtiaae' theorem on Gamma fnnetione 
and 386 Sfre alto Ttnaar dinnatlal ognatiaBa and PaiUal dirtnauUal agnathma 
DUforanttatfon of an oeymptotio npaneion 188, of a Fonner eenee, 168 of an infimte 
mtegral, 74 , ot on mtcgyal, 67 , of a eenee 70, 01 , ot elliptic fonotione 430, 483 , ot the 
eiranlar funrtiane, 888 , of the exponential fnnction, Sffi , ot the logantbmio function, 888, 
880 

nbUiart’a eondiimna, 161, 163, 164, 176 , form ot Fomier'e theorem 161, 163 176, formula 
eonnaeting reperted integrale, 78 76, 77 , integral, 383 , mtegial for ^ (<), 347 , integral lor 
Legendre tanebone, dl4 , teat for conrergenoe, 17 
IMaeontluntttaa, 43, and non uoifarm eonvergenoe 47, ot Fonner eenee, 167, 169, ordinar;, 43, 
regnlar dixtnhntaon ot, 313 , removaUe, 43 
Dtaeonttraona factor, Oanchy’e, 138 

WeertmtnaBt aeeociated vrith Weierafaneeian ellipbc fnnebone, 444, 860 
W W H tawa of a eenee 18 , of mfimte prodoeta, 88 

SgawlB, 44 

IhmUa e te e a tt integrale, 386, 383 
Itaabto istagnla, 68, 384 

Ooalfla aatlw, 98, abaolnte eomrergenoe of, 38, oonvergence of (Stole’ eondibon), 37, methoda 
of emBming 37 , a partienlar form of 7 I , rearrangement of, 38 
DoOttly portodte ItamItanB 430-888 See alto taerttaa elltptle ttmotMaa, yhata>fluieltaiia and 
WrtentcaaalaB OUlpllo ftuettaaa 

SBpttaatiOB feninla far the eirenlar fanetiona, S85 , for the Gamma fnncbim 340 , tor the 
Jacobian elliptio tonctaone, 498, lot the Sigma tanotion, 459, 460, tot the Theta timctiOM, 
488, tot ^ Weuntraeeian elb;^ toneboa, 441 , tor the Weiersbaeaian Zeta (nnebon, 469 

BaomaMgMtte wacaa, egnabone tor, 4M 
Bnuntaiy ss 

Staatestaxy teaaaeeadartal ftaultaw, S79-SOO (Appendix) Ow alto Otacolar foaetlaw, 
oaqtaniwual flmrtlmi and Toigwltlim 

inipinMal harmonfoe, 586-878 (Oiapler xxm), aoeoeiated with oonloeal eooidinatea, 608; 
derived from Inmd’e egootion, JBU 848, 8n-664 , extemal, 676 , integral Moatuma em- 
neeM with, 667 , linear independenea (d, 860 , nnmbar ot, when the d^ree la given, 846 ; 
phyaieal applicatlene ot, 647, qieeiee <d, 687, typee of, 687 See alto Itmn agtwMon 
and Load fnarttaM 


SUptla efUnder ftmottona, eee liatlilaa fnaaUaae 
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SDllMe tatamli, 43B, US; flnt kmd of, SU; fanetioa BM tad. W; taaeliaa X(a) ud, 
dM ; iniranion of, 499, 459, 454, 480, 484, 513, 634 ; auMod kind of, 617. >40^ facmnlne 
fax) 618, 619, 554, (Imaghuu? -tnarfotsuLtum of) 519 ; thM kind ol, 638, 555, (dy n a imc nl 
iffl)i H a»rtii n 688, (nuunetar of) 693; flues kinds of, 614. See alee Oenqdots sniff Is 
Isiiinli 

BUftls waflKian, sibnUons of, 404 
l(M5lir«os«e|snfB, 69, 186 
lanabM of dSfMS m fans at roofi, 150 

SqnsttSMi, indioitl, 198; nnmbar of toots imdda • oontonr, 119, 155; of li»thsnisSli»l PbjtSae, 
308, 886-406; vift pariah ooaOiaianfB, 413. See alea OUhranss afsttlan, teSSBS*! 
sqfisMinis, Uasnr OttStanUal asrnastsns, and vmder tie nateee ef eftcui eqvatloeu 
Bonlaalsnss oCoBtaUlaasr fntsgrsls, 88 
SriV'fUHtlaB [Erf (s) tod Erfc (x)], 841 
Bsssstlsl StacnlstlUr, 108 ; st ln6idtj, 104 
Etn-tanottm [B (a)], 479, 480 

■slsrlaB Infsfrsls, 6itt kind of [B (m, n)], 368; axpiaaaad by Oamma-tnaetuniB, 364; extAidad 
by Bookluininar, 866 

IsISThn tabsixsls, aaaond kmd of , 341 ; tar 

falss^ oonstanf M, 395, 346, 546 ; expansion (ICaoIanim's), 187 ; method of * ao mm i n g ’ senes, 
156 ; ptodoof me the Oamma-fnneBon, 337 ; pradnst to the Zefa-famotion ol Baamann, 371 
BfSlnaStaB of OsOalta tatsfials and al InOnUe fntsfrsls, 111-134 (Chapfar n) 

XTSlutfsB of BUVB inOatts dsunainaat, 416 

B*aa flasHoas, 116, 166; of Hatfaien [et,(s, f)), 407 

BxlstaBee of dstiTatiaas of aoalytio tuncUon, M ; -fbeotoms, 888 

« of fanettons, 136-146 (Chapter rn) ; by Bnimann, 138, 181 ; by Daibooz, 136 ; by 
Enlar and Ifsolaarin, 137; by Bonner, eee fmaiar Osslts; by Bonner (the Bonner-Beaael 
expansioa), 551 ; by LsBnmse, 183, 149 ; by Ijanisnt, 100 ; by Itaelannn, 94 ; by Pinehatle, 
149 ; by Hana, 145 ; by Taylor, 08 , by Wionski, 147; m infiiuta produets, 186 ; in sariae of 
Bessel eoeAoients or Beaau tnnetians, 874, 876, 561, 584; m senes of ootangeats. 189; in 
smes of mvene fsotorials, 143 , m imnes of Legendre polynomials or Legendie fonotuma, 
310, 833, MO, 551, J55; m senes of Nenmann innotions. 874, 875, 564; in senes of paiabolio 
eylindet functions, 851 ; in series of rational f onotions, 184. See also AsyatfSaitc snpsaatsna, 
■sHaa, and under the namee of epeetal fteectteme 

XSponantUl fUatton, 681 ; addition theorem for, 661 ; eontinni^ of, 681 ; ditbrantaatioa of, 
683 ; peno^ity of, 8W 
Skpenantlal-tMagna [£i (t)], 595 

B l p ansn t s at a legnlsr pomt of a linear differential equhsum, 198 
Sstaslas, 44 

btsmal haimnnlsa, (allipsoidai) 676, (spheroidal) 408 

faster, Oauoby's disoontinnoua, 155 ; panodieity-, 468 
nwtoitals, expansian in a senes of iuxerte, 143 
rSetor-tlMafeas of Weteiatrsas, 187 

f^dt^ ttsorem on the summabdity of Bonriar series, 169, 178 
fSsgats * sssoolntsd Isgendis ftnottens [B.'*(s) and Q.^is)], 838 

fbM htnd, Bessel fnncbons of, 869 ; elliptic integrals of, 616, (oomplete) 618, (integration of) 
616 ; Enlenan integral of, 363, (azpcaaeed I7 Oamma-fniwtion^ 364 , mlagiid eqaethm of, 
331 ; Legendre functions of, 807 
ftaatmssmyalns ttaecats, 66, 96 

first sp st t ss of eUiptoidal barmoniq, 687, (consbruction ol) 688 

flMlMIfs sslmiaB ol diSerential eqnations arith periodis ooaBleienIs, 413 

Asobsatte, 88; total, 67 

fawsdstlitis of aiithmetle and geometry, 679 

fto rl s r B ssstl expansion, 581 ; integral, 865 

Esetlsr s ts i ss, 1 89 " 199 (Chapter tx) ; o oeM d e n ts in, 187, 174; aonsatgeiiea of, 174-179; diftr- 
enttattasi of, 198; disaontunutias ol, 187, 188; diatinetkm betwMn any Mgeaemetoiaal 
Sanaa and, 180, 168; expadsioiieafataiibicDln, 189, 186, 176, 176; emnnsinste oUasaMan 
aj|]^{iiasBoasln,610,eU; axpaasSanef iUaiieafiiiiotioasln,4oa,&l,414,430; Vetfc’a 
tlMdiemoD, 189; 8Br«its>IdaBoaaaK Ihaettsacti, 180; Bstsesal'S fhaosma on, Ut; sartsa 
olaiaas and escias of eosiaea, 186; sammaHHty ol. 189, 178; odfannlby of esosecgMa of, 
188, 179. Ess also tMgensiislsInsl asbss 
VkstBstts ttia wt , OiiMiM’s etstsaieitt of, 141, 188, 178 
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18«, Ul 

VMnrth 9 MlM of ollijMidil htmuxtle, 8(7, (ooaitoBation ot) M2 
IMkalBAi Intagml tfutioii, 212-217, 228 
tawtbawll^, eoDotft ot, 41 

Ti mntlai i i , I nwi fa m ot, 106 ; Idoititjot two, 98; hmltk of , 42 ; Brinelf*] putt ot, 122 ; without 
enoatU tingoluitiw, 102 ; wUoh oumot he ooDtiniud, 98. 2 m ai» wilder (he e e t i e e af 
tfeekUfimMau or fioiai tjfpe* of ftmetmu, e.g. Itctodfd (luotMu, hahiptit flUMtlant 
F—dfentel flauwlet ef MoOM eonneeagg Thete-fnmitlone, 427, 468 
Feaiuitwtal penod pertUelogrua, 480 ; polygOD (of entomoiphlo fnnotloat), 455 
PaatuBwhil lyitem of abiiitiOBi of e linen 5i2ewnfial equation, 197, 200, 889, 8S9. See abo 
wider (he nweee qf epeeial eqtuKfaiie 


Onmerfhaeltan rr (e)], 285-224 (Cheptu xn); eepmptotio ezmneion ot, 251, 272; eironlu 
fanobana and, 288 ; oomplata ailiptio integnJa ana, 624-527, SSS ; eantoar inteml (Henkel’a) 
for, 944 ; dilfeienoe eqiutlan aetiafied Iv, 287 ; dlSaraotwl eqnetwna and, 282 ; dnplioetion 
fotmide, 840; Biilu’a intagial of the niet kind and, 254; Kolu’a integral ot the aecond 
h^i 241, ftnodified hr Ouehp end flaalanhata) 9^ (modiOad bp Hankel) 944 ; Enler'a 
pmdnot, Sn; inoomiMete fom ot, 841, intaonla for, (Blnet’a) 248-951, (Eolar'a) 241; 
mininium raine ot, 258 ; moltiplieatian fotmoia, 940 ; aailea, Anmnier'a) 250, (Stirling’a) 
261 ; taholatlon of, 958 ; tngonomatnoal integrala and, 252 ; weleratraanan prodoot, 285, 
935 See olaoMMaalntegnli and LogarlthatodulTate or the OaBtaadnnetlaa 
Owin' diaeoreip ot elliptio (nnetiona, 429, 512, 524, integral tor r'(a)/r(e), 242, lamniaoate 
tanoOona, eee LenWtnha fnnatleaa , tranaformaOon of elUptao integrala, 555 
OagenteiieCa fnnellea [t^.'(e)], 899; addibon formnla, 555; difleiential equation for, 826; 
naarrenae formulae, 880 ; ralatian with Ingendre tnnotiona, 829 ; relation inrolrliig Beaael 
fnnotiona and, 555 ; Bodngaee’ foimiila (analogue), 899 ; Sehla&'a integral (analogue), SOp 
Oasat of a phuie earn, 455 
Oaanatilo tailee, 19 

attUhert notatloa for quotienta and reoiproaala of dliptw fnnotiona, 494, 498 
araetait orthe hailta, IS 
Oneat laaoHimt, 898 


Htdimard'e laanaa, 212 

Xalf-pnlodl of Wetantnealan elliptio functlona, 444 

BtaM’i Beaael funotum of the noond kind, T,(a), 870; oontour integral for T (e), 244 ; integral 
tor 5.(1), 825 

lardp'a eanreigenoe theorem, 156 , teat tor unifonn conretgenoe, 50 

Winaiaitea, aolid and anrfaoe, 892; cpbaroidal, 408; teaaeraJ, 899, 682; aonal, 802, 899, 686, 
Byleeatw'a theorem ooneeming integrala of, 400, See otto BltpaoMal haiaualn 
Bnt, eqaation of ooddaetian of, 587 
SaiaaJMnl OMotan (modided), 68 

Belaat wpeaitw of (t - 1 )~< in aenea of Legendre poipiiomiala, 821 
■mltda aqaaHaa, 924, 909, 842, M7. Sea otto PMibnUe q^lader faneUanf 
■andtaPi funatla tor ttie geaardtaad Zeta-fnnetion f (a, a), 229 
Itaaniteh eala t la a of Lwnd'a equahoa, Sn-tl8 
■ena'a etpntft, 676, 677 

■Uta eqaatlm, 402, 418-417 ; Hill'a method of aolntion, 418 
BOi'a Matte Aetumtnat, 82, 50, 415; amlaatloB of, 415 
aetnatt e noa l i t a d Lege nd re fanettona, 825 


r ot WeHntmsian elliptio funchoni, 559 

laaoeiatad with elltpadd), 

, 645; Bneu indepaadaaee ef, 520 


I (aaaoeiated with elltpadd), 548, 576; dllpaoUal harmoaiu derived 
from (Klven'etoiainla), r“ *' ... . 


■uBiataeiiM lalagrrt aq.Battaai, 217, 219 

aarwttC dadaition of the ganetaUeed Beta-fimotioB {’(e, a), 985; formnla lor f((, 222; 
ttiaomm ewiaamiBg BonHu oonatanta, 180 


J^ntaagnaaMo lanminiii. 221-401 (Cheptu nv}; P a ran ’ Intagmla, 228, 289 ; eoatigaane, 224; 
eo a t inua tiiw ot, 289 ; eontonr intagmle 5ov, 281 : diSaioallal Muatlon tor, $06, $07, 288 ; 
fomainn a a rpoia ai d in teoaa at, 221, til; ot two varlahin (AppeU'a), 500; rriatiaae hetwwti 
twaalp-lsar ea pm a i oiia nmilvlBg, 224. 285, 222; Wemagn’e J*.eqoaliu ead, 922, 281; 
leiin for (ooovi^ptnN at), 24, in aqaaMi aad prodaote ot, 5H; valoe of Bfe, 5; a; 1), 
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9Bli MS; r$but of apeidkl lonns o( hTpeigtomatno imwttoiu, S9S> SOI. 8m afao BhmI 
Twa to w , QoaSiMM l y p m toi i w UU luaaau and Itgaadn MUHOW 
MfIfug MUuUU mUm, m* ay p « n »« — trie ftnaBene 
efWMOMni on lem of {'(•), 37a, SSO 

tiluMmBr mttatSat fowtt aenee, 58 
Mtotttl' ol two fnnotioii*, 88 

TmMrtBMy BtcnmeDt, Beeaal tnnofaone with [i^(e) and 5r,(z)], 873, 878, SS4 
UnaflBti^ pext (I) ot a eomplex nomber, 8 

taastaiiy tnaefenaatlaa MaeoU'e) of ellinho iaaobOBa, 508, 506, 585, of Thata-faaoiloiia, JSS, 
474 , of £ (■) and 8 (a), 818 
Iripeopar infatrala, 75 
beoagpMa Ctuou fhaettoai {> (n, x)], 841 
nMtooriar aeqaewt, 13 
hrilrial oqaatlon, 188 

botiulltr (Ahel’a), 18, (Hodomaid'a), 313; aatiaSad bp Beaael eoeffieleota, 878; aatiUUtd bp 
Iiagendn polpnomiola, 805; oatiafled bp numbohe oplinder fnnetlana, 854; oatlafied In 
r(f, e), 374, 378 

InOatte detanBlaonta, sat Deundnoata 

InOntta latafiala, 88 , oonvatgenaa ol, 70, 71, 73 , diSanntiatiob ol, 74 , naloabon 01, 111-134 , 
lunotiona rapreaentod bp, $ft nndar tit namu ej apacial ptmebont, lepreaenting onolptie 
Innotiona, 82, thaorema aoDoaniing, 78, umlom oonTBipanot ol, 70, 72, 78. Stc obo 
iBtagnla and IntaciMtOB 

XnOalta prodneta, 83 , obaolota aaoTengenoa of, 82 ; oomoigaDee ol, S3 ; diTorgeuee to aero, 38 ; 
exponnioua of lunotiona u, 188 137 (ut alto andtr thtmtmaof tpeaalfiaieUtmt), expnaaad 
In moaoB of Theta fnnetiona, 473 488 , nnilorm aoBTorgonae of, 48 

InOalta oarioa, ut Bariaa 

toSnltp, 11, 108 , eauntial aingnlantp at, 104 ; point at, 108 ; pole at, 104 , zero at, 104 
Intofan, poaitive, 9 , aignlew, 8 

IntacraUUtp ot oontinuone tnootione, 68 , Biemonn'a oondition ot, 65 
mtocnl, Boral'a, 140 , and analytic continuation, 141 
Intagial, oanahp'a, 118 
Inttfrol, Otriehlat'a, 358 

latag'nl aonatloaa, 311 281 (Chapter zi), Abel’a, 311, 238, 390, Ttedholza’a, 318-217, ^6, 
homogenaoua, 317, 319 , kernel ot, 318 , LiooTille Meumonn method ol aolntion ot, K>1 ; 
nuoleua ol, 318 , numben (choractanatic) OBBOciated with, 319 , numerical aolu^ one ol, 311 ; 
of the Orat and aecond kinda, 318, 331 , aotiaSed by I^me lonctiona, 564-567 ; aotiafled bp 
Uathieu funetiona, 407 , aatiafaed bp panbolic cylinder Innetiona, 391 , SoblOnulob’a, 339 ; 
eoluliona in aeriea, 398, Voltema'a, 331 , with TonaUe upper limit, SIS, 391 
XMognl fafsalae lor ellipooidal harmonica, 567, tor ttw doeobnui elhptm lunotiona, 492, 494; 

for the WeieratroBaian elliptic lunation, 487 
Intagial tenaMona, 106 ; and Lamt'a equotiim, 571 . and Hattiiea’a agnation, 418 
In t a gra l pro p ar tl aa of Beaael funetiona, 980, Ml, 3SS , of Jjagendie InnetionB, 999, 805, 834 ; of 
Matfaieu fanationa, 411 , ot Neuiaann'a lunction, 985 , ot parabolic oyltndw fonotiona, 850 
Intagiala, 61-Sl (Chapter le) , along curvea (equivalence ot), 87, complex, 77, 78, diftereiitmtion 
of, 67, double, 68, 356, double-cireult, 336, 398, evaluatum ol, 111-134 , lor derivatea id an 
analytic function, 80 , funetiona mpreoented b7> mc under (he iwm> o/ the apenot fimenoiu; 
impnmat, 75 , lower, 61 , of harmonica (Splvealer'a theorem), 400 , ot motional hmebona, 
468, M3; ol pcnodic Innetiona, 113, pnneipal valnea of, 75, 117, regular, 301; rapeated, 
68, 75, lepieacnting analytic tunctiooa, 98, wpraeenting areoa, 61, 5W, round a oontoat, 
85 , upper, 61 Bee obo BO^itlo imagTila, aanne lattgirala, and Integistlait 
Ttitegral theoiem, Fonner'a, 188, 311 , ol Founer Bocoel, 985 

XnaagntlM, 61, complex, 77; contour-, 77, gcosal thecrem on, 68; general theorem on 
complex, 78, ot acTOptotM cxpaDaiona, 158; ol mtegtala, 68, 74, 75; ot acnaa, 78; pro- 
Uom eoniwoled with ouUoa or quartica and elbptio tnaelione, 453, 513 See alaq hiMta 
lategnde and IntegMle 
bUriac.dt 

ladenua qplunldel henaealoi, 408 

Innriuta ot Waieiatraeriao cUipUe Innelwae, 457 

Swerne (helaclals, eqaaaiena in aeriee ot, 143 

tnexetaei at olUpUe integiate, 438, 453, 454, 480, 484, 513, 534 

Imlliwm fnetlenti, integmtian of, 453, 513 

(BMtaHbiMa nambni, 5 
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osamtAx, issBX 


im<in<W» m/f of wdwi er pdm, 4>0 

bntnltr patali (riogataiitiw) oi dlflmatial aqwlioni, UT, WS 

MnMftiaMlQM.ns 


T 18 «W»h •OIiM* tDaoHMU [buh, cau, dnitl iBS, CTB, 4n-4SS (Ohiftar xm) ; aUitioiB t h xB wmx 
tut, IM, 497, BS0,SllSt aonnaaon with WaMtttaMdui (uiathm*. 80S, oaibiltiaiu oIiWbm, 
A^,sn« (lin imu), «au, dntt, 470, 499, 494; dilMotial (qwtUont Mtiillad to, 477,488; 
SdhnBtetUn at, 498; dupheitioa tonnob* te, 4RS; fcninor aanoi tor, SIO, Sll, Stf ; 
go m notnaol illostntioD of, SS4, S97; goBonl doHrlpiloo ot, S04; Olwofaar’o notatln ten 
qootunti ond lOBljnMoli oi, 494 : inflaito prodnoto ter, SOB, SS9 ; isUgmliaDBiiho for, 499, 
4M; Jaaobi’o Unaamuy tiaiiotaiiiatlaa ol, 506, SOB; lamd tegationo oxpioaod in tonno ot, 
504, 678; London** tnastonnoUon ot, 607; modnia *i^ ot, 488; nMoln* ot, 479, 409, 
(oomnlomanluT) 479, 496. ponmotne mnoentotion of pomt* on eniroi to, 594, 567, 697, 
5«: penodioito ot, 479, 500, 509, SOB; pola ot, 469, 508, 504; qaoitor pottodo, K, dC, eit, 
479, m, 499, 601 ; niotiaa* botm^ 4n: to^oa* ot, 504 ; BeUhit’o ntoneol ojinl ond, 
937-, tnpluation tonnalaa, 580. 554, 555; nlno* ot, whan n ii (f, itdT' or i(Jr4-W'), 500, 
506, 507 ; ndno* at, wluB th* modolai la maU, 598 Bet obo BUpOo tmrtlOBO, BD^Ia 
tnttowlo. lannlaeMto tPnoMaw, 99oto t—ettoni, and Wotaiotrowtoo oUto^ ftmntlon* 
dMOUb dwwvoip ot aUiptio fimollani, 499, 519, onrbat ootatum tor Theta tnnetion*, 479; 
hmdamental Tbata-lanetiM tormnlaa, 467, 4M , nnaginaip tnaatormatioai, J94t 474, 605, 
506, 519, 585 ; Zob-tniudian, tee taUUr Sola fonotton of JaaoU 
JoiBaali laoma, 115 


XonoLOU 

KMan ttaaroB on hnaor diSemtial oqnatunu with Bm aingnlantioa. 908 
Xonaar'a tormalaa lot oonilnent h^puseomehru tonetiNU, 886 , aenea tor lop r (<), 550 

Laeaaaqr tnaeHaai, 98 

tosnaci's axpomto, 189, U9 , tapn bn the ranauidar in Taplot’* aenaa, 9B 
Inad tmaWniia, daBned, 568 , azpraaaad *a ajnhraic tonebons, S5B, 577 , exproaoed to Sooobian 
olliptia tnaotioo*, 678-676 ; oxpreaaed to Wuerabaaauui eUiptie tunctiona, 570-57p , Integral 
ognotiona aatiabad to> 5B4--567, linear indepeadenee ot, 559, nalitr and diatinotneaa ot 
xeroa of, 667, 555, 575; aeoond kind ot, 602, ralne* ot, 555, aeroa oi (Stielt)**’ tbaoram), 
500 Set oiao loMtO’i ognatlan oiul lUpaaldal halxaenlee 
Tamd'a egnalloa, 904, 68B-578 (Chapter xxm), denrad troni theoi 7 ot elhpooldal bomioiuoi, 
688-648, 559^; diSaient fomu ot. 654, 678, genemliaad, 904, 670, 678, 575, 577; 
a*neaaalabaiiaot,656,577,575, aototmn anraaaed m Bute form. 459, 666, 575, 577, 678; 
aolntiona of a genanliaed eqoatian in finite form, 670, 573. See alto load BaaaliMW ami 

landOB'a tmaaSaaaaMaa at Jooobiaa alliptio lanctiona, 476, 607, 555 

Inpbaab ognatlon, 88B ; ili geneml aolotion, 888; nomial aolntioa* of, 668 , aolntiana lOToIring 
lonotiona of Ingandn aU Bead, 891, 896, aolotion with dean bonndar; oondition*, 898; 
OTiiinietnaal eolation of, 899 ; tranafoimaboni ot, 401, 407, Ml, 568 
laqSooab awmriH tor Lagandia pol 7 iK»iiiala and tonobons, 819, 518, 814, 819, S9B, 587 
Laamnn aspaadan, 100 
LaaatorilaaUa, IS 


laft (L-) cdaaa, 4 

Lagtidia^egaallaa, 904, 804; tor a r ao ei aaed Ignettena, 894; aooond aolubon ot, 8lB. Bet aUo 
Lataadn taaafloaa and tasaadn polTaaaUa 



l a S W Wir a pvtfSWMhria 96, 809; additton fcamnla tor, 898, 887 ; d«paa ol, SOS; dMto> 

aniiad o g Ba d od tUr, SOd/SOd; axpanaliin la aanandlH torn*, 811 ; ai^aaohiB la diaaaadfilf 
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MriM, aoa, AM; njmwbni o( k {unatian h • sau« at, n& $t>, tao, Ul, aSX, SSSt 

e» prM M <l ay Mmrity i « Iqpwgwinetria tnnetaoii, >11, AM; ot (t - j)~* 

M k aatla* at, tSl ; intagikl oonneoting B««el fsaotfanu with, 3$t-, late^ jwopMtM* of, 
US, MS; Lkpkao'k aqiutian knd. Ml; lotegnk tor, SU, U4; Uohler-lhnidilst 

mtkgail loi, S14 ; Kennuuin’i ozpknuon in uru* of, SM , nmiMtukl Ine^oklitw iktiifiod hj, 
a03 ; noamnaa (oimnlte for, 807, 809 , Bodiignos’ fonnolk tor, 888, 808 ; 8ehUih*8 mtegnl 
(or,80S,804; raiiiiiiktSonot2fc*P,(i), 809; ura«ot,80S,816. alto teftadik ftaoHan 
IkttBdn's f k limi botweon oomplete elh^ intepklr, 690 
T fliMH ItikiillMl [m 1mm 4 knd eo» lemn »], 894 
U*]MmMn IhMMai oonoemlng Fonner eonitanti, 180 
Umtt, oonditum tor ezutenoe ot, 13 

XdartI of k tnnelhm, 49; of k nquanee, 11, 19 ; point (the Boluno-Weiorstrass tbeomn), 19 

Ilttlag oUnlk, 88 

Uintlt,gi«klMtkrkndlkutaf, 18 

Uadt to tho vataw ot k oompla integral, 78 

UadkinaaB'i ttaniF ot Hadileu'a eqnation, 417 , the umilar tbeoi; of leund’e equation, 870 
Uaaar dUhnattal tqsktlau, 104-910 (Chapter x), 386-408 (Chapter znn); ezponente of, 108; 
tnndkmental eTetem ot eolntionB ot, 197, 900; imgnler unmlantiek ot, 107, 309 , oedinaij 
pout of, 104 ; regular mtegxal of, 901 ; tegnlar pout ot, 107 , eingnlar poute of, 104, 107, 
(oonfloenoe of) 909 , aolntiai of, 104, 107, (nntqneiieaa ot) 108 ; speoiai tppea ot eqaktuma ■ 
— Beaeel'a tor runular eplindei tnnctione, 904, 849, 857, 868, 878, Onnee’ tor faypugeo- 
metric tnnetiona, 808, 807, 288 , Oegenfaaner'e, 399 , Heraiite’i, 304,'300, 849, 847 , HiU’s, 
406, 418; Jaoobi’s (or Thela tnmtione, 463, Lamd’e, 904, 640-543, 554-558, 570-576; 
Laplaoe’e, 886, 888, 5,86, 651 , Ijegendre’a tor eonal and anrtaoe haimomoa, 904, 304, 394 ; 
Hatluan’a for elliptio qylmder fonetiona, 904, 406, Nenmann’a, 385, Biemann'a tor 
Ptanotiona, 906, MS, 201, 904, Stokea', 904, Weber’a tor paiabolic cyhnder tnnctioiia, 
904, 809, 849, 847 , Whittahei'a (or ronflneut hypergeometno fnnotiona, 887 , eqnktwn tor 
oondnotion ot Heat, 887 , aquation ot Xelegmpb;, 387, equation ot ware motiona, 886, 807, 
408; eqnationa with five aingulantiea (the Kleu-B6oher thmrem), 908 , aqnationa with three 
eu^lantiai, 906, eqnationa with two aingulantiea, 908, eqnationa with r h in gn l antlea, 
809 , eqnatun ot the thud order with reguliu integrals, 8i0 
UoasUle e method ot solving integral equattons, 921 
UaaslUe'e theoraa, 106, 481 

hsgaiUhu, 588 , oontinnity ot, 583, 688 , diSeientution ot, 586, 680 , expansion ot, 584, 580 ; 
ot complex nomben, 689 

IiOgutaBlo daxtsate ot the Oamina-functaon [^(r)]. 940, 341 ; Bmet'a utegiala lor, 948-251 ; 

oiranlir tunetiona and, 340, Dirichlet'a mtegw (or, 347, Oauaa’ integral for, 946 
IngaiMbiBie deilvkda of the Blemaan Zeta (nnotion, 379 
Ii0girttlual»4ntsgtal AautlaB [lar], 341 
lower tatagml, 81 

Inaar patlgM and node, motrana of, 408 

HkSUnila'i (and Bnlar’a) arpansioo, 127 ; test tor convargenoe ot iii6ule integrala, 71 , senes, 
94, (tkilnre ot) 104, 110 
Xkdjr TClksd tnaetloDa, 106 
■kseheiad’e osooUst M, 285, 346, 348 

lUttaOktlotl P hpM w, equations of, 908, 888-408 (Ch^ter zvm). See olio under Uaear dlt- 
saiwnMai eqaattou md the naiaes 0 / epeaal rqiintiom 
Mamen fnaeUans [er,(s, q), ar-(s, q), an, (a, q)], 404-498 (Chapter xix); eanatrnetlon of , 409, 
430; oonvergenoe at sense in, 493, even aiid odd, 407; expansiona as Fonner senes, 409, 
411, AH; Integra equations satisfied by, 407, 409; intMiu formulae, 411 , oiderol, 410; 
momi hmd ot, 437 

llMliiea.1s egiitilwi 004, 404-498 (Chaptar xml; general form, solnthms by Fioqnet,, 413, bl 
a Undemaiin and Stieltiea, 417, by the mediod cd ehange o4 parameter, 434 ; seoood abluticai 
of, 418, 490, 437, adutions in asymptotic senes, 496, amutune which are periodic, see 
|Sqq|Mw» til, llttagml fnniUlnn aaeivdatlld with. 418. 5be dlsO BOFa egnalMl 

■ean-yalaa th ia rwn , 65, 88, 88 
KqHar's hrtagxal for Legendm InnMians, 814 
MUars (and Barnes’) qype ot contcor Integral, 886, 848 
vlbtafioos ot, 888, 898, 404, 405 

Mb,4M 

MeBttdeM’dSMmUg’idaM, 154-156 
■MUliB'aMnMU. 119 
eee-er-— qatas of r(«), 858 
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OBMSBAI. ZIIDICX 


MIM SM»B-aml ttaMtMt, as 

MoAdir *n8lar499; tdaellon, 481. (•vutloaoaBDsetadintli) 4BS; 41 

■D4ains,4M, otK^iannkxnamter.S; o( JaeobiaB dl^tia tutfUan*. 479, 488, (pomptaiMntMjr) 
479, 499 ; penodi «fdk|p4ie fnnotiau ngaiM m fonsttw of (ha, 4^ 498, M9, SOI, 181 
Vaaafoaia, SB; SMlagiiiihai 1mm aatljtio, 99 

■eni»'t(haoMm (emmna of Oanehy'a thaonm), 81, 110 
HOMoat of lunar pon^ and qode, 406 
■•(•at for Qiufonmtf of eonvargmoe, 49 

HnM^Uoathm temnla tor r (a), 840; for (ha Sigma fonotian, 460 

MnlMirtlaatlan of abaolntafy oonwgant aanaa, 39 , of aapmptobo npanaiona, 1S3 , of oonmigent 
aanta (Atiafa fheisum), S8, 99 
KulHpllani of Theta fonotiaiis, 409 

fenuJaa for Legendre lunetuma and polTBomula, 911, Sit 

« 

iraomaaB’e daOnition of Beaaal (nnotioae of the aeoend kind, 873; aepenaione m eenai of 
Legendn and Baaael fnnotiaaa, 939, 974, (9 B Namnann'e) mtegiai for the Legendre 
function of the aaeond kind, 830 , nuraod of aolTing integnl egnabona, 391 
Bewennd martian 974, diftaenha! equation aatisSad bj, 886, aipanaion of, 874, 

eapanaion of funetaona in aanea of, 878, 884, mtegial for, 975, Integtal pK^artiea of, 
885 , reentienca loimolaa for, STS 
Bon uauirtm aaBe e i ge nae, 44 , and diaaontanm^, 47 
Bonial msetlana, 334 
■tennal eahtdena of Laplaoe'eoqoatian, SSS 

Bolatieaa, for Baaael (onotiona, 888, 873, 878 ; lor Leoeodte fnnotlona, 835, 998 ; for quoUente 
and reciproeala of elliptic fnnetions, 494, 498, dot xhata.fuoatione, 464, 479, ttft 
Hnoiena of an integral equation, 319 ,,ajininetno, 339, 398 

Bnmhan, 9-10 (Cluster i) , haaio, 463 , Benioalb’a, 135 , Cauofaj’a, 870 , obanateriatio, 319, 
(realitj of) 398, eompex, 8; irrational, 6, inational real, 5, paira of, 6, lational, 9, 4; 
latiooal teal, 5 , real, 5 

Odd fOarttona, 115, 186 , of Hathlen. [er. (r, g}], 407 

Open, 44 

Otdiar (O and o), 11 , of Bemoullian poljnomiala, 130 . of Beaaal fnnctaone, 854 , of eUiptw 
funetiona, of Legendre functions, 834; of llathien functions, 410, of poles as a 
fonotian, 103, of tarms m a aanea, 35, of the factors of a pmdnet, 88, of seme of a 
tunotiott, 94 

Ordinary dl scoa t Uml ty, 43 
tMlaaxy potat of a bnaar diSeientiil aqnatum, 194 
^Orthatsoal coordinates, 994 , fonotiana, 394 
’onelllatUm, 11 


nnhoUc cjUndar fhartfoni [B, (t)}, 347 , oonlonr integral for, 849 , differential aquation for, 
304, 309, 947 , expansion m a power senes, 847 , expanaioo ol a fanebon as a senes of, 951 , 
gsncn^ asymptotic expaosum of, 948, msqn^tiet aatisfled bp, 854, integral aquation 
eatiaftad bp, 881 , mtegial properties, 850 , mtagmls mvoMag, SS3 , integrals tepieaantmg, 
858 , prop^ies when n is an integer, 950, 858, 854 , leenneaca foimnlae, 950 ; relations 
between difforent kinds of lZ>,(s) ud B^,(s-u)], StS; sties of, 854. Bm alio Vabarts 
aqnatlan 

Puillalsgina of pailsds, 480 

Panaatat. change of (method of aalxing Uatbien’e aquation), 434, coniieeied wiOi Theffi- 
(unebons, 408, 404 ; of a pomt on a cum, 443, 488, 497, 587, 580, 588, of members of 
eonfoaal apslena of quadrics. 847 : of third kind of aUqptio integial, 533 . tharmomatne, 405 
tSfsaml'a thaanm, 103 

Piitlsl diff ii an ll a l agnstlang, property of, 890, 831. 5li4 dleo Uaeu dUmMial aqnathms 

lHtt(laBhurtlait,403 

fscts, real and imaglnaiy. 9 

Bauson’s SoaellaB [•„, „ (r)], 858 

T.oqualfsai ■tmaami’s, 900, 987; oonnexlun wi& M hy ptsgeo m ettio eqnatioii, 306, 389; sdii- 
turns of. 309, 991, (relation between) 394; tansietmatlras of, 307 
Vrtledls oartMants, aquatuna with (Floquat’s ibmtjl oQi 813 

Basladls ftmrtlaM. brtegub mmiTiag, 113, 88«. Oar aleo lawiu sttlaB dad amOtr Btttadto 


amrsBAL xndbx 


«0« 


»«(MS(«ar*uim,4n 

HtMMtr of ouobJm «aa aipoiMBtU fiiBotioiu, KMglt ol aUintui {onsboM, 49», 4M. 479, 
M6, SOB, SOS , of Tbata ionoboiM, MS 
taloSIt mloMil of HaSuao’* aqnotuni, 407 
MsS'BsnlMoSnai, 4S0, fonduiMiitel, 480 

tafoSo M tfUftls fSaoB iBW , 4S9 , gua tnoabon* of the modulnt, 484, 498, 499, SOI, S91 
ShMO, 9 

nadheiti^ fOnotSeoe (moStfied Legendn fanotioiu), MS 

9w«hhiiiiiw«t*» asteniiOB of Eolarien integisls, S56 
PMat, et inSili^, 108 , bmit- 19 , npnaeotativa, 9 , nngolar, 194, 90S 
Mm of snoMtlaa, 109, »t inSni^, 104, Imdaeible eet of, 480 onoiberuioot]] 481, nhttioiu 
between lene of elliptic fanoboiu end, 488 . midnea et, 489, S04 umple, 102 
Mysoa, (fnsdemraup of eotomoiphio fuootuHis, 455 

BeiTsailele, expceeaed e« aeiue of Legendn pol^omiale, 810, of Abel, 855 , of Bemoalb, 198, 
197, of Legendn «e Legendn peljBOaOale , of Sonina, Sit 
Popolar anaeopttaa of en angle, 689 , of eontinmt;, 41 
ftsnire lategen, 8 

Bower oaitM, 90, aide of oonnigenee of 80, contuiuitjr of, 57, (Abel’e theomn) S7, expen 
none of functione in eee emler the naiau of tptaal fimetiemi , identionlly eenialung, 58 , 
Uaclnann'a ezpaneion in 94 , ndine of conveigenoe of 80, in , eanee taiead fmn, 81 , 
Toflor'e expuuuon in, 98 , onifonnitj of conTorgniae of, 57 
RUMIpU port of n function 109 , eolutian of n oeitun equation 489 , value of on integnl, 7S, 
117 , voloa of line aigament of a oomplex nomber 9, 588 
Maetpte of eanvergenaa, 18 

Mngsbaln e tbinrem on aamnuitiaa ot doaUe aenes, 98 

Brodnsli of Beoael tonotiona 879, 580, 585 58o 498 , of hjpeigaoinetna fnnetiona, 998 See 
ofM InSntte pmdneli 

Onorlar poifoda JC eF, 479, 498 499 501 iee aleo gntpHo Ictagiale 
QnarUo caiumioal form of, 518 , integration problem oonneoted with, 459, 519 
flnael perlndteltr, 44S, 447, 485 

CndMente of allipbo fnnctiooa (Oloiaher'a nolationl, 494 511 , of Xheto-funcbona, 477 


Bndina of eanveqenoe of power aenea, SO, 39 
IMMonl flnuMnaa 105 , expanuona m eenae of 134 
1 nnmben 8 4 , leel nnmben, 5 
Beni tunettewi of rani vanablM, 56 


’Ifr of bbamotBRatie numben, 296 
Beni nmben, latunol and imbonol, 5 
Beal part (it) of a oomplex number, 9 

BenmagaMeat of cooveigent aeclea, 25 , of donUa aenaa, 98 , of mflaite dettnninanta, 87 , ot 
laSnite pnddBta, 88 
Baetpreert rtaatlima, Toltaixa’a. 918 
Baelpennali ot elliplio foaotiona (Qlolaher’a notation) 494 511 

Beennenee fbiwinbia, tor Baaed tanotioni, 859, 878, 574, tor eonflaeot hra ar ge o uie t ne fnaotnaw, 
858 , for Otganbaner'e fanotion, 880 , for Legendn fnnetiona 807, 809, 816 , for Meomaan’a 
fonotion, 875 , for painbdic eylmder faaotioiia, 850 See aleo I 


*Wlaa,44 

BegMar, 88 , diaWbotioa ot diaeonlinnitiea, 919, integrale of linear diBerentml aannttoae, 901, 
M the Udrd otte) 510 , pdnle (emgnlantiea) of linear difheantml eqaattcan, W 
tilfllrM between Betad tnootlona, 860, 571, betwen uonflnant hjpaiBeomaMe fnaatiam 
)r^,a (±e) end ifg ^afa), 840, between oont«iunie bypeigeonieMa fenobona, 994 ; be- 
tween eUlptio tnnetaani, 4M , between nerafaolie evlader tnnebone P-f4d and n .fa-fa). 
848 , b itwien poiee and miot ot aUiftio taaebooe, 488 : between ffliiineii BetnSmoltmm 
f(i)nadl'(l-4.988 AeolwBeoBtenMCtriBnlae 
BeMnlnltraliatatenneofnamiee, 15; fn T^rlnfe Mtiea, 96 

B epebted fntegwtle, SB, 75 

lMMMhU^34(OhBfterv4,deBBe<,lU; of ilhptte tn n i d li m i, 4B5, tt? 
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CHENBRAL OSDBX 


UMnaati ■■fwiitiij foaettoD, 181, 184, 188; eondUioa ot tatamUttgr, 88; « 4 aati«w wiWtdtt 
to Mttbtio loaeliaiu, 84; topottodt cooMniat [U), m, 880; bm4»a«, ITS, 184, 188; 
P^qnatioD, 808, 888, 391, 8M, (buitoimatian et) 307, (and Uie hjpaBKnattlo MuMaai 
30A ^ Metoomsbioal aoMa, 188-188; Eato 

IMn‘ method of <niiniiilng* •aria*, ISO 
Ufht (S-) dHa, 4 

BoMciiaa’ fuaiato for Tjugandia polTOomiala, 808 ; modiOad, for Oagenbanar’a fonothm, 888 
Jfooti d{ an efoathm, wuabsr ol, ISO, (inaida a aootoar) 119, 188; of Watarataaaiao elliptfo 
fonebona (r; , oi, at), 449 


■aalaOUta’ fotapial tor the Gamma-fnnetlon, 949 
■ahUUU'* Baaaal fosotion ot tha aeoond kind, 970 

SdUStfb Intafial lor Baaaal fonebona, 309, 878 : for logandta folynomiala and fonotlona, 80S, 
904, 308 ; modiOad, tor Oagartbanar** fonebon, 899 
■oldllmatli’a expanalon in aarlaa ot Baaaal ooaffleianta, 877 ; tanetum, 858 ; integral agoation, 998 
idunUtt’a aaoam, 933 
■ttvaia* lanmia, 186 

aaaoBd ktad, Baaaal tiinotion ot, (Hankal’a) 870, (Nanmann'a) 873, (Wabar^BohliOi), 870, 
(modiflad) 879 ; alliptio integral at [£ (u), Z {»)!, 517, (eomplata) 516 ; riBnlatiaD inta;^ ot, 
941, (aatendad) 344 ; integnO aqnatitn ot, 918, 331 ; Inmd tanetiona ot. 563 ; Laoendn 
tundiona at, 316-890, 835, 636 


■aaan S maan-Talaa tkaonm, 66 

■aooaA aolntfon ot Baaaara agnation, 370, 873, (modified) 378 ; ot Lagendn’a aquation, 816 ; ot 
Matbian’a aquation, 413, 437 ; of tha h^per^matiie aquation, 386, (oonfluant form) 848 ; of 
AVaher’a aquation, 847 

liitnn'l apoolaa ot allipaoidal harmonics, 587, (construetion ot) 540 

Saotfon, 4 


ioUfort'a apharioal aplnl, 537 

Saqnanaas, 11 ; deoraasiag, 13; locnaaing, 13 

aortas (infinite iianaa), 15 ; aheolulaly conTaiBant, 18 ; change of order of taima m, '95 ; con- 
ditumally convergeut, 18; couTatganaa ot, IS ; diifoientiation of, 81, 79, 98 ; dmigence ot, 
15; mnutnc, 19; integration of, 83, 78; methods of summing, 154-156; multiplication 
ot, 26, 58, 69 ; ot anal^c Innctiona, 91 ; id coalnea, 165 ; ot cotangents, 189 ; of meerM 
faetoriida. 142 ; of ponam, tu Poarar aarlaa ; of rationul lunetions, 184 ; ot sines, 168 ; of 
wnble tarms, 44 (tar etio vaUHmttjrarooaTmgaaoa); ordar ot terms in, 96 ; ramainderot, 
15; repret a n ting Articular tanetiona. ter under the name of the /tmetfon; soltitfona ol 
diiforantial and integral oqaationa in, 194-903, 228 , Taylor’s, 98. Sat abo tMfmVhMa 

•gpnnafoa^ OosTCCganaa, Bipaaafoaa, mnilar Sanaa, THganaamUanl sttfoa owf Dailiotmito 

af ao o eaagnnoa 


tat, ItradaaiHa (ot aeros or poles), 480 

Ugma-foaauaoa ol Waiarstraaa (e(i), a,(r), ri(a), as (a)], 447, 448; addition totmula for, 451, 
456, 460; analogy with oiroular fonotioiia, 447; dnpliaatlon tonmilae, 450, 460; foor 
types, ot, 448; eanaaaion of allinUc tuiMdona I7, 480; qnaal-pciio^ proptrtiea, 447; 
singly infinite produet for, 446: torea-tarm equation ineolving, 451, dSji Tbeta-funettoes 
oonneoted with, 446, 478, 487 ; tripboatian formula, 45P 


Slgnlasa tntagara, 3 


itmpla earn, 48; pole, 109 ; sero, 94 
■tmplp-aoaaastad tagion, 455 
SIna, podnot for, 167. See aito areolar fonntlnn 
Stna-integral [Si (t)], 653 ; -aarias (Fourier aarfos), 186 
iigglp-pariodlo funetians, 429. See alee OiraEkrBnailaas 


Mngnlsiitlaa, 83, 64, 102, 194, 197, 309 ; 46 iaSnlty, 104 ; confluenca of, 908, 387 ; aqaations 
with fin, 208; eqnatinns with three, fMk 610; equations with two, 308 1 aouatnmi wifo r. 
809; esaential, 102, 104 ; inagular, 10t,lfe9( Ngnlar,T87 «!<»»»«• wiw r, 

■agniar paints (singulanties) of linaar dUMtoMil equations, 194, 90S 


■sod taanaafos, 892 


■Otattan of Uaaunai’a P-agoattahy hyp^^tatnatrie fonetMiaa, 988, 988 

•alatiau of dWmntlal atpattaasi, eet C l mpt t ta n, irnr, txm, oad under the tuimet ed meeiol 

e^uatione ' 

■otatlaw al Intagigl •qpattana, wr OttMat SI 
taatM’spdlyaatotl[T.>(s)). 859 
■paetaa (ntiooa) of allipaoidal harlB|Mfhi, 587 



aEt(BK4Ii iNIWX 


m 



»>iriwii tfiai, fiwitet’*, nr 


Hmtw of Bid fonetiooi, >79, >80; at hraagaomoWe fonottono, US; of JaooUoa dl^tio 
l o n otl oM {niothmi Mwoaa), M ; of Tn^nnatfoiit (nlotioB* batwaao), MS 
MrtlH of FOnlor'k ttioro, DliioUot’i, Ul, 18S, IM, ITS 
WniHy taq^ing to oao, 17 

WlOHIto’ UMoiain on ncoo of Lunf timotioBi, 560, (aananliMd) 661 ; tbaoiT of Mottaton'o 
aqmUoa, 417 ' 

StbUV'o ndw lor the Oemme-fnnotlon, SSI 

Moll' oowttttanfot coDTergenee of donble aaiiek, 17 
SMagi, vibntiaiii of, 160 
MMOMlteo mMItBtlflU, method of, HI 
Soa-ftanln td Eolat and UeelMuin, 117 

methoda of, 164-156 ; of Fourier teriea, 160; onlfotm, 156 


talhae, aodnUr, 41 
lirttoei, neojay egho rl ael , »» 

■jleeeler’a theaxem eonoeming int^(rala ot hansonioa, 40U 
■jmunetrle niuleiu, 213, 228 


TatalatlOB of Beaael funottona, 878 ; of eomplete elliptio intagnls, 618 ; of Qommo-fonotiona, 166 

Tadflor'e eerlei, 08 ; remainder in, 05 ; fulnre of, 100, 104, 110 

Tdaeta'a extenaion of Bdrmaon'a theorem, 131 

ntagmfhr, equation of, 887 

teeaerid hanmnlaa, 802 ; taotoriaation of, 686 

Teata for ao n ee tg a u ee, eer InlnlU Intagxala, Inlane jaudneta and laalaa 
nianninnatrie ganuaetor, 406 

Umta-ftmettona (r), h](a), >i(r), (a) or S' (a), B (d], 461-400 (Chapter m) ; aMdged nota- 

tion tor produota, 468, 469 ; addition formulae, 467 ; e onnea lc n «itt> Bigma-lanethma, 648, 
478, 487; duplioation formulae, 488; expraaaion of elliptio tnnetiona 478; tOor Ippea 
of, 468 ; fundamental formniae (Jaoobi'e), 467, 488; inflnite pradnota tm, 460, 479, 688; 
daooU’a lint notation, 6(«) and H(k), 470; mnltlpUen, 468; notatfama, 4^ 470, 4H; 
paiametan q, r, 468 ; partial diflerentlal eqnation eatiafled I7, 470 ; pei i odi e tty faoton, 
468; periodd, 468; qnotiante ot, 477; quotienie yielding Jaooman elUpUc funotfoam, 478; 
relation Si'sSiSaS,, 470; aquoiea of (reiationa betwaanji, 466; tranabinnation of, (daaoU’a 
Imaginary) 1 84, 474, (leiiden'a) 476 ; tripheation formnlaa for, 490 ; with aero aignmaut 
(S|, S], S«, Si'), 464; neroaol, 466 

ShM kliid of elliptio intagnd, Q («, a), 611 ; a dynamioal vplieation ot, 818 

Third order, linear differential aquatlona ot, 910, 998, 418, 698 

TUM apenlaa of elUpaoidrJ harmonioa, 587, (oonatraoUon of) 641 

Three hlada of elliptio intagrelo, 814 

Ttuee teriu egeatUa InvolTing Sigma- tunotione, 451, 461 

TMbI Saetnatlaai, 67 

TlOhanandirtal *—«**— eee imdar Che nn e i et 0 ] apecM/hnettone 

Tnaalaiaialliiiia of dliptio funotioru and Theta-fnnellana, 608; Jaeohi’a imagiiiiuy, 474, 606, 
- 606, 610 ; landen’a, 478, 607 ; of Biamaan'a F-aqnatioa, 107 
THiohainatnnhl agaattOM, 687, 888 

*rBlt“*** '♦''■ir tnlairela. 111, 868; and Oamma-foaotliiiaa, ISO 

Ti'lg oaoi i a W aol aarfaa, 160-188 (Chanter n); oo n rerge n oe of, 161; ealiiaaoteoefBelantalmISSi 
Btewiinn'a theory of, 181-166; wtiiah are not Ponrier aatiea, 160, 168. d^olaonaiiacooilta 
TrtldtiTTtlT iMMlM for Jaaobian all^tio tanotione and B (n), 680, 686; lor flfgmadnnelioaa, 
660; for TOmtadmmtiona, 600 ; for Zata-fonotiaoa, 650 
TanMpMoraahallaNiol thabypargaomalriooqoatiaa, 184; reiationa hatweon, 166, 188,180 
iNamShMaaftaal aoedfanmn, M 

Tm eortahiaa, oontinnooe fnnotlona of, 67 ; hypergeom e ttle tnnotiaaia (AppoD’a) ot, >09 
Typm of eUipaoldal harmonioa, 687 
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oamu. 1 . iHiHBz 


6rtl > w i l i l« y wiW> i>wi,4Wi UKNibkM'iiitbaoBtgaa4oiiMga|w,64l» 
oonoq^ «t, SS ^ 


VUUnBltr ct oontmaify, <4 ; ti joimnaWtHy, JSS 

indteaittr«fooMugwa»,41^(Ck^tarp4,dsaiMd, M*; at rooitarialw, 178, 

bribiite iatogmli, TO, 78, 78; at Inttaiiajnidiulg, 40; tt fcnrar oaiiM, BT; of mlu. 
(«m4rtion for) 40, (Hudy'i foot tor) 10, (wknttnu’ lU;) 48 
lUAmaljr oacwr i a rt ioflnito tntagnU, preportiM of, 78.; laAok of uiolyila fuwHoBO, 
(dUfsnotufaoB of) 88 


OUqnonMO of oa wymptotia oxpuiioa, US ; of tolotiaiu of luMor dlflenntiaJ eqaothma, 198 
Vppoc boond, 51 ; iotogtal. It 


Oppv limit, mtegial eqiutian with TMutda, 118 , 821 ; to tha aabm of a oom^ex intatnd, 78 , 91 


TilM, atiaolate, $et IMoIai ; of tha aigamest of a ocmplax numbar, 9, 188 ; at tha aoeSdanta 
in Fonner aanaa and ttigimomatrtanl aanas, 188, 185, 167, 174 ; of parboiilar byparnsomeiria 
tanationa. 881, 898, 898, SOI ; of laoobita atUptie funatuma ct ik, SiS, BOO, 

SOS, SOT-, of K, X* for i^ial valoaa of k, 131, 134, 681 , of r(<) for apoi^ ralnaa of a, 
387, m 

ThaUUas of power aanaa, 18 

ThilaUa, nnilanaiaiag, 411 ; tanna (aanaa of), tat DpifOniitj of ooaTatfaBoa ; nppar limit, 
lotapral 08 latum with, 818, 311 

TIhratioiix of air m a aphere, 899 ; of etienlar mambianaa, 898 ; of alliptia mamtnoaa, 404, 400 ; 
of atnnffi, 160 

Vaitami’a integral aqaation, 831 ; rooipraaal frmetlana, 818 


Vova mattOBi, aqoatlaa of, 888; gnoil oolatian, 897, 408; oolntion inTolaing Beaaal tnnatima, 
897 

Wabor’a Baaaal fonataon of tha aaoond Und £F.(t)], 870 
Vabor’a aqaaHoB, 304, 909, 843, 847. See aleo yataboUa cyOaddr ftuatiaBa 
▼alanttaBi’ factor theorem, U7 ; If-teat for uniform oonvergcnoa, 49 ; prodnct for tha Oamma- 
fiinotion, 331 ; theorem on hnut pointa, 13 

Vaticamailaa aDIpHo fanetloa [f9(t)J, 489-461 (Chapter xx), definod and oonatmeled, 488, 
488; addiUon theorem for, 440, (Abel’a method) 443; analogy with aimnlar fnnationa, 
488; daftnltion o( {0b)-tr)t, 451; difframtial equation for, 418; diaariminant of, 444; 
dnnUoalion farmtda, 441 ; exnnieaion of elliptic fonctiona by, 448; a^peoaion of |;(t) - |1M 
by otaia-fanetioaB, 45J ; haif-panoda, 444 ; homogeneity propertba, 459 ; integml formw 
for, 487 1 intagrntian at irrational funofaoua by, 418 ; inTonanU of, 487 ; inrenuon problem 
for, 484 ; Jooobiao elhptie fnnationa and, 106 ; panodimty, 484 ; roota t|, a,, t„ 448. to 
aleo ■ttma^nnatlona and gata-rnnattea (of Valaratiaaa) 

Whltlakar’a fhnotloa ^ 0 ,^( 1 ), tee OaoSaant h y par g a om otcle thwitlana 
WXoatkl'a •xpoaton, 


am BXgninat, Tkata-toBattau with, 484 ; relation between, 470 
Im of a nmatloa, 94 ; at infinity, 104 ; almple, 94 

latoa al a fUnatloa and polea (reUltton between), 488 ; oonnected with aeroa of itg demata, 131 , 
JM ; imdnoihla aat of, 480 ; number at, in a odl, 481 ; order of, 94 
Sma of faaattona, (Beaael’a) 861 , 567 , 878 , 582 , (Loml’t) 117 , 518 , 580 , 575 , (Legendie’a) 505 , 
526 , 555 , (poiabolia cylinder) 554 , (Biemann’a 2 ata-) 368 , 569 , 878 , 950 , (Theta-) 461 
latOFfmoUan, Z (a), (of Jaoabl), 118 ; addition fonaala for, 118 ; eonnexion with S (a), 118 ; 
Fourier aerial for, 590 ; Jaeobi’a imaginary tBufomiatiiai of, 819 . to alto AkaOldaa 


Kuler’t prodnot for, 871 ; Bam 
aqnalitua aaliafied by, 874 , 27 t 
aemcnung, 878 , 880 ; Biemaam’a 
anaf(l-a), 968 ; xalnaa of , for p 


ala for, 986 , 878 ; Buanorm’a 
enluaa of a, 987 . 569 ; aatoa 0 


> imUfi aoo i 5U* 

; Biemarm’a hynouiaaia 
I relation aonneaUag {{*) 
of, 888 , 569 , STITw 
analan with ahoalar 


tanationa,,! 

pnaafam^ 

to alto Va 


,’tb), (at Vataaotmai^, 441 ; addifion tOrmnla, 446 ; analogy with afae 
I, 4 M; oonatenta q,, % oonneetada^, 448 ; d op lioatl o p iarmiilae for, 459 ; 
m etUptte fonotiona by, 449 ; 4 m^M||mioity, M ; lti|lioaHoB te em nlae. 


1 , 808 , 888 ; fa et o ri aatlon of, I 







